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Abstract—An important problem in the realization of floating  [2] it was shown that it is possible in constant time to coheer
point subtraction is the identification of the position of the first number represented in borrow-save/signed-digit reptatien
non-zero digit in a radix represented number, since the sigifi- (i.e., before the subtraction) over the digit get1, 0, 11, into

cand usually is to be represented left normalized in the parbf the bitstring havina th | leadi lued
word(s) allocated for representing its value. There are wédknown a bitstring having theé same or one less leading zero vajue

log-time algorithms for determining this position for numbers digits as the non-redundantly represented value. To olatain
in non-redundant representations, which may also be applé properly normalized representation of the value, it maysthu
to suitably (linear-time) transformed redundant represertations. pe necessary with a one-bit left shift.

However, due to the redundancy in the latter case the positio . L .
thus determined may need a correction by one. When determi- .Th.e authors then proposed a_n algorithm which in Ioga_rlth-
nation of the shift amount is to be performed in parallel with ~Mic time ©(logy(n)) can determine the need for a correction,
conversion to non-redundant representation (the subtradon), it intended to be run in parallel with the determination (by a

must be performed on the redundant representation. This is B0 | zZA/L OD algorithm) of the “approximate” number of leading
the case when the significand is to be retained in a redundant zeroes, and with the adder performing conversion to non-

representation until the final rounding. This paper presens an - ) . .
improved algorithm for determining the need for a correction ~edundant form (the subtraction). Their algorithm is to be

of the normalization shift amount, which can be run in parallel realized as two binary trees running in parallel. One tree

with the algorithm finding the “approximate” position. determining the need for a correction under the assumption
Index Terms—Floating-point addition, normalization, leading- ~ that the value is positive, and the other if it is negativee Th
one determination (LOD), leading-zero anticipation (LZA) nodes of each of the trees take 4 bits of input from each

of two sub-trees, and return 4 bit of output, thus essentiall
| INTRODUGTION performing a 16-to-8+ 2-to-1) reduction.
In the realization of subtraction in a floating-point (FP)tun In [10] aqother algorithm  was propose_d, funning i
it is necessary to normalize the result when cancellation leog”’(n))'t'me’ where each nqde takes_, 2 bits of nput from
L . . .each of three sub-trees, producing two times two bits, thus a
significant digits has occurred. For an FP subtraction wi .
cancellation, where the result is to be delivered in the saméto_l_l - 3_t0_'2) r_ed_uctlon. )
accuracy as the operands, the result will be exact and ndJSing @ quite similar approach to that taken in [2] we shall
rounding will be needed. However, in the implementation dt€ré show that a single binary tree is sufficient, where the
a fused multiply-add instructiom, x b+ ¢, or when the result 0des take 3 bits of input from each of two sub-trees, and
is to be delivered in a lower precision, the result will jfProduce 3 bits of output, i.e., 6-to-3-(2-to-1) reduction.
general not be exact, hence it may be advantageous to keep'tH#s it is @ significant simplification compared to the salnti
resulting difference in a redundant representation umgiery Proposed in [2], and in fewer levels than proposed in [10].
last moment before rounding and conversion to non-redundanin [4] a very different approach was suggested. Based on
representations to take place. In both cases a negation enayfig non-redundant result of the subtraction in the addes it i
needed when a sign-magnitude result is required. determined by a binary tree if the leading non-zero bit is in
Traditionally, obtaining a normalized result of a subtimct an even or an odd position. This is compared to the even or
was a three-step process. First perform the subtraction irp@ddness of the shift amount determined by the LZA circuit,
carry-completing adder, then determine the number of tepdithus determining whether a correction is needed. Note that
zeroes, and finally perform the normalization shifts, adis the log-time tree calculation then must take place in pelrall
steps taking at best logarithmic time in the number of bits @fith the initial “coarse” shifting, the correction inforrtian
the operandsd(log(n)). The shift amount may be determinecissumed to be available before a possible final left or right
by an algorithm, e.g., [7], usually denoted LZA (foeading shift of a single position. The authors claim this was pdssib
Zero Anticipation) or LOD (for Leading_ e Determination). in a specific single precision FP-implementation. A similar
The problem of determining the normalization shift amour@pproach was reported in [1], where the correction infoiomat
for a redundantly represented value was apparently first amso is determined in parallel with the “coarse” shifting.
lyzed in [5], [9] provides an overview of the general problem As background let us briefly recall the problem of deter-
of leading zero anticipation, with an extensive bibliogrgdn  mining the number of leading zerodm(Pnf) of a given non-
, : e A .
Manuscript received 27 revised 27 redundant fixed point numbeF,, = > d;5". It is easily
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Algorithm 1 (Leading Zeroes Anticipation, LZA): For borrow-save representations, employing feand P-
mappings defined in [3] (realizable by arrays of half-adgers
the N-mapping is capable of transforming a digit string
011---1 into the string000---1, and the P-mapping will
transform a string)11---1 into 000 - - - 1. If the number is in
2's complement carry-save, a simil@-mapping will convert
the representation into borrow-save. Hence if the sign ef th
number is known we have the following

