
Ahuja 19.3
-

G = (V
,
A) digraph with special vertices sit

cost
cij
of destroying arc ij

4 find mruastntot
arc,

that destroys

al s
,
El -path,

.
t

let N s (V , AKIO ,
UEC )

claim min capacity of I - out in N

- min wit of a destroying
at

8) May also kill
vertices killing vertex

i

costs Ci .

Can handle this
via
Mhs

sputhu , Iyo g.
I
, N

'

claim min cap of@
t t -cut in N

'

- ohh coat ofa destroying
out of

our tin , Larco



8.53g Thm 8.9 .

I M -

- ( V. A ,
E )

muted graph G -- LV , E) undirected part

D -- (VIA )
directed part

ke mint 's dealt djlxllotxevl
Then the edm of G can be

oriental as

a digraph D 's CV ,
A
') such

that

B
.

- (V
,

AoA
' ) is h

- arc - o tous

P : let DEN ,
A
"

) be
'

any
orientation of G (the

uyoinohdpartotm)

↳ usual X : A'
'

→ 30,11 will tell
us which

arcs
to reverse

djlUltdjtultxtlUl-x-lUlzkx@1muotholdfovallUL0.V
we claim

that x=I satisfies ④ I

and then
,
by the integrality

them

for submodular flows ,

then exists

a good orientation A
'

of E such that

⑦ = (V ,
AoA

'

) is h -are - strong



A
"

A

djlultdjulul-ixthh-x-luldx-E-djluledixlulekd-b.lu/-kdisnlN--
djulttldtonlattdj.lu/)--dj@ltIdolU)

Zk by the assumption in the

theorem



BJG8.GL
G -- W ,

E ) for each edge ij

we have two coats eij
and aji

where cij is
the cost of orienting

the ednij a , o → j and

Cji is the cost of
orienting it as j -si

Goal : find a k- arc -strong orientation of G

of minimum cost (an ome NG ) >2k so
then is

a k - arc - strong orientation )

let D be the orientation
which orients

each arc ij EE as
i -sj if cijscji

and

ans j -si other
win

.

let C denote the cost of this

orientation
.

let c ' f e the cost function
which a nisus

wit Icij - g.it to the arc between i and j
in D



let x @ i =L ⇐ we nevern a

then we want

djlultx.hu/-x-lUlzk
H

@Tx
-UI - Huls distal

- k

o E X s 1

Every inky solution to @ ) corresponds

to a k -are - iron ,
orientation Dx

and c
'
x = c (Dx) - CCD)

so every
minimum at

inter valued

sub modular flow corresponds
to an

optimal k -arc. strong orientation

of 6
.



Problem on WW to
#w how to decide whether G

-

-CHE)

ha , k edge - disjoint spanning
free ,

Via sub modular flows

claim G-WEI ha, k edge disjoint spamming
trees (D

ng
tf r EV

⇒ orientation
D of 6 which

has

h arc -disjoint out-
bronchus o (2)

ooohdat r

F : Sopron Brin ,
.
.
- Biju are arc - disjoint

out - branching , from r . let To
be obtained

from Brio by ignoring
the orientation,

Then T
, ,Tz . - Th are edge disjoint spanning

fries
n
n

n

I let r EV be given and
let T.TL . . - Ih

be edge -dis j . sp .
trees in G. Orient Ti

as an out - brunching BY
,
i
from r

Then Brij
,
Brij . - - , Brin an arc- dis i

out - branchings rooted at r . @ I



let D
'

be an arbitrary orientation of 6

we can
obtain any

other orientation D

by rover slug Zero or more
arcs of D

'

'

we can un a flow x : A - shod) to

show which arcs we
reverse

X @ I = I ⇐ a is
reversed

By Edmonds
branching theorem ,

such

an
orientation D of 6

ha , k are
-
dis ,

'

out - branchings from
r if and only

if

dj LUIZ k
t 0¥ U EV - r @ I

let D
,
denote D

' with th-narcs when

X = I rerun
d. Then

dizlul-djilul-ix.lu ) - x
-

la )



Hence @ I holds with
D= Dx if and orbit

d-pdultx.CA/-x-CU)--dizlUlzk
"
x
- lat - xtluledj.IN - k -

- blat

b (Uli dj , IU ) - k is oobmodular as

djil ) is sub
modular

conclusion : G ha , an orientation
with

k ane- dosj
out -branching ,

Woh dat r

④
The submolecular flow problem

x
- lat - xtluledj.lu - h

0 Ex@is I V- a C- AID
' )

has a feasible solution .



