


Problem I
-

x ,x
'

① ⑤Tt
¥:
④ ⑦

sittinto -7 - I 7 -7 - to 6 2

-

To obtain I we follow BIG p
107 bottom

if xijsxij them ← Xii - xiitxji

if xijsxij thin Eij ← Xij
'

-Xijtxji



x.x
'
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b) We de comp on x by picking a vertex

with by > o and starting a walk

then along arcs with Xi ;
so

This will either stops
when a vertex

or

is repeated and
we can

extract a cycle flow

you
°

- y

• r we read a
vertex v with byG) co

and then we extinct
a path flow :

be
.

→bxtrko

update x in both can, and
continue with

X being the new flow

when 8×-20 we are
done if 8=-0

elk I ij s
.
t Xi

,
so are we can

start a walk as a bone and
this will

always yield a cycle flow
to extract



- 4/-2/0
g,

-31-X- to

②← ⑤

¥
.

)k4Hair

①
turn -814¥ ⑧ 5

LET4 tl

④-⑦

go
2141

-1/0

I → 3 → 2 8=2

I → 3 -35 8=1

I -73 -36
8=4

I → 4 → 6 8--1

4-13-16 8=4

Y -36
8=2

Y → 7
8=1

4-17-28 → 5 8=1

8 → 5 5=1

8-75-36 8=2

8-75-22 8--2



Problem 2

a,

i÷÷
augmenting a" " s

s → , → 4-, t 8 = 2

s → I -75-7 E or = 5

s -22-26 → t 8--6

S → 3 -76 - it or = 7

①
42

④

tie;t
so ①8-so ⑤

t k¥3
③ ⑤



N
,
X Nex )

so ①← ④ 18

10÷÷÷÷÷÷÷÷÷÷÷÷ ¥¥i¥:
z

G

f NK ) 13 5

⑤ 8.I'⑤to ①

"

O

S - 7 I - I 5 → 6
- s f or = 5

s 5

÷÷÷÷÷÷÷÷÷÷::÷÷÷¥
X is a max flow and has value 25



S) h : V -IK is a height function
with respect to the flow x in N

when h @ 1--0 ,

hGlen and

h ( pls h @ Itt Fpga ACNGI )

operations
-

lift Lo) and push ( pg )

lifter may be applied precisely
when

I
. 8×10 ) co

2 .

h@ teh@ I fare ,
Vw in

Next

result hlv ) ←
ninth@ IIVWEACNCXDITI

pushpot may
be applied when

I . bxlplco

L . hlp ) - h@ Itt

result : xpgf-xpftminl-bxlpl.rpg.ly



PFP alg :( skcoh )
-

l
.
set xij

- o Hijo A

73 initialize h via distance . hot is
NCH

,
hsueh

£2
. f- sq EA : Xss← Uss

4 .

While I oefls.tl : bunco

select arbitrary such
or

if we can apply a push
four

doit

ein lift@ I

5
.

return x .

Z
z

I

①→④¢ 8/2%4
initial h

③¥ ⑤
I too and X

ME
7 I

③→ ⑤
I

2



X b NCH
→
2

,
-20 10

¥÷÷÷÷÷÷÷÷÷÷÷.
,
-18

select vertex I 8×41=-20

pooh I → 4 2 unit,

I → 5 to units

lift Ll ) hates

Pooh I → 2
5 on its

lift c) hates

Pooh I → s 3 units

9 , o
'
I -2 NHI

①←④
zo

'

o.o

8,420# ②
"

so

*t.tk.
③
€? ⑤

1,0
2

,
-18



910 I
, -2

①←④
so

o.o

8,420¥
'

so ⑤

*t.tk.
③
¥> ⑤

1,0
2
,
-18

select vertex 2 :

push 2-25
8 units

push 2-16 4 units ( 8×127=-4 attofirotpooh
)