Observation 2: If the sign of a binary radix polynomial in
borrow-save or carry-save representation is known, thém it
gkl , o1, . possible in constant time to transform it into a digit string
else L:=37 dijor1f' Ri=320,  diff"; having the same or one less leading zero than the value in

Stimulus: An igtegerk and a fixed point numbeP,: =
S22 ' d; 3 where the digits/; are members of
a non-redundant digit set for bage
Response: The value dfa(k, Py ), the number of leading
zero-valued digits inPo.
Method: if k=0
then if dg =0thent:=1
elset := 0;
return ¢;

li=lza(k —1,L); r:= lza(k — 1, R); non-redundant representation. For borrow-save this isiréd
if 1 =21 then retun [ +r by applying theN-mapping to a positive number, and tie
else returnl mapping on a negative. A carry-save represented polynomial
end; is first to be transformed by @-mapping, and the result in

The algorithm can directly be implemented as a trasorrow-save is to be mapped as before.
structure where each node receives the number of leadinglote that a constant time conversion can only be based on
zeroes from two sibling nodes, possibly together with a bif bounded left and right context of each position. Consider
signaling whether the sub-string is non-zero, to simplifg t the following digit string in borrow-save representafion
test/ = 2=, When the length is calculated in binary, noteq — 011701 for j > 1 andk > 2. Let the result of applying
that the left signaling bit inverted can then just be coneatied the N-mapping beB, and the non-redundant result e then
(by o) as the new most-significant bit to either the value-of A

or l. The new signaling bit is then the OR of the two incoming = 0110 0?1
bits, where at the leaf nodes= (d # 0), d being the digit B = 000---10---011
value andt =’ ' is the empty string. C = 000---01---111
(t2) The example shows how th& mapping was able to