Exam 201813 Problem I
-

Given D -

- CV
,
A ) with d"@ It d-④ even toeV

D D

a) Find antof area
to rerun such that new

digraph D
'
is eulerian

(dat cul -- d-pilot to
EV )

as usual : x flow in Ne ( V
,
A
,
leo

,
UEL

,

b )
t to be

*@ is I ⇐ rerun
a

determined

Then we want

µdi
"" i

-

d:¥" friar
U bxli ) -

d l
- digit = sci )

Every eulerian reorientation D
' of D corresponds

to a faith in ten flow
x in

N = ( V
,

A ,lIoie=I ,
b)

This is a unit capacity
network so by Exam 20A

Pwbbm 4.3 such a flow
can be found is time

0 ( n
"
'm )



b) we can find the minimum
# of arcs to reverse by giving

each arc a cost of I

then the cost ofa funk flow
X

in N = (YA , to ,
u-7,8 ,CII )

is exactly
the number of

arc,

we rerun
in D to get an

eulerian reorientation .

c) Goal : find analert k such
that

we can
obtain an eulerian

reorientation

of D without
reversing mon than

k arcs incident
to any

vertex i
.



Observation : we must reverse
at least

ftp.li ) - d-pill arc , at u

met -2

'

etat
in order to Megson

how many
more

arcs we never n
at i

,
we perform

vertex splitting and at Salan
usa, follows

diocilsd.ba .

- s ¥ :
"

I
,

p t

Sli ) o
balances

dijokdtnei → ij→÷f¥,
o

slit

it i
"

discreet.is Tip-off
O O



Example d-pci ) = 8 dtpci ) -- 2

So M @ I = 8£ =3 ⇒ must reverse

at least 3 arcsat i
and

buy = dtrftdz-DI-d-p.li) = 5-8=-3

If we rerun mon than 3 arcs at i

then we must never n p mon
in coming and

p outgoing

In the new network this corresponds
to

the following flow values at
it

,
i
"

A

¥4 . ¥
- f

(
C

Ex =3 tp
Ex =p



Now we want to put a cost Cia.LY. )

so that sending
k units

on the arc
it - si

"
is more expensive

than Mohn , h- l units on

all arcs j
'
→ j

" j EV

• Set cilia (Xiii " ) = m2
Xiii " 41

• m2 KH y m .

m2lk-htt
.

m.mhk-t.mil

So more expensive
to und k units

along i
'
-si

"

C-han k - l owls along
all j

'
- og

'

"

f@f- mm
-"
is a convex

function :

f
'

@1=24-11) mak and f
"

( k) = 2h12htt )
m2"

so f
"
so always ⇒ f

'

@ I is draconian,
always



So we find a feasible flow x of

mm wit cort cojcxij ) -
- o Vij EA

Cain (too. " ) = m2
Xiii" -11

Hi EV

Then is a feasible solution
of cost

less than m2 k" if and only

if we can
find an erethism

reorientation 8g never reversing
more

than 2@ If one ,
more
than the

minimum m Ci ) at any
vertex i



%blem2,Exam2o1G#
a) Frank algorithm

Lowy brief )

let D= (V , A)
with V--342 ,

-
- inland

KEIN be given .

Anome XIDKK

I
.

add a new outer
s to D - Cv ,Al,

k arc , is
KIEV and karo

si Vi EV

Now we have djful.dj.lu) Ek
V- 0¥ UCV@ I

in resulting D
'

2
.

For i : = I to n

remove as many
is arcs as poss

bh

while pnnruhs @ I

let 8
-

de the number
of remaining arcs

en tennis

3 For j :- I to n

remove as many Sj
arc, as possible

while prewar , @
I

let 84 = # are , out
of s

Y
. If 8

-

c 84add818
-

are, I -05

5 if 8
-

28T add 8--84 are, s - 71

6 .
while d't ( s ) > o

a. take are sj b . find is such

big , si) is adonis ish c. split is
with si



step 2 only arcs up shows drop subscript alway,
S Coo nut disrupts
⑨

ft
' r l : d

'

4)⇒
•÷¥¥?⇒, at u with

Iff f Yam drink one act's
•→

o

is y

2 : d
'
(2) =3

,

d' ( X ) I 4 for all X. lxlzzhex

⇒ delete one arc
2-as

3 : d
' 137=3 d

' (x ) ZY for all X ,

KIK 3 EX

⇒ dehh one one 3. → s

4 : d
'- (91=3

,

d-4×124 VX ,

1×132 yet

⇒ dehh on care Y - is

5 : dt ( 5) =3 ,
dt( X) Z Y f X

,

1×122 5EX

⇒ ohhh one are 5 -as

6 : I
"

(x) z y for
all X containing 6

⇒ ahhh Lara,
G - is

is 4



S

le
.

d-(HEY tf Xo I ⇒ debt both

2 ones s →I

•) 2 : d- (x) ? Y Kxas ⇒ ohhh
Soth

a :c: nexen.