910 I
, -2

①←④
so÷

.
iona

③ ⑤
I -4

4-18 I



÷¥÷÷÷÷÷÷÷÷÷÷÷÷s"
2
,
-18

Select vertex 3

p 6 7- units

lifes) h@ le 9

Pooh 3 → s 11 units

" ÷÷i÷÷÷n.¥
Tz

- it

9,0



" i¥¥÷÷÷÷÷÷÷÷ .+ ¥↳
if u

9

selector :
push 4 -it aunt,

select vertex 5 :

p t 5- units

ciftls ) hEk2

push 5 -36
loonit,

lift (5) h⑤k3

push 5 -72 3 units

910 110

①←④ 2

a.i.
next

8,31 ③g- ②
'

⑤

¥¥%¥0:# I
,
-21



"

'

÷÷÷÷÷÷÷.
£¥ah, G 2 units

lifted here 4

push 2-35 I unit

" i÷÷÷÷÷÷÷÷÷÷÷÷÷n.



9 , o
l
l O

①C-④
2

I o
,
-7 NCH

8,31 so# ② to

A↳
9¥ '

,
-23

9

Select vertex 5 and 2 alternating
b

h⑤ C- 5 push 5-52 , h④
← G push 2105 ,

h⑤ I C- 7 push 5-42

h C- 8 posh 245 ,

h ⑤ I-4 pooh 5-132 .

Finally loft② I h 121←9 pooh 2-4
s

9 , O z
l
l O

3 ①C-④
2

IT o
,
-7 NCH

8
,

so ③€
.

⑤

A↳
9¥ '

,
-23

9



" ÷÷:÷÷÷÷÷÷i÷÷÷*.
Select vertex 6 :

posh G - it 18 units

htt 6 h @ leto

push 6 -32 Sonet,

push h - is
s
- units

910
z

110
B

①C-④
2

o 's NCH
8,25

⑤ '

It nomore↳ go.az#oio,oachvggvertia ,
9 als terminates



Problem 's

-

.

We are looking for vertex disjoint

path , from the vertices

Y -4in ,
-

- - virjrfto V
'

% Given Gqf and Y
we first make

a digraph Dgp by replacing each
else

by a directed 2- cycle
e- → #

• let Dhs be obtained fwm Dq ,fbg

who sputters by . → 7g→o¥,

then each IE
'

beam"

! !"



obtain N from Dfs as follows

•
add new

vertices sit

.

add arc , s → YuYi Yiu 2
"

-it

when Y , -4W
'

,
YEYNV

'

,

2--VKY

. . set all capacities to I

• set all lower
bound to 0

claim N ha , and.tt - flow
of value rt'll

④
The escape problem Iggy

)

has a solution

4 : let x be an integer flow
of value r in N

Deum pun x
into r path flow , of value I

alums Pi
,
Pa

'

.
. Pj and some cycles

• The paths are vertex disjoint
as U -- l

ou Shu arcs (
a'→ a

" )

° let Qi b. obtained from
Po
'
by deleting

sand t and contracting all blue arc,



2-V
' tu

"

"



• Q
, ,QL - -Qr are disjoint paths

in Ggg from Y to V
'

so they form a solution

IT . let R
, ,
Ra . - Rr be disjoint path

from Y fo V
'
in Gfs Ca solution )

•
and let R !

,
Ri . - Rr

'
be the cornpone.us

paths in Dhs

e Then we obtain an⑤H
- flow of

value r in N by Melius one
cent

of flow along s -ski. - it V-iihu.ir



Complexity
-

:

N is a simple unit capacity
network

wit n-2742 vertices and

49-19--1 ) t ly It 419 - l )
arcs which is 0Gt)

so Diwic solve ,
the problem in time

0 ( n'km ) -

- off .Eliott
' )

certificate
if we change the

capacity of all original

orcs of Dlq
, g.

to do
then max flow value is

unchanged and now every
min out is of the

form with Kk Hl -
- r

so every path from y to V
' contain, a verb

Hence this a certificate
that then is no out

from R .

of escape Nuh )

Node the change does not affect
the Annius

time of Dini c' la Is @try
? )



b) Now we allow several paths to

pass
thwosb the same

verb in Ggg

and want to
minimise the maximum

# of time , any
vertex is und ina

setof paths P
, ,
Pa , .. . . , Pr from Y

to V
'

• Let k be this minimum that is ,

then is a solution
when some vertex

is und k times ,
but every solution

un ) som
vertex at on at

least k paths

• To look for a solution
thatun , n. vuhx

mon
than f time,

we clean n N

by letting Uru = f foEV(Gss)

• By our arguments in a)
the new N

has a flow of value r if
and only of

Gates ha , path P
,
,

.
.
. Pv from X

to V
'
s
.

