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Correcting the Normalization Shift of
Redundant Binary Representations

Peter Kornerup,Member, IEEE

Abstract—An important problem in the realization of floating
point subtraction is the identification of the position of the first
non-zero digit in a radix represented number, since the signifi-
cand usually is to be represented left normalized in the partof the
word(s) allocated for representing its value. There are well-known
log-time algorithms for determining this position for numbers
in non-redundant representations, which may also be applied
to suitably (linear-time) transformed redundant representations.
However, due to the redundancy in the latter case the position
thus determined may need a correction by one. When determi-
nation of the shift amount is to be performed in parallel with
conversion to non-redundant representation (the subtraction), it
must be performed on the redundant representation. This is also
the case when the significand is to be retained in a redundant
representation until the final rounding. This paper presents an
improved algorithm for determining the need for a correction
of the normalization shift amount, which can be run in parallel
with the algorithm finding the “approximate” position.

Index Terms—Floating-point addition, normalization, leading-
one determination (LOD), leading-zero anticipation (LZA)

I. I NTRODUCTION

In the realization of subtraction in a floating-point (FP) unit,
it is necessary to normalize the result when cancellation of
significant digits has occurred. For an FP subtraction with
cancellation, where the result is to be delivered in the same
accuracy as the operands, the result will be exact and no
rounding will be needed. However, in the implementation of
a fused multiply-add instruction,a× b + c, or when the result
is to be delivered in a lower precision, the result will in
general not be exact, hence it may be advantageous to keep the
resulting difference in a redundant representation until the very
last moment before rounding and conversion to non-redundant
representations to take place. In both cases a negation may be
needed when a sign-magnitude result is required.

Traditionally, obtaining a normalized result of a subtraction
was a three-step process. First perform the subtraction in a
carry-completing adder, then determine the number of leading
zeroes, and finally perform the normalization shifts, all these
steps taking at best logarithmic time in the number of bits of
the operands (Θ(log(n)). The shift amount may be determined
by an algorithm, e.g., [7], usually denoted LZA (for Leading
Zero Anticipation) or LOD (for Leading One Determination).

The problem of determining the normalization shift amount
for a redundantly represented value was apparently first ana-
lyzed in [5], [9] provides an overview of the general problem
of leading zero anticipation, with an extensive bibliography. In

Manuscript received ??; revised ??
P. Kornerup is with University of Southern Denmark, Odense,Denmark
Email: kornerup@imada.sdu.dk

[2] it was shown that it is possible in constant time to convert a
number represented in borrow-save/signed-digit representation
(i.e., before the subtraction) over the digit set{−1, 0, 1}, into
a bitstring having the same or one less leading zero valued
digits as the non-redundantly represented value. To obtaina
properly normalized representation of the value, it may thus
be necessary with a one-bit left shift.

The authors then proposed an algorithm which in logarith-
mic time (Θ(log2(n)) can determine the need for a correction,
intended to be run in parallel with the determination (by a
LZA/LOD algorithm) of the “approximate” number of leading
zeroes, and with the adder performing conversion to non-
redundant form (the subtraction). Their algorithm is to be
realized as two binary trees running in parallel. One tree
determining the need for a correction under the assumption
that the value is positive, and the other if it is negative. The
nodes of each of the trees take 4 bits of input from each
of two sub-trees, and return 4 bit of output, thus essentially
performing a 16-to-8 (∼ 2-to-1) reduction.

In [10] another algorithm was proposed, running in
Θ(log1.5(n))-time, where each node takes 2 bits of input from
each of three sub-trees, producing two times two bits, thus a
6-to-4 (∼ 3-to-2) reduction.

Using a quite similar approach to that taken in [2] we shall
here show that a single binary tree is sufficient, where the
nodes take 3 bits of input from each of two sub-trees, and
produce 3 bits of output, i.e., 6-to-3 (∼ 2-to-1) reduction.
Thus it is a significant simplification compared to the solution
proposed in [2], and in fewer levels than proposed in [10].

In [4] a very different approach was suggested. Based on
the non-redundant result of the subtraction in the adder it is
determined by a binary tree if the leading non-zero bit is in
an even or an odd position. This is compared to the even or
oddness of the shift amount determined by the LZA circuit,
thus determining whether a correction is needed. Note that
the log-time tree calculation then must take place in parallel
with the initial “coarse” shifting, the correction information
assumed to be available before a possible final left or right
shift of a single position. The authors claim this was possible
in a specific single precision FP-implementation. A similar
approach was reported in [1], where the correction information
also is determined in parallel with the “coarse” shifting.

