
Exer
ise 10.1See example 10.1 page 169. This example 
ontains a maximization version of UFL and c ispro�t. Note that in this exer
ise, c 
ontains 
ost not pro�t. We use the formulation givenon page 13:
min

∑

i∈M

∑

j∈N

cijxij +
∑

j∈N

fjyj (1)
∑

j∈N

xij = 1 for i ∈ M (2)
xij ≤ yj for i ∈ M, j ∈ N (3)

xij ≥ 0 for i ∈ M (4)
j ∈ N, yj ∈ {0, 1} for j ∈ N (5)We dualize the demand 
onstraints (2) and get:

z(u) = min
∑

i∈M

∑

j∈N

cijxij +
∑

j∈N

fjyj −
∑

i∈M

ui(
∑

j∈N

xij − 1) (6)
xij ≤ yj for i ∈ M, j ∈ N (7)

xij ≥ 0 for i ∈ M (8)
j ∈ N, yj ∈ {0, 1} for j ∈ N (9)Rewriting z(u) we get:

z(u) = min
∑

i∈M

∑

j∈N

(cij − ui)xij +
∑

j∈N

fjyj +
∑

i∈M

ui (10)
= min

∑

j∈N

zj(u) +
∑

i∈M

ui (11)with zj(u) =
∑

i∈M (cij − ui)xij + fjyj. This 
an be de
omposed into N subproblems (i.e.solved independently for ea
h N).Ea
h of these N subproblems 
an be solved by inspe
tion using: min zj(u) = min{0,
∑

i∈M min[cij−
ui, 0] + fj}.
f = (4, 8, 11, 7, 5) and u = (5, 6, 3, 2, 6, 4) and we need the revised 
ost-matrix:

cij − ui =

















1 −3 −4 −2 0
−2 4 −4 0 −5

0 −1 1 −2 0
0 −2 2 −1 2

−5 2 0 −4 −1
−1 −2 0 4 −3
















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For the �rst 
olumn j = 1: z1(u) = min{0, 0−2+0+0−5−1+f1} = min{0,−8+4} = −4.This 
orresponds to setting y1 = 1 and x21 = x51 = x61 = 1, x11 = 0 and x31 and x41
an be sele
ted arbitrarily. This is done for all 
olumns obtaining the following values:
z2(u) = 0, z3(u) = 0, z4(u) = −2 and z5(u) = −4. The values of the de
ision variables are(variables not mentioned are zero) y1 = y4 = y5 = x21 = x51 = x61 = x14 = x34 = x44 =
x54 = x25 = x55 = x65 = 1.The lower bound is then obtained: z(u) =

∑

j∈N zj(u)+
∑

i∈M ui = (−4+0+0− 2− 4)+
(5 + 6 + 3 + 2 + 6 + 4) = 16.Modifying the solution it 
an be seen that opening fa
ility 1 and 4 
an 
over all 
lientswith negative revised 
osts. Thus there is probably no gain from opening fa
ility 5. Nowit is a matter of, for ea
h 
lient, sele
t the lowest 
ost fa
ility to serve 
lient. The solutionobtained is: y1 = y4 = 1 and = x14 = x21 = x34 = x44 = x51 = x61 = 1. The solutionvalue is 4 + 7 + 3 + 4 + 1 + 1 + 1 + 3 = 24 and sin
e it is a feasible solution it is an upperbound and it is at most 24 − 16 = 8 units from optimal.Exer
ise 10.5Dualizing the budget 
onstraint gives the following problem:

z(u) = max 10y1 + 4y2 + 14y3 + u(4 − 3y1 − y2 − 4y3)

= max(10 − 3u)y1 + (4 − u)y2 + (14 − 4u)y3 + 4uSubje
t to: u ≥ 0, y ∈ B3Or stated in another way:
z(u) = max{0, 10 − 3u} + max{0, 4 − u} + max{0, 14 − 4u} + 4uThis is a pie
ewise linear fun
tion, so its minimum 
an be found by 
onsidering all breaksand endpoints of the fun
tion, i.e. u = 0, u = 31

3
, u = 4, u = 31

2
and u → ∞. The valuesare: z(0) = 28, z(31

3
) = 142

3
, z(4) = 16, z(31

2
) = 141

2
and limu→∞ z(u) = ∞. Thus theoptimal(minimum) value of u is 31

2
with the lower bound value 141

2
.The step of the subgradient algorithm is given by:

uk+1 = max{uk − µk(4 − 3y∗1 − y∗2 − 4y∗3), 0}Initial parameters are: u0 = 0, µ0 = 1 and ρ = 1/2.
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The following table shows the �rst iterations of a run of the subgradient algorithm.
k u µ

0 0 1
1 max{0 − 1(4 − 3 − 1 − 4), 0} = 4 1/2
2 max{4 − 1/2(4 − 0 − 0 − 0), 0} = 2 1/4
3 max{2 − 1/4(4 − 3 − 1 − 4), 0} = 3 1/8
4 max{3 − 1/8(4 − 3 − 1 − 4), 0} = 31

2
1/16

5 max{31

2
− 1/16(4 − 0 − 1 − 4), 0} = 3 9

16
1/32

6 max{3 9

16
− 1/32(4 − 0 − 1 − 0), 0} = 315

32
≈ 3.46875 1/64

7 max{315

32
− 1/64(4 − 0 − 1 − 4), 0} = 333

64
≈ 3.516 1/128

8 max{333

64
− 1/128(4 − 0 − 1 − 0), 0} = 3 69

128
≈ 3.539 1/256

9 max{3 69

128
− 1/256(4 − 0 − 1 − 0), 0} = 3141

256
≈ 3.551 1/512Note that u will 
ontinue in
reasing and the same solution will be optimal until u rea
h thevalue 4 or above. However the in
rease is at most 3( 1

512
+ 1

1024
+. . .) < 0.024 and thus u willremain less than 4 and spe
i�
ally does not approa
h 31

2
. To see that 3( 1

512
+ 1

1024
+ . . .) <

0.024 note that 1

2
+ 1

4
+ 1

8
+ . . . → 1. Subtra
ting 1

2
+ 1

4
+ . . . + 1

128
= 0.9921875 we get

( 1

512
+ 1

1024
+ . . . → 0.0078125, and the result follows.Exer
ise 10.8(i) Dualize budget-
onstraintStrength: LP-relaxation.Subproblem: Assignment problem - e�
ient even 
ompared with LP-relaxation.Lagrangian dual: Only one variable (relatively easy).(ii) Dualize budget- and assignment-
onstraintsStrength: LP-relaxation.Subproblem: Inspe
tion, easier than (i).Lagrangian dual: 1+|N|+|M| variables, harder than (i).(iii) Dualize assignment-
onstraintsStrength: Potentially tighter than LP-relaxation.Subproblem: One 0-1 knapsa
k problem NP-hard (easy NP-hard though).Lagrangian dual: |N|+|M| variables, same as (ii).
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