-C .

no vertex is on mon than f
paths

• Find k by binary perch



⇐

#



as I s ke ly k n

this takes time Ollosu )
time , the

time to find a flow
of value 141

If we con Ford
Folkson this

takes him

0 ( l 'll m ) p r
max flow calc .



" ÷÷÷÷÷÷÷÷i:÷÷v
.

let N' be a , defined below

let 2 = V
' and R - V - (402 )

R
"

use for Shu arcs

6=00 for black arcs
n 's """

t

• Every y → V
'

path P in Gas

corresponds to an ⑤t ) path P
'

in N
'

in which every second
arc is blue

except for the arc ,
incident to sand

t
.

•
so WE V-Y intersects all Y

-N
'

path , in Gg ,q if
and only of

W
' internet all ⑤ El

- paths in t



So to show that we can find a minimum X

Inter noting all ⇐V ' ) - paths via a

Max flow calculation ,
it suffice, to prove the

following .
claim
Max 4×1 l X is an I - flow in N

' h

- min 11×11 Every# v
' l - path in Ggg

goes through X

• Every min
cut in N

'
is of the form

a"

•
t

-

-

I
-

-

- -

no black or red arc

• By max flow me . cut thm :

*
* I = u Csis )

= IX 't
= IN

D



Problem 4
-

I
.

let DEV ,
Al be acyclic and

obtain

Np from D be vertex splitting and

adding new vertices sit as follow
,

l
⇐ euro

•→ a
1=0

, atND
so# . t
→

S\ .-.

a#

Claim : N
,
ha , a feasible I - flow of
-

value k

⑨
D ha , a path cover

with k paths

I An integer flow x of
value k chump on , into

k path flows of value
l along paths I? . .

. Pa

P
,

'

,
Pi

,
. ., Pf

is a path woot D ,
when Pi's Pining ,

and bluearc ,

I let Qi .Qc . -Qu be a path cover
in D

contracted

send l Unita tous self ie
Ekg → flow of

value k

when QI is obtained from Qi Yy
in ND

innerhug the blue arcs

Hence we can find win path cover of D by finding a

minimumum value flow in Nd and
this can be done by

2 Maxflow calc
see BJG see3.9 .



2 .

N -- CV, A ,
to

,
E- I

,
b. c)

We have seen the
the complexity ofthe

buildup algorithm
is O(n2mM ) ,when

M - math bell to EV )

Observe that M E n must hold if then is

q feasible flow as bxci ) E uaij
E n

Herne the complexity become ,
O ( n 'm )

we may
either check for a feasible flow

first

(he 3 . ) or no h that the
algorithm can

non for

at most na iterations as
the cut (Ux

,

V-Ux )

ha , capacity less than 141 . IV -UH
< uh



3
.
N = (V , A LEO ,

E- I
,
b )

we can check the existence
of a feasible flow cu N

by solving a mayflow problem
in Nc :

b>o b = o b LO

i c- fx E
N .
→ →

s\,
→ → y
c-

N
'
is not a unit capacity

network but when we
calculate

distance claim Voss ,
V
, ,

.
. .

, Koy ,
Vwat fo

- s

the capacity of every cut doo . . .oui
,

V - rou . -ovi ) is bounded by

Nitwit , I so as in the pwot of
lemma 3.7. I in BSG

we ne that distorts it) is roughly
21 when

Vix"

x
*
isa Max flow in N .

Using this as in
the proof of Th

m
3.7.4

,

we set

C-he desired complexity
.