As background let us briefly recall the problem of deter-
mining the number of leading zeroes,lza(Pm) of a given non-
redundant fixed point number,Pm =

∑m−1

0
diβ

i. It is easily
described recursively by a “divide and conquer” algorithm [7]
whenm is a power of 2, saym = 2k.
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Algorithm 1 (Leading Zeroes Anticipation, LZA):

Stimulus: An integerk and a fixed point numberP2k =
∑2

k
−1

0
diβ

i where the digitsdi are members of
a non-redundant digit set for baseβ.

Response: The value oflza(k, P2k), the number of leading
zero-valued digits inP2k .

Method: if k = 0
then if d0 = 0 then t := 1

elset := 0;
return t;

else L :=
∑2

k−1
−1

i=0
di+2k−1βi; R :=

∑2
k−1

−1

i=0
diβ

i;
l := lza(k − 1, L); r := lza(k − 1, R);
if l = 2k−1 then return l + r

else return l

end;
The algorithm can directly be implemented as a tree

structure where each node receives the number of leading
zeroes from two sibling nodes, possibly together with a bit
signaling whether the sub-string is non-zero, to simplify the
test l = 2k−1. When the length is calculated in binary, note
that the left signaling bit inverted can then just be concatenated
(by ◦) as the new most-significant bit to either the value ofr

or l. The new signaling bit is then the OR of the two incoming
bits, where at the leaf nodesz ≡ (d 6= 0), d being the digit
value andt =’ ’ is the empty string.

l t = if zl then 0 ◦ l else1 ◦ r
z = zl + zr

6
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Fig. 1. LZA-node

Next Section II considers the equivalent problem of de-
termining the shift amount to normalize a redundantly rep-
resented number, taking insignificant non-zero digits into
account. As in [2] the proposed algorithm is intended to be run
in parallel with conversion from redundant to non-redundant
representation, i.e., a carry look-ahead adder. Subsequently,
the actual normalization may then be performed either on the
redundant or on the non-redundant result of the conversion.
In Section III conclusions are drawn, in particular it compares
the proposed solution with those of [2], [10] and [4].

II. N ORMALIZATION OF REDUNDANTLY REPRESENTED

NUMBERS

To normalize a number given in a redundant representation,
it is necessary first to eliminate a possible leading string
of non-zero digits of no significance. For the two important
redundant binary representations, it turns out to be possible by
a simple constant time conversion to obtain a bit pattern having
either the same or one less leading zero than the non-redundant
binary representation of the value. This makes it possible to
“quasi-normalize” a redundant number, say in binary to be in
the interval[1; 4).

For borrow-save representations, employing theN andP -
mappings defined in [3] (realizable by arrays of half-adders),
the N -mapping is capable of transforming a digit string
011̄ · · · 1̄ into the string000 · · ·1, and theP -mapping will
transform a string01̄1 · · · 1 into 000 · · · 1̄. If the number is in
2’s complement carry-save, a similarQ-mapping will convert
the representation into borrow-save. Hence if the sign of the
number is known we have the following

Observation 2: If the sign of a binary radix polynomial in
borrow-save or carry-save representation is known, then itis
possible in constant time to transform it into a digit string
having the same or one less leading zero than the value in
non-redundant representation. For borrow-save this is obtained
by applying theN -mapping to a positive number, and theP -
mapping on a negative. A carry-save represented polynomial
is first to be transformed by aQ-mapping, and the result in
borrow-save is to be mapped as before.

Note that a constant time conversion can only be based on
a bounded left and right context of each position. Consider
the following digit string in borrow-save representation1

A = 011̄j0k1̄ for j ≥ 1 andk ≥ 2. Let the result of applying
theN -mapping beB, and the non-redundant result beC, then

A = 011̄ · · · 1̄0 · · · 001̄

B = 000 · · ·10 · · · 01̄1

C = 000 · · ·01 · · · 111

The example shows how theN mapping was able to
eliminate a leading string of non-significant non-zero digits.
But also how an isolated unit-valued digit followed by a string
of the opposite sign introduces an extra leading zero when the
string is converted to non-redundant representation, thisbeing
the reason for the uncertainty of the LZA algorithm when
applied to a redundant representation.

Since it is not possible with a bounded context to identify
the sign of the right context, the presence of the extra leading
zero in the non-redundant representation cannot be detected in
constant time.

