


Ahuja section 10.2 Capacity scaling

Note that we modify the algorithm
to avoid

assomption 9.4 in Ahuja
!

• Refinement ( improved
version) of

the shortest (min cost )
augmenting path

method .

•
Reduces the number

of iterations from

Oln B) to 0cm log
U ) when

B - Max } I bet I Iue VI and

U - maxhuij I ij
c-At

•
Recall that we assume

that

all arc costs cij
are non

negative

in N = (VIA ,
LEO

,
U

,
bic )

*
Denote by sln.me )

the time

to solve a shortest path problem in a
digraph

on n vertices
,
m arc ,

and C --maxlycijlytttl



2×-7-16×61>bell"""

NEVA ,e=ocU ,
bic )

Sopron
x' is feasible in N and x is not cgetl funk

then X '=X④I when Ie NCH

and be - bribe

pgemaxhlse.tl/uEVlOCnBSCn.m.ncyC--max4cijllijeAl



•
Recall that when we work with

reduced coots , as
in Ahuja

,

then

then maybe as large
as n C

so the time
to solve one shortest path

calculation in the
residual network

is Olsen ,mine )) .

•
I# a

C-DoC-Do rn . o-4 @

d-o de d-2C DE@HC

T ← IT - d

cijeoij -ttitttj



Scaling idea (similar to cap .
scaling for

Max flow ) :

U -

-
Max luijlije Al

let Bo- 2k k - LlosaUI

Con sich phang 9- - o , 1,2 ,
- - - k

where Aq i F- E- och . -
- k

and we only Un arc, of
residual cap

at least Ayia phang

Note that in this algorithm ,

when we augment along
a path P

in phan a- we augment by

erectly Aq unit, even
if OCP)>Bg



• In phan f we
consider the Sob network

NCX
, Aq) of

NCH which consists

of thon arc, which
have residual

capacity atleast by

• Note that Ape I so N Kisa) - NH )

• Recall from BIG section 3. 10.2
that

4- lol backhoes )
and 2×-146×1%441

and that U×=¢⑦2×=
⇐ x is

feasible

• let E -

- E.ques
- two) ) Exist,

he total

If E - o the current x
is optimal and feasible

•
We start with

XEO and IT
-20

as there is no cress
hue coat arc in

N
,

the same

holds for NCH = N
wat Ct

• We maintain a potential stand
modify

the current flow x such
that we obtain

Cijttzo for every arc
in NH ,be ) ¥91 ,

" ik



J

•
Note that if Cigs o when we enter phang

then

⑧ I AqErijC2Dq= Agt

as x.IT was an optimal pair for NCX ,2dg )

when phan G - I finished
.

•

when we enter phan G for so

we make son
that every arc

of NCX
,Dq )

has City so by saturating thou
arcs ij

for which we have Cigs o and rig Z Aq

That is
,
we change x s .t ij is no longer

an arc of NK ) .

By Cx) saturating all arcs ij with Cigtso
@ C

will change E by at most 2mBq Is- c

• Assume we have changed X
set Cijzo

for all ij ENG ,Aq)
and define

S (Dq) and TCAs
) as follows



S (Aq) - folbxlvi-bqeblvHTCDql-hol.sk/-DqzbCu))
Algorithm idea :

•

start with x=o ,
Teo

and Bo
- 2k

•
In phan f we first saton he some arcs

set the new x satisfies Cijtzo
for all arcs i j ch

NG
,Dq )

Now augment along @ (Aq) ,Ting ) ) - paths
as long as such a path exists while updating
X.IT and SCAg ) ,TCbf ) .

- when no more@Cbq1.TC Df ) ) - paths

go to phan fei if fck or stop if
f - k .



begin
. Initialize XEO ,

I D= 2k
.

when k -

- Lloyd

.
while AZ I do

Vij in NCH
do

if rij 2b
and cijtco then

update x by sending rij
units along ij in

N Cx )

Let sca-hulbxloi-AEbc.lt and
TCA) -74 bxlot

- O 'sblot}

while then exists an ( sass ,Tcb)) - path in
NCx

,
b) do

select se SCD) and teTCB)
s . E . N Cx,b) has

an Cst) -path

! calculate shotest path distance , DC ) from
s in Nexis )

with respect to the
reduced costs city and let P

be a ohooh it ⑤El
-path

. update IT← IT -d

e Aug must by bomb along
P

. update x ,
SCA)

,
TCB) and N Cx

,
B )

end

end
end

A←Ag

Theorem so p pon
N - (VaA.to ,

u
, bae )

has a feasible
-

flow .

Then the scaling algorithm
will find an

optimal Cmu cost ) feasibly flow
in N in time

0 (m log U slain ,
nc) )



theorem so p pon
N - (VaA.to ,

u
, bae )

has a feasible

flow .

Then the scaling algorithm
will find an

optimal Cmu cost ) feasibly flow
in N in time

0 (m log U slam ,
nc) )

Pi Recall that if N has a feasible flow x
'

then we can find a flow
I in NCX ,

D -Nk)

s .
t X

'
- X④I

when X is the flow
when we

enter

Phan k and have
saturated arcs of

NLX ,
l ) with Cityso

Hence
,
since NCx.D= N Cx )

the algorithm

will terminate with a funk flow
x
*

The flow x* is optimal beamn

City zo Hara ij in
NCH )

when IT is the final potential
Hence we just need to prove

the complexity

bound 0 (m log US cnn.nl ) )



Then an htt = O ( logU ) phases and

each shortest ⑤El - path can be found in

time 0 ( s Cn , m ,
u C )) so it is enough

to prove
that then an O (non) augmentations

in each phan .

Recall that Ux - Lol backbell , 2×4016×41
>Kos}

Consider a flow decomposition of a feasible
flow Xl inN

onto at most n em paths P
, ,
Pa . -

- Pr rent in

and go our cycle J .

each of then have capacity atmost UI2b

This implies that
E E 2 lntm )Do when

E = If#berths)
is the total excess

e This implies that in phan
0 we have

at most 2 (ntm ) augmentations
as

each deccan , E by exactly
Dounits



• Recall that we leave a phase of when

then is no path from scbq ) to TCG)

• let us bound E when we
enter plunge I :

let x be our current
flow

,
let x' be a

feasible flow in N
and let EE

N Cx )

satisfy that X
'
= x⑦I

• By flow decomposition , I decompose
, into

at most uem paths
and you , and

each path has flow
value less than Dq

a, then is no §Cdg) ,TCAq) )
-path

. As path in the flow
decomposition starts in

Ux and ends
in 2x this implies

that E Edem ) be
Thus when we enter phan Gtl we have Betti

= It
so E E 2 Int m ) Agt , holds



We start phan qtl by sa
hunts arcs

with rijz Age ,
and city so

Recall that such arcs have 2Aqa> ti j
's Aft I

since every arc of NCX
, Dq)

ha ,

Cigtzo .
Thus saturating all such

arcs changes

E by at most 2Dqtim

So when the white loop
starts we have

E E 24rem) Agent
2mAftc

£4 (ntm ) both

This imphc , that
there are at most

4Gtm ) augmentations
in phan get

This argument holds for all phan
,

1,2 . -
- k

,
showing that each phan

has 0( non ) augmentation, so the
proof is compute o .


