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to
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a obec )

i) assume : some arcs
have uij

- 00

claim : There exists a finch ( Xpquo Vpfeat

*
optimal feasible flow
✓Then is no cycle W in

N with CCW ) co

and Uij -
-w Vije ACW

)

H Suppon then
is a cycle W cu N with cbwko

and Wii =p Vij
C- ACW)

.

Then W is a cyclic of
N Cx ) fo - every

finite flow x so ×
cannot be optimal

④
Soppon

that every cycle
W of N with

ccwko

ha , at least one
are of finite capacity

and Cet y
be a finite flow which

is feasible

and ha , finite cost ( we assume Icij Koo Vij
C- A)

let x be an arbitrary feasible flow in
N

Then I 5 ENG ) s . E X = y toy when g- isa
circulation in Nld

C X -- Cy tCJ Z Cy t Ed@ in@ it when
it

5 can be decomposed into cycle flows
along Wic Twr , - - Wp

with p Em
and c (Wi ) so for

ie Er) and

CHI so for i - rel , .
.
.

, P and Slwi ) is the answers
hhs

capacity of Wi
in Nly )



let = scwildwi) .

Then Rcw soR l l
final feasible flow ×

we can extend y
to a fin , hop

Usns at most
R iterations of the cycle

cancelling

algorithm .

The flow x will be finch
on
all orcs .

"Y let A
'
- hi je Al uijcool and

VI. lol betSol

K - ja,uijt Fake '

A soome N ha , no cycle W
with CCW ) so

and uij
-

- co to je ACW
)
.

Then by i) then
exista fire h optimal flow

x

consider a flow decomposition of
X into

path flows along P
, ,

. .
.

,
Pr of values 8 , .

. .

,
Jr

and cycle flows along
W

, ,
. . , Wg of

values pi . - Bf

7%8 i = -28@ I as each Pi
starts in V

'

OEVI

.

Bj E eaYij as each Wj
internet A

'

Hmu xij ask for every
arc ije A



BIG 3.79
-

let N - (V ,
A ,l=o ,

Ucb
,c) have a

feasible flow X !

Prove that N has a funk flow x for which

:¥:÷i::÷÷
Remarh wemay as, one

that all flow , on netto flows

(Xijoxji
- o H2 - cycle i

-sj -si )

we will show that we can
make x set

AI has no cycle in
the ondinchd sense

suppose Ax
has a cycle C :

Cail Agha
, a
directed cycle C

→ C is also a cycle
in NCX )

/ C J and it , residual
capacity is

T f SK ) -- minhuijnxij Iii
c-Akil

←



→

f c I
let x ← x④Sloe

T then atleast one arc of C

←
£

leaves Ax and no
new one

enter , Ax since we had xijso
on

all arcs in Ax
before . Thu, IAH

decreased

and x is still feasible

Can2_ Ay ha , an
oriented cycle but no

directed cycle .

→

f j Ivytixadinctio.fr#tmvcrialotc
let Sfi min huge -xijlij forward

art orientation

% - min hxij I ij
backwardwntorinhkiofgemiuhsf.rsI



let Cf be the dredd Mdf!:*Is to
N Cx ) which cornpone

C in the fixed direction
.

Then JKf) = T so XE X⑦diff

is feasible and IA# ICIAxl

Both in can land
in can 2 we

could

decrease the number of cores ij

with o e xorjcuij so
then east

a feasible flow x s . t Ax has no

cycle and thus IAH En
- I 0 .



Ahuja
N - (Vol sits ,

A
,

to ,
U ) Uij -

- I when

its ajtt

Qi does this
change complexity of

Di nic 's algorithm
?

Ai we know from
Exam 2020 pwt . 4.3

that it does not
change complexity .

we prove
it asair below

.

BIG lemma 3. 7.2
still holds as we may

a boom
all augmenting paths

have capacity I

[ It s -s t is an
arc we

start by felling it

completely and cons .
do N minus this arc )

Uij -4
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Each of the art, @ lo . .

- o Vi
,
Vee , o .

-out I

have capacity at most will Vee , I so

¥1 HIS Nitwit , I fo
- i-72 . - g

w-2

when Miss MaxHow
2

A -what Ii Nil I 2tf÷frxxl
If
2n -4 Z @ -2) NEIL

Y
w e HI +2 @ I

txt

so lemma 3.7.3 in B) 6 holds with

small change



proof of modified version of BJG Then 3.29

• of = # phan , in Dinic F- Tn
Hs]

• 0=44×41 . . - - XEH flows in algorithm

and K - 1×71 (value
of matthew )

• Choon j s .
t k - Kdp > J

K - HEY EJ

• Then value of max flow
in Nardi)

is at least J so

distr latte 2%1-3+2=04%1
• Restof proof is as original p wot

on

pap 123 in BIG .

If one moreoutermay be incident
to arcs of

cap > i then we churn @ l by a constant

souls still ha , same complexity .