4
. D= CV , A ) ha , a cycle factor

IT
✓
D's W ! A

'
) ha , a cycle factor ,

where

D
'
is obtained from D by vertex sphthus ¥¥ → If;,→g¥

let N = (V ! A
'

,

l
,
u ) when lColo

" ) - I foer and Go

for all other
arcs

,

U (v
'
o
" ) = I foEV

and a= do other
win

claim: N has a feasible
circulation⇐ D has coyote factor

⇐ : let C , .cz . -Cr
bea cycle facto

- of D and

let ci.ci . .ci be
the corresponding cycles

in N

Then we obtain a
feasible circulation

x in N

by nucleus one
unitof flow along

each Cc!

⇒ let × 8. a feasible
circulation in N

X decernpun ,
cub cycle flows

of value l

along vertex disjoint cycle
, Wi ,Wd ,

.
.
W'p

(a) Kwun =L fo
EV )

Let C
,
be obtained from Wj be contracting

the bluearcs ,
then C

, ,G .
- Cp is s

cycle factor in D .



By Hoffman's circulation
theorem

N ha , no feasible circulation proving
if

7- Stow sit lls .
5) > us , s) :

s 5

let X EV be such that lls ,5) -
- IH

• X is independent as
an arc

v -ow v.wet

sure , arc
v
" i

' in N

• If then arehtxl internally disjoint
paths l? -

- Pk
,

from X to X in D
,
then the corresponding paths

P 's
,
Pj , . . .

, Pu
' all cross from 5 to s so

ULIS )zk=IH -115571



. So then is no such ht of paths in D

. This means
that D

' does not have

k internally dis i path , from

X
"

fo X
'

so by Menses
theorem

we can kill all such paths by

removing a
net 2

'

of ou hies where

12
'
l C 1×1

Back in D. the corresponding
set 2

Kills all X →X paths

• We have show
that

D has no cycle factor
⇒ 2 exists

C
, .cz - -Ct

and it -

D had a cycle factor
then 2 cannot

exist as the cycle , provide such paths
for every so but X EV



•

&

@

÷ • ein x

@

a 0

if Ci certain , r
vertices farm X

thin Ci contain , r
x -ox paths

comment of un of Menser

:÷÷÷ :*:
D
"

pl I pi ha , he

internally dis ,
'

⇐ El -path,



5
.
X feasible in N - (YA ,

to
,
use )

assume N (x ) has sacrifice ness
hue

cycle W and c (W ) = - lo ,

ECW ) -- 5

• x' =X④8@ I is feasible
and ha , cost

cxt 8@ see@ I = ex - 50

• Soppon
X
'
is not a min cost flow

in

N and let x
" be a feasible flow

with

Cx
"
cc x

'

• let EE NCH
be such that x'kx⑦E

Then Eisa circulative
and hence decompon,

into cycle flow , along cycles Wawa .
-

-Wh

k

Now Cx
"
= CX t IdlewildWi )

it

< Cx
'
- cxtolw) - CCW)

so at least 2 of the cycle , we ,

- - Wu must be

negative contradictus that wi , only us againNK)



Proteins Given a n t Seh b , .ba , . - bplot
book ins ,

9) form a digraph D= (V
,
A ) when V - lo,is . - op I

and if → oj C-
A

Ij
booking i precedes bookies j by at

least 5mioh,

i
D is clearly acyclic an every path

ri
,

-Nii'
.

-
-Soir in D

corresponds to
bookings bi

, ,

be
,
. -
- bi

r

that may be handled

in one tent in
thatorder

.
Hence a path cover

P
, ,
R .
- Ph of D corresponds I - I

to an assignment of the
bookus, in s

to tents

.
We can handle all

booking ,⇐ Dhs , a path cover with

at most k path, when
k E K (#of tents )

°
We have seen in 4.1

that this can be
modelled as a

minimum value flow problem in a
network Np (as in 4 .

I )

so then is a solution
to the booking problem

if and only if

the minimum
value ofan@H- flow

in Np is at
most K

- It this value is larger
than k then we can fad

a set of at least
ktl pairwin overlapping

booking,

by considering an I cut G.5)with

els II - uh;D > K



l
⇐ ou

-co

•→ a
1=0

, atND
.

so#
t

→ 0

#
s .-3.#

.

s 5

÷
.