eliminate a leading string of non-significant non-zero wigi
£ —if 2 then 0ol elsel or But also how an isolf_;lted unit-valued digit follqwed by argyri
2= 2+ 2 of the opposite sign introduces an extra leading zero when th
string is converted to non-redundant representation bibiisg
the reason for the uncertainty of the LZA algorithm when
(I, z1) (r, 2r) applied to a redundant representation.
Fig. 1. LZA-node Since it is not possible with a bounded context to identify
the sign of the right context, the presence of the extra feadi
Next Section II considers the equivalent problem of deero in the non-redundant representation cannot be ddtiecte
termining the shift amount to normalize a redundantly repopnstant time.
resented number, taking insignificant non-zero digits into For the case where the sign is not known, we note that it
account. As in [2] the proposed algorithm is intended to bie rgjpes not really matter for the LZA algorithm what happens
in parallel with conversion from redundant to non-redurtdag, any less significant string to the right. We may thus
representation, i.e., a carry look-ahead adder. Subséguereek transformations which does not even preserve the.value
the actual normalization may then be performed either on thg optain the approximate number of leading zeroes, it is
redundant or on the non-redundant result of the conversiQ@ficient to find a bit string having the same or one less
In Section Il conclusions are drawn, in particular it COMg® |eading zeros as the non-redundant representation of the,va
the proposed solution with those of [2], [10] and [4]. provided that we are able to find the necessary correction.
Noting that the N and P-mappings only use a one-digit
Il. NORMALIZATION OF REDUNDANTLY REPRESENTED  right context, we will now include left context also, as this
NUMBERS may be used to identify the sign when dealing with the most-
To normalize a number given in a redundant representatisignificant end of the string. Considering borrow-save eepr
it is necessary first to eliminate a possible leading strirggntation, assume that an extra zero-valued digit is aggend
of non-zero digits of no significance. For the two importarto the left, just for the purpose of having a left context in
redundant binary representations, it turns out to be plesbip the most significant position, but not to be counted. Siryilar
a simple constant time conversion to obtain a bit patterinigav append a zero-valued digit on the right as a right context.
either the same or one less leading zero than the non-redundaFor the purpose of the following analysis assume that the
binary representation of the value. This makes it possible thus extended borrow-save stringdsd,,_1 - --dod_1, d,, =
“quasi-normalize” a redundant number, say in binary to be in
the interval[1;4). 1The notationz? meansi occurrences of the symbol, hetec {1,0,1}.
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d_1 =0, with d; € {—1,0,1}, but is represented as three bit Observation 3: Given a numberz in borrow-save repre-
strings sentationd,,_1 - - - dy, then the bit-stringw,,_1 - - - wo, w; =
eit1(pimi—1 + mPi—1) + €1 (mim—1 + pipi—1), has the
same or one less leading zero as the non-redundant represen-
where tation of z.
Since the bit patterns defined above are mutually exclusive,

for any positioni we can thus encode these using three bits

This will allow us to use a complement notation where e.gn sign-magnitude

€En€n—1-"€0€—-1,PnPn—1"""PoP-1 and MpMp—1 MM —1,

€ = p; +m;, is a shorthand fod; being eitherl or —1. s; ~ 001
Using techniques similar to those employed in [2], but u; ~ 010
here without distinguishing between positive and negative x; ~ 011
valued input, we want to generate other bit strings, idwimtif z; ~ 100 2
“interesting” positions, e.g., in particular a leading jios y; ~ 101
containing a unit digit, as this will be needed for the LZA gi ~ ﬁ(l)

algorithm. But in particular we want to determine if this is

an isolated unit, because if it is followed (after a non-emp{ynere two new truth values; andy; have been added to be

sequence of zeroes) by a string of the opposite sign, thisjisaq |ater. and 000 is not used.

precisely the situation when a correction is needed. _ For an implementation note that the 3-bit encoding in
Hence we will try to identify situations with isolated un'tspositiom' is a function only of the four bits,, s, ¢;, v;, which

like ---010---, i.e., in the notation above, such valuesiof P

) X . are defined in terms of the 9 bitg, p;, m; for j = i+1,4,i—1,
for which ¢;41pie;—1 holds. Or alternatively strings of theich in turn are defined by the 6 bits encoding the 3 digit
form ---0110--- which can be identified by;;1m;e;—1, or

o e . : . valuesd;y1,d;,d;—1. Thus a 6-bit-in, 3-bit-out PLA structure
more generally---011---10---, that is other strings which

) ) , A as in Fig. 2 is capable of forming the encoding in a few logic
_reducg _to |§0Iated gnlts. Note that the res“'t'”g unit waiter levels. This PLA can simultaneously also defingto be used
in positioni for which m;,1m;e;_1 holds, provided that the