Ahuja N-rlvols.tl
, A.
E-oil )

Uije 342,441

Claim Dina is still 0 (
ridden ) :

Lemma 3.72 : Each are in a
fun . . t Clausen . paths

Fedelihit so 0cm )
to find blocking flow

6mma37 Now *
*IE 4141 Niel

so mm Y Nil ,
Niall ⇐ ITEM

⇒ same bound on
dist Gift in

O - notation

Remaining proof is sum
as BIG pan

123



AH8.io Modified pretlow - push ads

simple unit capacity
networks : If.→

for →I,

•
No posh 16ft performed

on
or if y

hlvlzrn

A) . Since NCH is also a
unit cap

network
,

thenar no non saturating pushes .

.

So at most
( rn ) pushes along

a seven arc pg

.

Also each verb
is lifted

Ofra )

.

Hence total work
until her> rn

hold, for every

✓ which
has bxlokoisolrn.cn ) torn

- n ) -Olram )

b) claim . if xisflowat termination

otaboiepwus , then at most
rumor

z

units of flow can
reach t O

P : let 2--448#
co ,otE4 ¥nr"

*
t

Each e-2ha , distance
atleast

Ta to tin NCH since his a

legal height function .



All flow from Z to t in Nar )

must follow vertex -disjoint
'

paths
(as NCH is on

it capacitynetwusimple

let Pa
,
Pa . - - Pr be such paths

then r e Irn -
- rn

so we can and at
most Ta

mon units from 2
to t

.

4 let × be pretlow when modified pfp
steps .

As N is a unit cap
Network we can

de coupon

× into unitpath flows along
P
, ,
Pa -

-Pk
,
Pui - Pr

and some cycles , when
P
, i

.
- Pu are ⑤El -paths

we can find this decomposition
in linear

time Ocntm) since
when we

extract a path or cycle ,
all its arc ,

become empty



s ."
tee

x
'



⑤tt -
V

- let X
'
be the flow formed by the union

of the path flow , aloes
P
. .
Be
,
- - Pu

- Then the maximum flow
value in

NH ) is at
moot rn by 8)

e
so we can find a imax flow y

in Nlxy in time Otra
m )

.
adding y

to X
'
gives a

maximum flow in
N

.



Ahuja8.li semi sirwhh

assume u
, Enz

show that

we can modify generic pfp so

that it was in time
Olnihm ) time on sauibipcrhh

returns.

•
Consider the algorithm from section 8.3 when all

-
INI - - -

pushy came
in pairs ↳ . ,

- -
-
-
ENL

.
- -

X - I

- ENT
-
-

-

now we also allow
- - ¥175.77

analysis still works as an on sa hunting push

now decreases OI = 2-hci , by at
least I

i active

insteadof at least 2 as in 8.5

Hence the analysis from 8.3
still works

and we set
that the algorithm

Nns in time 0 (
nim) on before .
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② ⑤

÷÷÷÷÷÷÷÷÷÷o÷÷÷¥÷.of section 8.4 .

¥.
④ ⑦

Dual of G
z, $25814- 2g

e.

"%• 492
• 17

hoed
17

15

9*0

d%t=d (Yo ) indica hand in
blue d

# ( t ) = 38

so we
know that the max flow

value is 38

and we get
such a flow by

Cottus xij = dYj)
-
deil when this

is positive !
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Giant) directed network
( g andt are on

the " ter ft" )
kij shown

7- 3

3 4 ↳
so

3
6 7

10

Y L

f
't

← re
"'t!

so

r n#
s
't



f
't

7-
•

←
cost -- 6

7 3- r¥ . at
ftp.#x.tx.tsee-7¥# D
tix.
# to

re
r n

7

•

g
't

claim then is a l - C correspondence between

⑤El -cuts in D
and CME ) - paths in D

't

•
t* -

S tap
s

a
, ,q

- -ap
are

→

→ the S - stare,

go.a.in#Iseea.*
→
a. f PEST )

*
Every HI - path we , a

cut
,
namely themes in

D

intonated by the arcs in
P' and

cost@ I - ulsc5 )



Ahuja 8.23
-

claim : Min # of arcs in a clinch
d I -path in D

= Max # arc -disjoint ⑤
H - cuts in D

p : consider the dual D
" of D and note

that

every ⑤ti
-path in D

define , as E't cut in Die

•

Et

s#to# txt
• g

Hence
length ofa shark, t I - path in D

= min # arcs in an E'S - cut in zbmfngei,
= Max # arc - disjoint SLEET

- paths in theorem

= Max # are -disjoint⑤ti -arts is D



Ahuja8
Given integers d

, ,
- -
- Qu

,
B , ,

. .
.

, Bu
such that

E.di -- Igp ; *
Question Doc , then

exist a dis rap 1h
Don n ou

his

4 ,
he - - son

with dtpcoi) -ai
and djook Pi

Vie ED

Solution : Note that D
exists if and only

if

↳mphh digraph
In lifeA fit j ) ha ,

D as a soddigraph .