For the case where the sign is not known, we note that it
does not really matter for the LZA algorithm what happens
to any less significant string to the right. We may thus
seek transformations which does not even preserve the value.
To obtain the approximate number of leading zeroes, it is
sufficient to find a bit string having the same or one less
leading zeros as the non-redundant representation of the value,
provided that we are able to find the necessary correction.

Noting that theN and P -mappings only use a one-digit
right context, we will now include left context also, as this
may be used to identify the sign when dealing with the most-
significant end of the string. Considering borrow-save repre-
sentation, assume that an extra zero-valued digit is appended
to the left, just for the purpose of having a left context in
the most significant position, but not to be counted. Similarly
append a zero-valued digit on the right as a right context.

For the purpose of the following analysis assume that the
thus extended borrow-save string isdndn−1 · · · d0d−1, dn =

1The notationxi meansi occurrences of the symbol, herex ∈ {1̄, 0, 1}.
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d−1 = 0, with di ∈ {−1, 0, 1}, but is represented as three bit
strings

enen−1 · · · e0e−1, pnpn−1 · · · p0p−1 andmnmn−1 · · ·m0m−1,

where

ei ≡ (di = 0) pi ≡ (di = 1) and mi ≡ (di = −1). (1)

This will allow us to use a complement notation where e.g.,
ei = pi + mi, is a shorthand fordi being either1 or −1.

Using techniques similar to those employed in [2], but
here without distinguishing between positive and negative
valued input, we want to generate other bit strings, identifying
“interesting” positions, e.g., in particular a leading position
containing a unit digit, as this will be needed for the LZA
algorithm. But in particular we want to determine if this is
an isolated unit, because if it is followed (after a non-empty
sequence of zeroes) by a string of the opposite sign, this is
precisely the situation when a correction is needed.

Hence we will try to identify situations with isolated units
like · · · 010 · · ·, i.e., in the notation above, such values ofi

for which ei+1piei−1 holds. Or alternatively strings of the
form · · · 011̄0 · · · which can be identified bypi+1miei−1, or
more generally· · · 011̄ · · · 1̄0 · · ·, that is other strings which
reduce to isolated units. Note that the resulting unit will occur
in position i for which mi+1miei−1 holds, provided that the
leading part gets eliminated. However, if the latter pattern
is found isolated, i.e., in the contextei+2mi+1miei−1 with
a leading zero, it will be identified as just some string of
negative sign (seeti below). Thus we can express positions
where isolated positive units occur, as positionsi where the
following expression holds true:

ui = ei+1piei−1 + pi+1miei−1 + mi+1miei−1

= (ei+1pi + ei+1mi)ei−1.

Equivalently we can by symmetry express positions where
isolated negative units occur by:

vi = ei+1miei−1 + mi+1piei−1 + pi+1piei−1

= (ei+1mi + ei+1pi)ei−1.

Obviously, there are other positions of positive value, they
can similarly be expressed as:

si = ei+1pipi−1 + pi+1mipi−1 + mi+1mipi−1

= (ei+1pi + ei+1mi)pi−1,

where the termmi+1mipi−1 is the termination of a string of
the form · · · 011̄ · · · 1̄1 · · ·, provided that the leading part is
eliminated. Similarly for positions of negative value we find:

ti = ei+1mimi−1 + mi+1pimi−1 + pi+1pimi−1

= (ei+1mi + ei+1pi)mi−1.

As these expressions are mutually exclusive we can express
positions where zeroes occur by:

zi = 1 − (ui + si + vi + ti)

whose complementwi = ui+si+vi+ti defines a bit pattern to
which the LZA algorithm can be applied. This is summarized
in the following well known result:

Observation 3: Given a numberx in borrow-save repre-
sentationdn−1 · · · d0, then the bit-stringwn−1 · · ·w0, wi =
ei+1(pimi−1 + mipi−1) + ei+1(mimi−1 + pipi−1), has the
same or one less leading zero as the non-redundant represen-
tation of x.

Since the bit patterns defined above are mutually exclusive,
for any positioni we can thus encode these using three bits
in sign-magnitude

si ∼ 001
ui ∼ 010
xi ∼ 011
zi ∼ 100
yi ∼ 101
vi ∼ 110
ti ∼ 111

(2)

where two new truth valuesxi andyi have been added to be
used later, and 000 is not used.

