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a potential on V is a function .

IT : V -7112

The reduced cost with respect
to it

is defined as
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Then we can relate the cost

of x wrt c and the coat of

X wut c'T a, follows :
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We showed
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qconstant for
firedIT

This gives the following
very important property
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Corollary if IT : V -ok then

@ I D= CV ,
Al has a ness hue

cycle wrt c : A -2112

if and only if it has a negative

cycle wrt the reduced cost

function cot

⑤ l P is a shortest @
et - path

Wrt c if and only
if

P is a oh . .hit 4.et
- path

IT
wrt c



EXamphofapotenhulfuo
• Suppose

D= (YA) has no
negative cycle

art c : A -HR

r Then we can find
short,t path from

a
vertex s to all

other vertices

[ by the
Bellman n -

Ford algorithm ]

.
let d Ci ) -- length of

a
shortest ( soil- path
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Note if D ha , negative cycle

wut c
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Then we can find
one

in fine Ocnm)
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Noh that if P is a shortest

⑤ it - path cort c then we have

dcjl-dciltcijforevuyarcijo.PT
Hence

,
if we let it@ i

-

- -da then

we have II.
j
= o
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for all arcs
that

are on shortest path, from
s



Theorem9.lAh
x
#
is optimal (ha, min

cost ) in

Ne ( V ,
A
, lie ,

b.c ) if and only

NH ) has no negative cycle

Pi tf x is feasible
and W is a nesoihvccych

in NCH

then X 's X④ I ,
where E is a cycleflow

along W

ha , ex 's ex so x is
not optimal

conversely if He , frank
and NCH )

has no

negative cycle then every
other feasible flow 2

Can be obtained as
2 =
I when I is a

circulation in
N ) and CI z o

because

I is the arc sum of (at most m ) Cyd flows
in NCH )

and each cycle flow ha , non negative cost

Theis c 2 = ex't CE zcx

so # is optimal





Theorem 9.3 in Ahuja Reduced cost optimality conditions
-

A feasible flow x
*
is optimal for N

- HA
,
live.cl

if and only if I a potential
T : V -SIR

suck that cttijzo Vij
E NCH) Cs )

P : Supp on @ )
holds and let w

be

any cycle in
NCH) .

Then by properly 25

c. (w ) -- CT (W )
and CTCW ) so by @ I

so
NCH ) has no negative cycle

=3 X
* optimal

by Thin 9
. I

Conversely assume
that His optimal and

hence NCH )
ha , no

negative lych by Thurs .

I

Fix a vertex s EV and
let

d@ I denote
the length of a

shortest

scout - path NCx* ) art coat
tote

Take IT@ I = -
d lo) .

Then
,

as we
saw

earlier

cttij -- Cig't dat
-das o tije NG'T

implying that @ I
hold, for this IT.



Complementary slackness
-

theorem
A- feasible flow # in

N -

- (Vi Ail , add ) is

optimal if
and only if then

exists

a potential IT such that the following

holds for every one ij c-
A :( in N )

lat city so ⇒ Xij - o

Col ocxijkuij ⇒ city - o

El cijtco ⇒ x¥=uij

I Supp on x
'

,
IT satisfy @ 1

Then @ 1,61 ,
Cc ) must hold

IT so pp on Cal
- Cc ) hold them

x
"

,
IT must satisfy @ I so His optimal