G d-(x) z.dk , 2) tells ,
6) ZE so

c
o may assume 6 #X if

LEX

> 9 then d- (x) zdlsp.lt doinRDZY

and if I # X then d-CHzdlsrltdldd.DZ
't

3 : d- (x) zykyzz so ditch both arcs
s -33

Y : d- (x) 29 f Xa
y ⇒ ahhh

both arcs s -oy

5 : d- (x) 24 V- tas = ,
debt broth are

, s → 5

6 : d- (6) so so keep both
are, s -76 .

S

fr ⑨÷÷÷÷÷÷⇐¥÷i÷⇒.
O O
is 9

875

The sub partition Xp ,
hi , ,Xy ,

X
g-
with

Xi -- lil show , that we need
5 arc,



S

j
-

-84=3
So weadd 3

arcs s → I
&}

wait::::*:*
and then the 2

.
.

arcs s → 6

( 15,511 is not admissible
as dtll ) = 2

(2451 ) : d- (x ) > 2 for all X containing
1h21

due to red arcs

d.th) > 2 for
all X ? 4h21 due

to

blue arcs

⇒ (25,517 is admissible



"

÷: ÷:i÷:÷:÷:*
:*:"

due to the cycle 123451

and blue arcs

So ⇐ SI ) is admissible

↳ "iii.is :*::::c:::! :S ÷¥÷÷7and blue arc,

try Cs , S6 ) : d-G)
22 FX with31,61 ES

dit (x) > 2 FX ? 11,61
due

:c:::::
"

:*"

.and fmaly@5.s 67 is
admissible

trivially



how, I ore

: is
""

z @
-4 a →

Hat
•→ a

3 9

Subroutines
-

:

A
.
Given i EV with k arcs

to s : .

how many can
we delete

B
.

Is the splitting Cs , Sj )
admissible .

A : is solved by calculating

rlit-minoltcxlliex.se/t.x-tVl
we can delete g -- min 3k ,

rail -Klaus

from i to s



For each TeV -i : calculate E) - flow Xlt )

in D t s -9 E and Uij -
- l Vrij EA

Then rci ) = minllxt'll te V - it

by the max flow min
cut thin .

B : is solved by
calculation

a-
min Sdt ( x ) kinkXIV )

and

p -- min 3d
-

(x) lliijle X # VI

For EE V -high ! calculate max
Ccitt -How

y
" it )
is D to I

and a max# it -flow
⇐" in

D t I¥



Then
a = min fig

' l ft EV - hi , jt

B -
- min K¥111 ter .- lid'll

and Cis ,
s j ) is admissible

precisely when 9,13
> k

b) By Nash -

Williams orientation
theorem

rk (D) Loo ⑤ UM GCD) is

4h - edge -www.o-hd

c) rk ( D) can be found
by finding

a min
cost feasible sobmodulw

How

x. nest pan .



Interpret x : A → soil in

N = (V
,
A

,

Leo
,
4=-1 ) by reversing

ij if and only
of Xij -

- I

then resulting digraph D
' ha , in -desire

dj.lu ) = ctpluttxt (UI
- situ )

so we want an
in tag x s .

t

dig@ It HH ) - x
-Cut z k

&
x
- ful - xtlulectolu ) -k - ball

and o E X E l

we saw in s) that r4Dkoo
KUMUD)) 22k

and By the Edmonds - G le , then

then is a feaobh in tag
x whenever

C-hen is a few bh Sol .

Sct Ci . = I and finding
a nun as

t

feasible asmodular flow
x gives

us r
HD)

as the cost of such an X .



Problem 3 Exam 201813
-

9) Given D= LYA , w ) w : V -SIR

we make N as follows

•

o_0,

s

it

all original arc , have
co - trap .

We proved that
if X is a closure

then ⇐9$
,

Vix Hs ) is an I - cut

and w ( X) tutsis ) s
constant

so finding a min cut
I sive , us a

Max down S - hsl .

We can force v to be in our
door

by setting Usu -- co instead
of Usu -

who )

we can fora o
' not to be in our

closure

by setting Uvc C- = 00



Now we can find a maximum

weight clown X with Xto, V

by running thwo , all pairs
of

distinct vertices v.v
' while forcing

v to be in the clown and
o

' not to

be in the clown .

(4) max flow calculations so 0 ( n 5) with

Fifo pfp

b) Goal find max } IH l 'd-61--0 ,XIV}

Solution : set whole I
to and

find a max weight
clown X EON

then this X give , max
above .

Running time 0( n 5) go above



4 suppose dtlxledtly
) - o

and XOYEV .