. o ! in Observation 3.
leading part gets eliminated. However, if the latter patter

Pn
is found isolated, i.e., in the context,om;1m;e;—1 With didi
a leading zero, it will be identified as just some string
negative sign (seé¢; below). Thus we can express positions
Where_ isolated p(_)smve units occur, as positianghere the PLA PLA PLA
following expression holds true: Hl l Hl l Hl l
Ui = €i41PiCi—1 T Pit1Mi€i—1 + My 11M€—1 aibici wi

Fig. 2. Encoding ofa;, b;, c; andw;

(€it1pi + Eigim)ei—1.

Equivalently we can by symmetry express positions WhereW_e are now able to gleflne a log-time _sear_ch t(.) find gmt
isolated negative units occur by: prefixes followed by strings of the opposite sign, i.e., gsin

notation from formal language theory, strings of the forms
Vi = €i41Mi€i—1 + Mi41Pi€i—1 + Pi41PiCi—1

- X =z2z*uzTwo or X =z%uzTto andY = z*vztuo or YV = 2*vzTs
= (eit1mi + E11pi)ei—1.

Obviously, there are other positions of positive valueythenritten as regular expressicnswhere o denotes arbitrary
can similarly be expressed as: strings ande* anda™ denote strings of consecutive identical
Si = €isaPiDit + Dis1MiPii + Mis1mipi symbolsa;. Note that a correction is needed if and only if

’ e Pl T e T stringsX or Y are found, so these will be the goals to search
= (€it1pi + E&r1mi)pi-1, for.
where the termn, 1 m;p;_, is the termination of a string of ~ To specify the grammar we further define substrings
the form-.-011---11---, provided that the leading part is . .
eliminated. Similarly for positions of negative value wedfin g s and S =z"sz’o
=z
ti = €ir1MiMi—1 + Mip1PiMi—1 + Pip1PiMi—1 V =z*z* and T = z*tz*c
= (eit1M; + Eripi)Mi—1. . . . .
_ _ It is now possible to define grammar rules for recursively

A_s_ these expressions are mutually exclusive we can expregfiding these strings in binary tree structures, eZ.=

positions where zeroes occur by: 2| ZZ,U = u|ZU|U Z, etc. Using initial valuesX = z,
zio= 1= (ui+s;+vi+t) U:_u,S:s,Z:z,T:t,V:v,Y:y, it is easier to
_ _ specify the rules for the nodes as a table:
whose complement; = u;+s;+wv;+t; defines a bit pattern to
WhiCh the LZA algorithm can be applied. This is summarized 2peca) thatz* means zero or more occurrences of the symhandz+
in the following well known result: means one or more.
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tid
XIXXXXXXX , Selector
UIXXXUS S S
S|s 8§ S S S S S HT
left Z|Y VT Z S U X
T\TTTTTTT @) , Selector, ‘ A
VITTTVYYY
YIYYYYYYY
YVTZSUX
right
alblcl arbrcr

Example The following scheme for the difference Fig. 3.
A — B = 448 — 443 (left normalized) illustrates a
situation where a correction is needed:

LZA-correction node based on 3-bit encoding

From Algorithm 4 we can also derive logic expressions for

A 1110000000000000 .
B 1101110110000000 a,b andc using Karnaugh maps:
A-—B 0000001010000000 b
P 000100000000000000 T
E 111000010011 111111 Oa0|20 21 21 20
N 000011101100000000 01 " " " "
U 0000010010000000 bie 11 @ ar @
S 000000000000000O a @ a4
Z 1111101001111111 10fa a a a
T 0000000100000000 thus we can express as:
|4 00000000000000O0O
R ZZZZZUZTUZZZZZZZ a= (b +c)ar + (b + a)ar
Zz Z U T U Z Z Z
Z X U Z Similarly we find forb:
X U br Cr
X b |00 01 11 10
. . 00| b b b b
Recall that the rows? and Z can be obtained directly from beo 01| b b b b
A and B by PLA look-up, and that the complement &f is Lo 11 b b b
the bit pattern upon which the LZA algorithm is to work. Also 10| ar a, a, a,
that the three-valued sign of — B can be derived from the ,,
root value, it is positive fotX, U, S, zero forZ and negative b, ¢,
for T, V)Y, as easily derived from the encoding. b | 00 01 11 10
The rules of (3) can be expressed as an algorithm for a 00 0 0 1 1
tree-node taking two 3-bit encodings (2) of a left respedyiv by 01 0 0 0 0
a right symbol as input, and producing a 3-bit encoding of the Liy1+a 1+a l+a l+ar
result: 10| ar a, ar a,
Algorithm 4 (LZA-Correction Node): such that we can expressas:

Stimulus: A left symbol encoded dg;,b;, ¢;) and a right

symbol as(a,., by, ¢,.). b=bi(ar +c) + bicibr,

Response: An encoding of the result symbalb, ¢). and finally fore:
Method: if b;¢ return (a;,ar, b, + ¢,.) {Leftis U or V} b, ¢,
elseif¢, return (a,., by, c,) {Leftis Z} c| 00 01 11 10
else return (a;, b, ¢;) {Leftis X, S, Y or T, 00 Cr Cr Cr Cr
or right is Z} beg 01 a a a a
end; 11 C] C] Cl Cl

10| b.4+¢ br+c¢ br-+c¢ br+c,
For the first case when the left symbollisor V', according

to the rules in (3) and the encodings (2) the following is to be by ¢
returned: c |00 01 11 10
Leftis | Right is neg. Right is zero Right is pos. 8(1) ? } } (1)
U X ~ 011 U ~ 010 S ~ 001 e Tl 1 1
%4 T~111 V ~ 110 Y ~ 101 10l o 1 1 1

Hence the signs of the symbols can be used as the fi,brgt
two bits, with the last bit on if the right symbol is non-
zero (# Z). The remaining cases are trivial. Fig. 3 shows a
possible implementation of the node, whose critical path wi Hencea,b and ¢ can alternatively be implemented with at
be through two selectors. most three logic levels of fan-in 2.

that
c=c + ¢, + bb,.
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However, selectors can be implemented using complemenAs mentioned in the introduction, the approach in [4] is
tary pass-transistor logic such that their delay time isteno very different, as the the correction information (the padf
than that of a CMOS gate, e.g., see [6]. If implemented thise MSB position) can only be determined when the result of
way it is possible to shorten the longest path through a tréee adder is available. Hence the method is not comparable
node to be less than two gate delays. This applies both totanthe one presented here. There are other approaches where
implementation based on Fig. 3 or on the expressions:forthe error detection is performed in parallel with the normal
andb above, as these can also be implemented using select@ation, e.g., [1]. For image processing applications [8ve

Note that the expression at the root of the tree to decidecifrrections with some errors, but at a limited rate.

a correction is needed i& @ b)c (X or Y has been found),
and that the sign of the number is given by Finally the REFERENCES
expressmnf) +c signals t[h.at the result IS Z€ro. [1] F. Arakawa, T. Hayashi, and M. Nishibori. An Exact LeaglifNon-

Observation 5 (Normalizing redundant binary numbers): Zero Detector for a Floating Point UnitEICE Trans. Electron., E88-

The amount of leftshifts necessary to normalize a binary, C(4):570-575, 2035- a0 diction it

f J.D. Bruguera and T. Lang. Leading-One Prediction wi rrent
redur.]dan.tly _represented number can be de_termmed m Position Correction. |[EEE Transactions on Computers, 48(10):1083—
logarithmic time from a recoded representation of the 1097 October 1999.
number. Based on a constant time transformation, one binai8l M. Daumas and D.W. Matula. Further Reducing the Reduoyleof
tree structure can determine the number of shifts to obtain Notation Over a Minimally Redundant Digit Seburnal of VLS Sgnal

