


•
Standard cost function in

min cost

flow problem cij is
a
constant

so cost of sending Xej
unit , along dj

is cijxij

• A function f is convex if

Fass in the domain
off

the values
of f in the interval

End

lie below
the straight line

from

Ca
,
fer ) to lb ,

ffl )

#
-

a



Ahuja chapter 14 convex coatflows-
rcijlrij) rcijkrij)

O

¥÷÷¥
;

.

discrete pieuwinhmw
cost function specified
in functional form

of# breakpoints ) spare e. g x Outspan-
-

Min convex cost flow :

min Ecijlxij )
s - t 8×67=8Ci ) VIEV

° Exijsuij VojeA
(*)

xijc-KV-ijc.tt
consider only integer flows !



assumptions on
N - (VaAil , qb.CC ) )
-

① D --W .
A) is a digraph

② I b E K
" ( integer balances )

③ I lij -- o Vrij

④ I I - path of co capacity tiger

⑤ I Cijlo) - o Vij C- A

section 14.2 on applications ⇒ self study

14.32 Transformation
to a normal

min cost flow problem
when Gj is

convex and piece
win linear for

all arcs

Drawback of solution : The new
network

may be much
larger than N as

# arcs will

depend on # breakpoints of the
cost

functions .



Assomption: each cij has exactly p
breakpoints ( consists of p linear

segments )

so cij
is constant in each of

the nsuusb

[dig , dig
' )

,
Edij ,dig] .

.
-

- . [dig
'

,dig)
P

Cig cis cis

when dij -- o
and dig - uij

Note that p is finite
as Uij is finite

look at xij and split
in p parts which represent

the part of xij belonging
to each of the p segments :

i÷÷÷÷÷÷÷÷÷:÷÷



Given xij we
define segment flow,

Gogh for WE Ep) :

@a.i.fxiriiEiitiiIiaiiai.s
dig - dig

"
it xijzdig

Then p

xijs Yip and cijlxij) - Ziggy
6=1

This transforms the model
¥ ) into @set :

min
*
E.iii. sit

Eisai - E. Eis: - base
"

o Eagles dig - dish
'

tog
'



min
*
E.iii. sit

Eiichi . Eis: - his

osygkedig - dish
'

tog
'

claim : Ext is a
min cost flow problem i

the network
N' when we replace

eiji ,uijg
cijidijndg

&- & by - ocif.dof.cl#o -

c J

u
y is a contiguous

solution cog , di; -dig
'

Det
if gig >0to ④

Iyo; - dig -dog for allrot



show equivalence between * land (xx)

SopponXsowco
Def gig ,

. .
.

, ydj from xij
as in @ I

that is
,
fill up

the intervale Ed:j ,
di'D - -

-Ed de;D

On that order .

Then y is a
contiguous solution

and

cijlxij ) = ijyij

So the cost of ×
and y

are
the same

Sopponyioacontiguossohekouto*
Define xij as xi , sigh ther

X is a solution
to ¥1 and

its coat

is the same as
the cost of y .



Note that then may be noncontiguous

solution , to @x )
but they are not

optimal :

Suppon yif.mx but yigcd;
- dig
"

some
ke e

.

Then we get a cheaper
solution to

I

by setting yijec-y.ge Q and

Tig ← gig - Q

when Q - min 3M ,
@his-dig

" ) - gig )

why? because Cigs Cig by convexityofCgl)

slope
incrawl

Conclusion All optimal solutions
to@* I

are contiguous .



• Algorithmic challenge with reduction :

Need p copies of
each origins I are

e
Not a problem if Ccjlxi,)

is specified

as a piecewin
linear touchus , since

then

we need lap to ) p brah points
for each

arc ij .

• If instead CigGig )
is in functional four

(e.g Ciglxig) -- Xii )

and we represent cijlxig )
by a piecewin

linear approximation with uij
lines

then we may
need much more span

in model
)

ncijltij .