For an implementation note that the 3-bit encoding in
positioni is a function only of the four bitsui, si, ti, vi, which
are defined in terms of the 9 bitsej , pj, mj for j = i+1, i, i−1,
which in turn are defined by the 6 bits encoding the 3 digit
valuesdi+1, di, di−1. Thus a 6-bit-in, 3-bit-out PLA structure
as in Fig. 2 is capable of forming the encoding in a few logic
levels. This PLA can simultaneously also definewi to be used
in Observation 3.

PLA
?

q q

q q

?

????

PLA
?

q q

q q

?

????

PLA
?

q q

q q

?

????

PPPPPPq
PPPPPq

������)
�����)

PPPPPPq
PPPPPq

������)
�����)

PPPPPPq
PPPPPq

������)
�����)

PPPPPPq
PPPPPq

������)
�����)

d
p

id
n
i

aibici wi

Fig. 2. Encoding ofai, bi, ci andwi

We are now able to define a log-time search to find unit
prefixes followed by strings of the opposite sign, i.e., using
notation from formal language theory, strings of the forms

X = z∗uz+v σ or X = z∗uz+t σ and Y = z∗vz+u σ or Y = z∗vz+s

written as regular expressions2, where σ denotes arbitrary
strings anda∗ anda+ denote strings of consecutive identical
symbolsai. Note that a correction is needed if and only if
stringsX or Y are found, so these will be the goals to search
for.

To specify the grammar we further define substrings

U = z∗uz∗ and S = z∗sz∗σ

Z = z+

V = z∗vz∗ and T = z∗tz∗σ

It is now possible to define grammar rules for recursively
building these strings in binary tree structures, e.g.,Z ⇒
z |Z Z, U ⇒ u |Z U |U Z, etc. Using initial valuesX = x,
U = u, S = s, Z = z, T = t, V = v, Y = y, it is easier to
specify the rules for the nodes as a table:

2Recall thatx∗ means zero or more occurrences of the symbolx, andx+

means one or more.
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X X X X X X X X
U X X X U S S S
S S S S S S S S

left Z Y V T Z S U X
T T T T T T T T
V T T T V Y Y Y
Y Y Y Y Y Y Y Y

Y V T Z S U X
right

(3)

Example The following scheme for the difference
A − B = 448 − 443 (left normalized) illustrates a
situation where a correction is needed:

A 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
B 1 1 0 1 1 1 0 1 1 0 0 0 0 0 0 0

A − B 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0
P 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
E 1 1 1 0 0 0 0 1 0 0 1 1 1 1 1 1 1 1
N 0 0 0 0 1 1 1 0 1 1 0 0 0 0 0 0 0 0
U 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
S 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Z 1 1 1 1 1 0 1 0 0 1 1 1 1 1 1 1
T 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
V 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
R Z Z Z Z Z U Z T U Z Z Z Z Z Z Z

Z Z U T U Z Z Z
Z X U Z

X U
X

Recall that the rowsR andZ can be obtained directly from
A and B by PLA look-up, and that the complement ofZ is
the bit pattern upon which the LZA algorithm is to work. Also
that the three-valued sign ofA − B can be derived from the
root value, it is positive forX, U, S, zero forZ and negative
for T, V, Y , as easily derived from the encoding.

The rules of (3) can be expressed as an algorithm for a
tree-node taking two 3-bit encodings (2) of a left respectively
a right symbol as input, and producing a 3-bit encoding of the
result:

Algorithm 4 (LZA-Correction Node):
Stimulus: A left symbol encoded as(al, bl, cl) and a right

symbol as(ar, br, cr).
Response: An encoding of the result symbol(a, b, c).
Method: if blcl return (al, ar, br + cr) {Left is U or V }

elseif cl return (ar, br, cr) {Left is Z}
else return (al, bl, cl) {Left is X, S, Y or T ,

or right is Z}
end;

For the first case when the left symbol isU or V , according
to the rules in (3) and the encodings (2) the following is to be
returned:

Left is Right is neg. Right is zero Right is pos.
U X ∼ 011 U ∼ 010 S ∼ 001
V T ∼ 111 V ∼ 110 Y ∼ 101

Hence the signs of the symbols can be used as the first
two bits, with the last bit on if the right symbol is non-
zero (6= Z). The remaining cases are trivial. Fig. 3 shows a
possible implementation of the node, whose critical path will
be through two selectors.

Selector
6
a

6
b

6
c

10

Selector

666

0 1

6

al

6

bl

6

cl

q

6

q

�-q

� -

q

6

ar

6

br

6

cr

q

6�6
q

q

Fig. 3. LZA-correction node based on 3-bit encoding

From Algorithm 4 we can also derive logic expressions for
a, b andc using Karnaugh maps:

br cr

a 0 0 0 1 1 1 1 0
0 0 ar ar ar ar

0 1 al al al albl cl
1 1 al al al al

1 0 al al al al

thus we can expressa as:

a = (bl + cl)al + (bl + cl)ar.