We saw how to
check this in

BJ G Thm 3. 11.5

v
' v

"

so t n

*

N has an ⑤t) - flow of
value Iii - FIB

°

D exists



Ahuja9.by BIG pages 130-131

bij = # passengers
who wish to go fomifoj

fiji ticket pain
for travel i tog

'

p = capacity of plane
Goal : maximize income from accepted Customs

bii bij bin

④ Di ④ @ to vertices

In
①→②→ . . - ①→ . .

.→⑤→ . . .
→ →On

a- p a- p p
u =p a- p
it

bio - Ebji
jet

green arcs@ passengers
taken

red arcs ← passenger
, not taken

blue arcs model the capacity of
the plane



b. i bij bin

④ ④ ⑥ @ to vertices

In
①→②→ . . - ①→ . .

.→⑤→ . . .
→④→On

a- p a- p p
u =p a=p
it

bio - Ebji
jet

claim ii.mink x Ix feasible flow
in N )

=
Max income

we can
obtain

E : each feasible flow
x corn ,

once, to legal

passenger
assistant and Xijgi is

the

number of passengers from obj
that is

taken
.

So C X = [xijfij - earning
ieicjen from setting

tij - tipi



b. i bij bin

④ ④ ⑥ @ to vertices

In
①→②→ . . - ①→ . .

.→⑤→ . . .
→④→On

a- p a- p p
u =p up
it

bio - Ebji
jet

I let tij denote
# of passengers from

j to j that we
accept .

Then we obtain

a feasible flow
X 8g Atkins

Xcijsi -- tij , j-bij-tij.X.gg,
- Etab
UEF
82ft

and
- ex iiifii - ifnmmanisnmnt

tij leicjen



Ahuja9 Tanker scheduling

with startup coots .

Same data as in application
6.6

¥EiE
Problem Assume it cost 5

units to

Tna aship
and w . do

not have

to handle all shipments .

Goat : maximize profit
minus

costs for ships .

①→②

*
①
In

③ ④ one ship can
handle

i and then j



N
- lo - lo

④→④ ④→ ④

⑤ 5

#→④s ④→④
°

- z
- y

all arcs have capacity I

C ⑤El - flow of
min cost give ,

a solution

P : we know ( from earlier ) that

a solution with
k ships corresponds to a

flow of value k in N
and the cost

of such a flow is exactly the profit

for that solution



Problem : How do we find an⑤
El - flow

of minimum cost efficiently (
value not

prespecified )

Solution : an Buildup
method

X ← o (Zero flow )

while I I -path P with CPCKo cu NCH do

augment x along P

let x be flow after termination
ofthe loop

Th
? tf i.path P in NH : CPU to

@ I
e
tf cycle W in

NCH CIV )Zo

claim execx
' V-s.CH - flow Xl

p : if NIE IH
then CXECX

'
as X wa,

obtained from a min
cost flow x

" with

IX
" 1=1×4 by augmenting along

Zero or mon

paths of negative cost



assume lxklx
'

l
.

Then then east FENG)

such that X
'
- X④I and

CX
'

-Cxtcx

ZCX

since I is a son of path
and cycle

flows in NCx)
,
all of which

have

non - negative coat by @ /
.



Ahuja 9.39
-

N s (V
,

A
,
LEO

,
U

,
b

,
c ) che minimum among all cost,

Cpg
maximum - -

- -

Qt is it possible that
no min cost flow has Xue>o ?

QI is it poodle
that every

min cost flow has . xpgzo

Answer : Yes to both
!

Erm www.tc.tt -Hou

C
of value I send,

s g-
E one unit along

s -it

c=2

Ahuja 9.40
-

a) N - LV ,
A. to , U ,

b
,
c ) all bees , uij

even

Q : does then
exist optimal feasible flow

t

s . t xij is
even Vrije A

Ye N → N' = (V , A.
to iuz , by ,

c )

X
' optimal feasible flow in

N
'

X ← 2X
' optimal and feasible

in N

if IT is a potential set cijtzo Vrije
N'Gl ) si

Vin same IT at dijz - ti ie NCH doffed



b) N - (VIA ,l⇒,up⇒ ,
c )

Ui
,
even YEN feasible circulation

same method as in a)

show , that there
exists a

feasible circulation
X with Hyun

for all orcs ij



Ahuja 9.41 N -- LV
,
A

,
toil , 're )

phmal solution and
IT potential sit Cijtzo Vrije NCH)

let NIN consist of arc

with reduced Coot =
O

' Supper Xl i ,
another optimal funk

flow on N
.

. Then X 's x y
when y

is a

circulation in
NCH )

and Ex ' = Exit city so

City = O and ydeoompon, into ayah
flow,

in NCH )

since city. so on
all arcs each cycle W

in such a decomposition ha , ECW ) -
- O