Then

° to =
dtlxledtly )

= dtlxuylxdtlxn'll

Z O t 0

So It ( XUY ) - o

d) D - wit) xto-hwII-cv.us - path inD1

X: -7211 - path inDl

if d-4×1--0 and
o e- X then

X

Xie X another win

then is an arc from

Xnxto to Xiu z d-4×1--0
It



if dtcx ) -- o and of X ×
then Xnx:-X or we

would have an arc from

X n Xj to VIX implying xj

ITCH > o I

e) Quick algorithm for
finding

maxhlHldt@t-o.X #VI

Find Xi for all o in time

Cat most ) O (
n (ntm) )

Note that dt (VIX .
-

7=0 so

✓Hj is a candidate for
X

Sina X f- V then is some re
VIX

and Xjn X -- of Syd
.



Conclusion

X is the complement at

some Xj and
this

Xi ha , Nikhil
two-V

given Xvi . . . Koi we can

find X in time 0 ( n)

so 0 (n (utm ) ) in
total

i. e winch fair
than the

flow band method in B)



lWem4Exam2ol8B4
Pi on input r ) :

I
.

Check whether r can
reach all

other vertices and stop
it No

2 For ve V - r : gremial club luv C- At

3 For v EV - r : fix one arc ar
entering

✓ with clan ) -yr

4
.

let F 's fav l ve V - r I

5
.

If f-
*
is a branching

( no cycle ) return
f 't

Else let C E F
't be a Sch

a. De DIC

b .
de c - y ( c' luv ) ← ccuv )

- gu Have A )

C
.

Solve recursively on (Dk , dir )

d
. Blow up

C. again and return
the

resulting 8 ranching



3
o

TA na in3 •#
' a'← • Z b: o

c

a
3 3

a
@ Xp, -0¥ • c

a
00

K¥41 '
.

¥.io#:ec-
%

~

'

Edi →
' ft .¥ ¥ face

f- Ol
fo 43

µ tis ; i

so
so

D. CD Iy=9 Did Dlsu .it,$ -4--1
e
- J - .

•

sac
bae isaac c'

a .# .

off . ' Ho att ' '

.

'

o bdc 008dL -D jde④ esdet-ii.IE?i~ t.to, ← off .+3 of o

43 43 a f

*

s es
's 43

Dlbdelaclbdef ,i,y Dlbdelaqi Dlsdelac ,4y s

Igel Ey -- I Dlbde ,c
'

c'
'

si
,

→ I:{ ←
"

s
! .si:1?smswnhnche

% ayah ,
in revornordu

O c4
Ey - 2



Dac B ok

xD abcdef to fell
④ bdef o lode

$2 -7 fry
- I fo f

• $3
s •

a

c4 & s c
' J

o a
o3

a# c
o# o

C

a# e b o

°

y
oc

e ↳ I

fit' Ttf ' c- orde

e e od
←
e o od fl

42 RY of

• f $3
&

G

44 43 of
• o

c c
'

coat - 14 =
total som of y -

value ,



4 Given D= ( VIA
,
c. s )

and A 's A

. If A
' contains a cycle y

or d-Ai
Cr ) > I f- some o

or
d-Alls ) so

then then is no
out -brunching from )

contain in all arcs
of A

'

So assume d
-

Aik ) El
tires dnt 61--0

and that A
'
is acyclic

Then A
'
is a collection

of out - trees

r
,

re r
,

4¥. ti



c let r
, ,
re -

- rq be the roots of the

nontrivial oof - tree, in
D

'
-

- Cv
,
A
'

)

• If D ha , an out -Smolin , Bj s . t

ATE ALBI )
,

then Bj must enter

any
out - the Tt

,

when rots

by an arc
into ri

e-
Fit
"

s -→→→
→→

t Ys,
t
-o

F →

a contract each V ( Tfi) to one
vertex Zi

who n out - neighbours
is the set

of

out - neighbour of
the nt V (Tri )

and

whom in - neighbours
on

the in - neighbours

of ri in Vivero. ) )
let D

't be the resulting disrupt



2
, Zz 23

D.
*

D ha , the desired
'

out - Loanda ,

Bj ( containing all
arcs of A

' )

if and only if D.
* ha , an out - Snmuhm

from s
.

The cost of such an out
- brunching in D is

the cost of the corresponding
out - branching in D

'

+ Icf ,la ) so minimizing
cost of bronchus in

D

is the same as minimizing branching in D*



d) D= (VIA ) strongly connected

c : A - s IR
cost function

no root specified .

Goat Find min
cost out - branching

when

root can be arbitrary

Naive solution : try
all possible roots

""

D
'

.

Choon k so large that no
min art branching

twins will un 2 arcs
out of s

Bj optimal so I in D
' BY - Isl optimal in D



e) Mh coat out
- brunching with no

not specified by contain, all arcs of

A
' for some A 's A

?

let D't be as in c) and apply construction

in d) to D 't instead of D

÷
..