I 2 . -
-

-



14.42 pseudo polynomial
algorithms

Modification , of Cycle cancelling

and Buildup method
for standard

nun cost flow .

New approach :-
Do not make all p copies

of an arc ij

but introduce only
the relevant copies .

The residual network has (potentially
) many

arcs in both directions
between iand j

Example band on fig
on 14.2 :

I

)
I

T
O

Oti
n
residual arcs of

capacity I



big -4 rgd -- I

is .

•
ice

Xi risento ri
Effect of inerrancy xij

→ Xigtl :

yipe I as Cijscis

Effect of decreasing xij
→ xig - l :

yipe o as Cig > Cig > dig

so - Cig L - Cigs - Cif

conclusion Enough to keep ij
'

and ijl

in the residual network

This holds in general : we just
need to

Ston two arcs in NCH per
are ij I!

xij



conotmchionotNCQV-ijc.tt#
. if xijcuij

then ij is anarch
NH)

with cost Cijlxijtl ) -Cijlkj )

• if ocrxij then ji
is in NW

with Coot cijlxijl ) - Ciglxig )

⇒ ÷.

G- l X El P
X

cost of ij in
NH

costof ij in
NH

is 3 is B

co , tot ji in
NH)

co ,
tot ji is

NH )

is -3 is - I

rig
. =

distance from xij
to next breakpoint

rji -
distance from previous

brah point to xij



cychcancdhnsforconvexcostftouss.com
e as

normal
,
except for construction

and maintenance of
Nex) :

Given feasible flow x

•
Construct NCX)

•

While I
WENCH : CCW

) co

• let ECW ) be capacity of
W

( defined
below )

O X e x⑦
ECW)W

o
construct NH)

Tfw ) is now
the minimum

residual

capacity of an
arc if on W

sina.io#tuinc:::ia::i::t'O



Note that
,
by the equivalence of

models ⑧ I and # 1

and the definition of
NK)

X is op b'ma
l if and only if

N (x ) has no negative cycle
.

Pojsscbhimpwrovement
.

After augmenting by
SCW) units

along W the flow on one

or mon
arc, oj of

W has

reached breakpoint so it

is possible that
CCW) remains

negative in the
new

residual

network
.

In that can we can
augment along

w with TCW ) unit , for the
new value

JCW) .



Buddupalsouthmi
Again very similar except

for

det . of NH .

( self study ! )

14.52 Obtaining a polynomial
algorithm .

. Band on the capacity
scaling algorithm in

section 10.2 .

•
The algorithm does not line

arise CigGig)
in one step

but in a logarithmic
# of iterations

in which the

approximation becomes
mon

and more
accurate

-



Ciglxig) - Xijl Uij- 12 C- 523,24
- t) ⇒ Llosjuigj - 3 A

-278

a step 1 one segment of length 8 and slope 881=8
'

e sty 2 segment above divided
into 2 segments of lengthy

with dope , 441=43 and 84yd respectively
• In step 4 all segments have length

I



In the D - scaling phan we maintain

the B - residual network Ntsb )

or If Xijtbauij
then ij ENGA)

and has cost cijlXgtb)-Cigh
D

• if Xijza
then ji C- NCAA

)

and ha , cost cijcxg -D) - Ccjcxcj
)

T

let U -- muijxuij
initial y D=

240kW x⇒ and Teo

X att show that x is optimal

as cijlol-OV-ojsgaiouuph.us



Phani 1
.

construct Naib )

h . Vij EA : of ij or ji
is in Nexis) and ha , negative

reduced cost we incream or decrease the flow by soul
to

3
.
Slade di Iblis

-bxlilzb)

Task hi I Hit
-kites }

4
.

Find shortest path distance
,
Il ) from

some ke SCA)
and let P

be a shortest

⑧ e ) -path for some
EETCD)

5
.

TEI -d

6 .

