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Our weaker conjecture:

Conjecture

Every double-critical k-chromatic graph contains Kj as a minor.



Helpful results ...

Theorem
m(G) > 2n — 2 implies G > Kj.
m(G) > 3n — 5 implies G > K5 [Dirac, 1964].
m(G) > 4n — 9 implies G > K¢ [Mader, 1968].
m(G) > bn — 14 implies G > K7 [Mader, 1968].
m(G) > 6n — 19 implies G > Kg [Jorgensen, 1994.
m(G) > Tn — 26 implies G > Ky [Song and Thomas, 2006].
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Sketch of proof techniques

Given a double-critical k-chromatic graph G # K}, (k > 6).

Observation

(i) For all edges zy € E(G), |B(zy)| > k — 2.

(ii) For any x € V(G), there exists y € N(x) such that
6(G[A(zy)]) = 1.
(iii) Each vertex of G has degree at least k + 1.



Double-critical 6-chromatic graphs
Theorem (Kawarabayashi, Toft, P., 2008)

Any double-critical 6-chromatic graph is contractible to Kg.



Double-critical 6-chromatic graphs
Theorem (Kawarabayashi, Toft, P., 2008)

Any double-critical 6-chromatic graph is contractible to Kg.

Outline of Proof. Let GG denote a double-critical 6-chromatic
graph, and suppose G # Kg.



Double-critical 6-chromatic graphs
Theorem (Kawarabayashi, Toft, P., 2008)

Any double-critical 6-chromatic graph is contractible to Kg.

Outline of Proof. Let GG denote a double-critical 6-chromatic
graph, and suppose G # Kg. Then 6(G) > k+1=T1.



Double-critical 6-chromatic graphs
Theorem (Kawarabayashi, Toft, P., 2008)

Any double-critical 6-chromatic graph is contractible to Kg.

Outline of Proof. Let GG denote a double-critical 6-chromatic
graph, and suppose G # Kg. Then 6(G) > k+1=T1.
Case 1: If 6(G) > 8, then 2m(G) > 8n, in particular,
m(G) > 4n — 9 and so the theorem of Mader implies G > K.



Double-critical 6-chromatic graphs
Theorem (Kawarabayashi, Toft, P., 2008)

Any double-critical 6-chromatic graph is contractible to Kg.

Outline of Proof. Let GG denote a double-critical 6-chromatic
graph, and suppose G # Kg. Then 6(G) > k+1=T1.

Case 1: If 6(G) > 8, then 2m(G) > 8n, in particular,

m(G) > 4n — 9 and so the theorem of Mader implies G > K.
Case 2: Suppose 6(G) =7, say deg(z) = 7.



Double-critical 6-chromatic graphs
Theorem (Kawarabayashi, Toft, P., 2008)

Any double-critical 6-chromatic graph is contractible to Kg.

Outline of Proof. Let G denote a double-critical 6-chromatic
graph, and suppose G # Kg. Then 6(G) > k+1=T1.

Case 1: If 6(G) > 8, then 2m(G) > 8n, in particular,

m(G) > 4n — 9 and so the theorem of Mader implies G > K.
Case 2: Suppose 6(G) =7, say deg(z) = 7. Choose a vertex

y € N(x) s.t. §(G[A(zy)]) > 1.



Double-critical 6-chromatic graphs
Theorem (Kawarabayashi, Toft, P., 2008)
Any double-critical 6-chromatic graph is contractible to Kg.

Outline of Proof. Let G denote a double-critical 6-chromatic
graph, and suppose G # Kg. Then 6(G) > k+1=T1.

Case 1: If 6(G) > 8, then 2m(G) > 8n, in particular,

m(G) > 4n — 9 and so the theorem of Mader implies G > K.
Case 2: Suppose 6(G) =7, say deg(z) = 7. Choose a vertex
y € N(x) s.t. 6(G[A(zy)]) > 1. Then |A(zy)| > 2 and
(B(zy)| > 4

Figure: Case 1: § =7.



Double-critical 6-chromatic graphs
Theorem (Kawarabayashi, Toft, P., 2008)
Any double-critical 6-chromatic graph is contractible to Kg.

Outline of Proof. Let G denote a double-critical 6-chromatic
graph, and suppose G # Kg. Then 6(G) > k+1=T1.

Case 1: If 6(G) > 8, then 2m(G) > 8n, in particular,

m(G) > 4n — 9 and so the theorem of Mader implies G > K.
Case 2: Suppose 6(G) =7, say deg(z) = 7. Choose a vertex
y € N(x) s.t. 6(G[A(zy)]) > 1. Then |A(zy)| > 2 and
|B(xy)| > 4, and hence |A(zy)| = 2 and |B(zy)| = 4.

Figure: Case 1: § =7.
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In each case we find G > K.
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Theorem (Kawarabayashi, Toft, P., 2008)

Any double-critical 7-chromatic graph is contractible to K7.

In order to settle the case k = 7, we needed to prove that any
double-critical non-complete k-chromatic graph (k > 6) is
6-connected.

Outline of proof. We know that 6(G) > k+ 1 = 8. If §(G) > 10,
then we are done, cf. Mader's theorem. If §(G) = 8, then we copy
the argument of the case k =6 and § = 7.

If 6(G) =9, then things get ugly.
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Let = denote a vertex of minimum degree, i.e., deg(z) = 9. Then
we study the structure of the induced graph G[N(z)]. After 10
pages going through different cases we are stuck with this
"difficult’ case.
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Figure: Every edge not explicitly indicated missing is present.
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We know that G is 6-connected and N[z] # V(G).
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We know that G is 6-connected and N[z] # V(G).
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Proving G 7-chrom. d.-crit. implies G > K7 ...

We know that G is 6-connected and N[z] # V(G).

N(x)
//, T -.\_\_ B _.\\ vertex in V(G)\N|z]
| N
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B TIPS :
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By using the 6-connectedness, G > K7.
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Related open problems

Prove that every double-critical k-chromatic graph is
contractible to K} (open for k > 8).

Prove that for every double-critical noncomplete k-chromatic
graph, 6(G) > k + 2.

Prove that every double-critical k-chromatic graph with £ > 7
is 7-connected.

Prove that every double-critical 6-chromatic graph contains a
K4 [Why the right question?].

Settle the Double-Critical Graph Conjecture (open for k > 6).



