


Ahuja 9.11 sensitivity analysis for Minas
t flow,
-

Goat study changes in optimal
solutions to min cost

flow problems for N - (V
,
A
,
Eo

,
u
, b. c ) when

there are changes in one or
more of u ,

b
,
c

Assomption : up ,
c are
all integer valued

observation : Enough to consider a change of It for

each of them ,
as we can express

any change
as a series of changes of

l unit

we assume
that x* is optimal and feasible in

N

and that IT is a potential which certifies
this

Thus we have

# I cijtso tij C- NH) ( Ci'T -- Cig -TAHITI ) )

and (by complementary
slackness 9.89

-9.8C )

G. 8 a ) Cif >o ⇒ xij - o

49881 ocxijcuo, ⇒cij-09.sc) oijtco ⇒ xij - Uij



blk) ← blk ) -11 and blue hole )
- I

-

Now # is no longer feasible as bulk) -- blk ) - I and by* let
- ble) -11

• it is still optimal ( ha,
min cost among all flows x

' with 6×1=4)

•
So by the buildup

theorem

is
Either then is no feasible flow

in new N (
with b updated )

or y

o we can
find a new optimal feasible

flow x' b

1) Finding a shortest
Lk , e l -path P

in NH wrt
c
'T

2) He IP
,
when IP is a path flow

of value l

along P in NC# t

k
l

p in Next
•→→→

→→→ o

e
k
• Isis 's'→'→1→ .

IP



Upq←upg
e x
#
is still feasible

e If Cptq Zo then x
*
is still optimal

by ¥1 as City Zo fig
'

E NCH)

• sopponcptg.TL 0

then ¥1 does not hold as pg is an

arc in NH ) .
Note that x*pq=upq- I after chansons

Upf as I , IT satisfied
CK) before we changed .

• We must have Is xtpq as pot is an
arc

of N ,
implying that upset bet

we changed

.

Thus qpe A
INCH)) so then exists

a ⇐ pl - path in NCH)



Now we construct a new optimal and

feasible flow as follows :

I
. Xp't← Mpg-11

By K ) and
the fact that now xpE- ups

the new H is optional but
it is not feasible as

↳* (p) - Hp ) -11
and 6*61--471 - I

2 . Let Q
8cash orhot ⑤pl - path in

NH)

(it exists as qp is an
arc in NCH) )

3
.

Form the flow x
'

by X
'
← #④ A- Q

Then Xl is feasible in N and
itis

optional by the buildup
theorem



UpqEUpg
$

Cant xpqcupq before
change

Then Wpg sups after
changeand

* ) holds ⇒ x
"
is optimal and

feasible

carry Xp't - ups before change

Then x
"
is still optimal (as E) holds )

But x
"
is no longer feasible

I
.

let x'pq←xpE - I

Then H satisfies capacities ,
but

↳ Cp ) - b Ip) - I and b#Hk Hs) -11

2 . Note that if I feasible flow
I in new N

then I a putt - path flow
Iof value Is .

t

E- Here in NY



3 . If no I - path in NCH ) then
there is

no solution (after changing Upf )

so soppon
I Cpf ) - path in NCH)

4 . let
R by a shoohit t - path in NH) wut

cot

Then
,
by the buildup

theorem

X 's X IR is optimal and

feasible in N .



Cpq ← cpftl
-

Then Cptq also is increased by 1
.

. If Cpqt so before change then Cpt Eo after

.

if cpgt > o before chan n ther cptf > o getter

In
both cans & I holds after change

as XYIT

satisfied Lse) before
the change .

e If Cptg - o before change and x¥q=o ,

then

Cx ) still holds after change

Sopp on now
that Cpt so before change and Xpqso

Then qp C- NCH)
and cqtp = - cpttq so so C* ) is

violated .

Then are 2 possible ways
to find a new optimal flow :

1) Change lips
to xp*q←o and

keep IT

2) change IT and possibly
also xp*g



Y let k=xpg* and set x*pq←o

Now bxxlp) = blp ) - k and buff) - blfltk

So X* is no longer feasible .

It is still optional as ⇐ I holds cont
xx

,
IT

• let No be the subnetwork
of NCH) containing

Elron arcs ij of
NCH ) for which Cito

. Recall that if y is
a@it ) - flow of

value k
'

in No
,
then x'ex④ y is an optimal

flow and if h
's K

,
then x' is also feasible

in N and we are done
.

2) Hence we may sojourn
that the

value o°

Ofa maximum Pdf )
- flow in N°

satisfies rock

let ybcoochamaxttow and

Un MaxFlow min cut thin :



Sct X's X*⑦y .

Then bxilp) -- blp) -Koo ) ,
bxilfl-tlfltlk.ro)

let I beaminimum I -cut in No

and by Mfmcthm applied toy in No
inn s.fr/IpCirs-pathiuN9y)l

→ recall that wayin.mn#ionsXl=O

÷÷¥÷÷÷::m÷::i:
update :

ite't 'IEhIe's
keep Eto - I Ci'j=Cij -IT 'HtIT§l

Now

qji.fciiifisjesori.jescijt-lifc.ES/jo-ScijTtlifie5,jeS



@1gjti.fciYifisjESori.j
e5

Cif - I if IES ,
je 5

cijtl if i e5, je s

In particular Cpt's. -
- O

as Holt is an optimal pair
we have

G. 8 a ) Cif so ⇒ x'
is
- o

⑨881 ocxijcu, ⇒cij-09.sc) oijtco ⇒ xij - Uij

We claim that we also
have

⑨ al - (9.8C) holding
for Xl , IT
!

(9.8 a ) : By G) we only need
to check

arcs where Citj=o and city's o
Thus i C- 5 and JES and her

Heo as we saw



49.5 ) suppose ocxijsuij then

icjes or igj C- 5

as ' arcs S →I have x' = U

[and arcs g-→ s have
x' - o)

and her city
'

- CTij=o as
9.88 holds for x' ist

c ) soppon cijko
if cijao then

x' igeuij
as IT

,

x' satisfy is

so cijt - o and ies ,
jest

and for them arcs we
saw
that the

conclusion x
'

,
IT
'
is an optimal pair



Recall that b×dp) -- blp) - Ik-o )

bath = bttttlk-o )

we saw that x' it
'
is an optimal

pair and
that Cpt'g=o

let x :
; =/ Wii

ii. Pf

X;eb if ij -
-pf

Then X " is a feasible flow
in N

and it is optimal as

X
"

,
IT

'
is an optimal pair .