Augment X 8g Mdm ,
Dumb alou, P

7 . op
dah s@I , TCD)

and if both
an nonempty

go
to 4

8 .
If D > I set

B.← Az and Soto
l

Noh that in the l - Kahn , phan the

discretization is complied .

we now prove

that the final x is optimal .

hvariantciYzoforevuyarcijeNH#f-



hvariantcijtzoforevuyarcijc-NHTf-Notethc.tot is enough to show it the
invariant

hold, initially and when the ad . phan finishes

Then step 2 (changing Xij by tf
D if Cijtco or

CTI co for arc, in
residual network )

will establish
invariant and steps 4,5 maintains

the invariant

Invariant at the beginning of
D= 24%
"

phan :

° Cijcxij ) is linearized
into at most one segment

( o segments of hijab )

• let a = City (slope of first section a ,
discretization)

o It went xejeo
then ije NGO

with asta

and ji is not in Nexis )

o if want xij← is
then ji ENG,D) without

-a

and i j is not in Nexis)

• The al south n ab is us Xij value
o orA

s -t the resulting are in NCA has cost to



• We have IT initially so all

arcs of NLX
,
b) have reduced coat Zo

when the first phan starts .

So the invariant holds .

General B- phan :
abohms invariant holds

when the

-
HA - phan finishes

.

possible problem : in the 2b
-phew Ciglxig) is linearized

into segments of length
2b and in the

b - plan

c

'

-
to sesamehot length

B ⇒ arc costs change

so we risk having
arcs with negative

c- it in NGB) :

In NHRA) :

i j coat - slopeof
AB

ji wit e - slope of
AC

In N (xp) :

i j cost -- slope of
AD

ji wit e - slopeof
AE

so cost ij ↳ and
cost ji y

Recall : en b- phew the reduced cost of ij
is

Cif = @ iglxijth )
- cigar His - FistII )



Then an 4 possible combinations of
the sisus

of city and Cjtf in Nara )
when ij , jiENG)

Cl Gl Gl ④

Cif Zo , cjizo ,
cijco ,cjzo, cifzqgikoiijcqgi.co

Candy : nothing
needed for the arc ij

Canet : cijso
and gilt so

we want to in cream Xij by
D

⑤ijkijthhd-cijlxg.TT/2A-tTciltITy ,
Zo (2b -Phan )

⑨
Cijlxijt2b) - Cijcxij ) - 2AIT@H2DIGI

20 @X I

cijlxijt2b ) - Cijlxigub )
- SITEHAITI I

= Eijlxgt2A) -Ciglxij) -LAIT@ It 2bAID

- ITojlxijeb) - cigar;)
-A tatted

Z O as E T Zo and I ] co since CofE o
U U

a b



.FI//ic--a.szo• I

÷
l l

E : :

- l l
.

'

c

hijab tight xij xijeb Xijt2B

after increasing xijfoxijeb
the

arc ji is cu NK)
which is

ok since

CTI = [Cijcxij) - Cijlxijtb)]/b
- Tante )

= - [cfijkrijth) - cijkiiDID
-Tht If

= - Cig so as oijco



cand cijtzo ,
5920

very similar calculations
:

we de cream xij by
D to obtain

that both ij and ji have

Nou negative reduced cost

( ji may disappear
if we set tie

0
. )

Cad Cif so ,
co

imposable when Cijlxij ) is
convex

Sr exercise
14.17



Complexity (similar analysis fo - Kelo .2)
-

• When 2A - phan
terminates we have

as scad - O

E ( bei -bei)) E 2nd or TCA-4

His>Bdi )

• Modifying key , atthe
beginning of

the phan chomps Esg
at most 2mA

so E s Let us )b when we start

augmenting by exactly
A -units along

shortest paths
④
0cm ? augmentation, in

A- phan

.
0( log U) plums

• When the 240kW phan begins , we

have Ews mu Sam 24%4=2my

⇒ Complexly is Ofmlosao . Dighrstm )