Similarly we find forb:
br cr

b 0 0 0 1 1 1 1 0
0 0 br br br br

0 1 bl bl bl blbl cl
1 1 bl bl bl bl

1 0 ar ar ar ar

or
br cr

b 0 0 0 1 1 1 1 0
0 0 0 0 1 1
0 1 0 0 0 0bl cl
1 1 1 + ar 1 + ar 1 + ar 1 + ar

1 0 ar ar ar ar

such that we can expressb as:

b = bl(ar + cl) + blclbr,

and finally forc:
br cr

c 0 0 0 1 1 1 1 0
0 0 cr cr cr cr

0 1 cl cl cl clbl cl
1 1 cl cl cl cl

1 0 br + cr br + cr br + cr br + cr

or
br cr

c 0 0 0 1 1 1 1 0
0 0 0 1 1 0
0 1 1 1 1 1bl cl
1 1 1 1 1 1
1 0 0 1 1 1

so that
c = cl + cr + blbr.

Hencea, b and c can alternatively be implemented with at
most three logic levels of fan-in 2.
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However, selectors can be implemented using complemen-
tary pass-transistor logic such that their delay time is shorter
than that of a CMOS gate, e.g., see [6]. If implemented this
way it is possible to shorten the longest path through a tree
node to be less than two gate delays. This applies both to an
implementation based on Fig. 3 or on the expressions fora

andb above, as these can also be implemented using selectors.
Note that the expression at the root of the tree to decide if

a correction is needed is(a ⊕ b)c (X or Y has been found),
and that the sign of the number is given bya. Finally the
expressionb + c signals that the result is zero.

Observation 5 (Normalizing redundant binary numbers):
The amount of leftshifts necessary to normalize a binary,
redundantly represented number can be determined in
logarithmic time from a recoded representation of the
number. Based on a constant time transformation, one binary
tree structure can determine the number of shifts to obtain
a quasi-normalized representation, and another tree structure
can in parallel find the need for a correction to obtain
the proper normalization. The latter tree simultaneously
determines the sign of the number.

III. C OMPARISONS ANDCONCLUSIONS

The LZA-correction node defined above is obviously slower
that the LZA-node of Fig. 1, respectively needing two or only
one selector. Since the two trees are to run in parallel, it will
be the correction tree that determines the overall timing.

Comparing with the two trees proposed in [2], their LZA-
correction nodes can be implemented with a two-gate delay.
But the two trees together corresponds to a single tree, where
each node takes 2 times 8 bits, producing 8 bits in two
logic levels, whereas the encoding into 3 bits proposed here
significantly simplifies the tree, and reduces its area by an
estimated factor 3. However, our nodes have three-gate delays,
unless the selectors are implemented with complementary
pass-transistor logic. In the latter case the tree will be delay
competitive in a much smaller area.

The correction tree of [10] also employs nodes with two-
gate delays, but their tree is of the 3-to-2 type, hence it will be
taller and thus slower that those of [2], and the tree proposed.

When the LZA-tree and the corrector tree are employed
in parallel with conversion to non-redundant representation,
preferably it should be the conversion (in the adder) determin-
ing the timing. Recall that the nodes of a comparable adder
look-ahead tree also need two gate delays.

Timings from an actual implementation of the 3-to-2 tree
were reported in [10]. Here the error correction for a 54-bit
implementation was reported with a delay of 0.53 ns, the LZA
tree of 0.24 ns and the adder of 0.40 ns. A 3-to-2 tree for a
54-bit number requires 10 levels, whereas a binary tree only
requires 6 levels. Thus even with three-gate delay nodes, the
binary tree presented here should be faster than the 3-to-2 tree
with two-gate delay nodes.

However, the implementation of the correction tree proposed
here may be realizable with selectors in complementary pass-
transistor logic with a delay comparable to that of the adder,
such that the correction information can be available when the
normalization is to be scheduled.

As mentioned in the introduction, the approach in [4] is
very different, as the the correction information (the parity of
the MSB position) can only be determined when the result of
the adder is available. Hence the method is not comparable
to the one presented here. There are other approaches where
the error detection is performed in parallel with the normal-
ization, e.g., [1]. For image processing applications [8] allow
corrections with some errors, but at a limited rate.
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