→

a-

y
'

y
"

⑤51 cut with max
demand

• no arc
inside Yin D

•
all bookings ⇐ Y

'overlap
'

pairwin

tho two can
be

• 141--115,5 )
in the

same
tent

7- lls ,
51 -ucsd )

= min valve I -Hoo

=
min # tests retained

> K



b) we showed above that

Him , n # ten b needed = mindH ) x faith in No )

so we can find
K ' by solving the

minimum value ⑤El
- thou problem in ND

and this can be
done by 2 mat

How

calculation , by BIG sect 3.9 .

c) let each blue arc (
v
'
- so

" ) in Nb

have a cost of
- l and change

its

lower bound
to 0 .

Then =o is feasible

in new Nig and
event flow x of

Value r s k and
wit c corresponds to

a legal assignment
of C foo hens , to

r
tent)

Hence we solve the problem by
finding

a minimum cost flow of value
K



and

As Eo is feasible since Ng
'
is acyclic

andhence has no
negative cycle , we

can use the buildup
algorithm

•
Each iteration will

iucnan the flow

value by I so the total #
of item lion,

is K and each
take , OCnm )

Hence the complexity is
Olknm )

Hen n EO (p) as Np has 2 vertices

for each boobing and

M is the number
of arcs in ND

which is proportional
to the number

of

pairs of non overlapping
book cuss

So we can
wash the complexity as

OCK pm )



• It we un cycle
cancelling we first

find a flow Xo
of value K in

time

OCKm ) by Ford - fol Kroon

and then
augment along negative

cycle,

an house , om
exist . The

number of itembig

is at most pts I as oxo
so

and every⇐ I -flow ha , cost
at least - p

so complexity is O( p nm ) = ( p 'm )

Buildup is ( k pm ) so as keep

we ne that buildup
is the best .



d) let Xhr be a min cost flow from 4

and find X hey , ,
Kurtz

,
-
- Xk ' v is

the buildup algorithm .

Then each knee is optional by
the

buildup property so - clxkti ) is

exactly the maximum
# of

800Wings we can
handle by

opening
i new

tents
.

The complexly is the sauna
, running

C- the buildup ads for
K
' item tin ,

so it follow , from the
answer

to c)

that the complexity is

O ( K' pm)



Problem 6 VA Vis
-

G a

⇒
edge in G is

ab isa
soul pair

• G is bipartite and a good
collection 9 ,

be
,
- - - laptop

is exactly a matching
is G

e
Hence finding a maximum

sized good collection
is

Equivalent to finding
a maximum

matching in G

ero VA Go VB
cel u-00 l-0,4--1

N
.

#
• s# '* at

• we have men went time, that

mail IM 't l Im" matching in G) = max} IH Ix
is an@H -How isNot

So we can solve the problem
bs finding a maximum

(integer valued ) flow x in Ng
and re to ruin ,

the edges at for which Kabel

• We have seen that we can
certify a

maximum matches of size k by
a vertexcover of size k



look at the cut I whim x is

a mat flow and S =L v I -7¥
- path inNHL

Vans Vpns

A
o
E

Vans ( Veni
no arc

1M" I = IN
= ulSF )

= Want It worst

= I WI when W -Can5) u (Vpns)
and W isa vertex cover



b) p = 1M¥ I assume p
too small

VA m
# VB
=

o
'

behind - Nid
oxo
V'
A

V 'D

consider Ngc build as Ng
and

our maxflow x in Ng .

Then X is

feasible on Ng , and the cnax
flow value

in Ngc is at most lxltzk .

So we can

find a mat flow in Ngc by Wmu, at most

2k augmenting paths in Nofx ) .

Then can be

found in time 01h (Ivy + lay ) V'
vehxntot Nd

= Ock ( n 't mi ) )
A
' went - i



c) let me € be the

-

good collection of sin p that
we found

in a) and let p
'
> p

be the

sin of a wax
matching in G

'

Assisi costs to A
'
as follows

'

• the cost is - I if
the arc

is of the form a
-71 when

ab E WH

•
all other arcs get cost

0

Then the matching M
' corresponding

to a nun art flow Hut value p
'

Shan , as many edge , with M
*
as possible