. . . Processing, 33(1/2):7-18, 2003.

a quasi-normalized representation, and another treetsteuC [4] c.N. Hinds and D.R. Lutz. A Small and Fast Leading One Rted
can in parallel find the need for a correction to obtain Corrector Circuit. InProc. 39 Asilomar Conference on Signals, Systems

At ; and Computers., pages 1181-1185. |IEEE, 2005.
the proper normalization. The latter tree S|multane0usI¥5] E. Hokenek and R K. Montoye. Leading-zero AnticipatbZay) in the

determines the sign of the number. IBM RISC System/6000 Floating Point Execution UnitBM Journal
of Research and Development, 34(1):71-77, 1990.
||| COMPAR|SONS ANDCONCLUS|ONS [6] N. OhkUbO, M. Shinbo, T. Yamanaka, A. Shimizu, K. Sasakrhd

) ) ] ) Y. Nakagome. A 4.4 ns CMOS 54 54-b Multiplier Using Pass
The LZA-correction node defined above is obviously slower  Transistor Multiplexerl EEE Journal of Solid State Circuits, 30(3):251—

that the LZA-node of Fig. 1, respectively needing two or only _ 257, 1995.

one selector. Since the two trees are to run in parallel, lit wil” Y-S Oklobdzii. An Algorithm and Novel Design of a Leagnzero
: p ! Detector Circuit: Comparison with Logic Synthesl&€EE Transactions

be the correction tree that determines the overall timing. on Very Large Scale Integration (VLS) Systems, 2(1):124-128, March
Comparing with the two trees proposed in [2], their LZA- ] 1%4998]" £ pappalardo. S. Smorfa. and G. Visall dnsis and
. . . . wierl, k. Pappalarao, S. smoria, an . Visalll. MSIS an
correction nodes can be |mplemented with a_ two-gate delay: Implementation of a Novel Leading Zero Anticipation Algbrn for
But the two trees together corresponds to a single tree,avher Floating-Point Arithmetic Unitss.|EEE Transactions on Circuits and
each node takes 2 times 8 bits, producing 8 bits in twg Systems-|l:Express Briefs, 54(8):685-689, 2007.

. . . . M.S. Schmookler and K.I. Nowka. Leading Zero Anticipati and
logic levels, whereas the encoding into 3 bits proposed here .. ion _ A Comparison of Methods. Rroc. 15th IEEE Symposium

significantly simplifies the tree, and reduces its area by an on Computer Arithmetic, pages 7—12. IEEE Computer Society, 2001.
estimated factor 3. However, our nodes have three-gatgsield10] Ge Zhang, Wei-Wu Hu, and Zi-Chu Qi. Parallel Error Déie for
leading Zero Anticipation.J. Comput. ci. & Technol., 21(6):901-906,
2006.

unless the selectors are implemented with complementary
pass-transistor logic. In the latter case the tree will bayde
competitive in a much smaller area.

The correction tree of [10] also employs nodes with two-
gate delays, but their tree is of the 3-to-2 type, hence itheil
taller and thus slower that those of [2], and the tree proghose

When the LZA-tree and the corrector tree are employd
in parallel with conversion to non-redundant represeoiati
preferably it should be the conversion (in the adder) determ
ing the timing. Recall that the nodes of a comparable add
look-ahead tree also need two gate delays.

Timings from an actual implementation of the 3-to-2 tre
were reported in [10]. Here the error correction for a 54-b _ ;

. . . ern Denmark. He spent a leave during 1975/76 with
implementation was reported with a delay of 0.53 ns, the LZ~ the University of Southwestern Louisiana, Lafayette,
tree of 0.24 ns and the adder of 0.40 ns. A 3-t0-2 tree forLa; four months in 1979 and shorter stays in many years withitisern
54-bit number requires 10 levels, whereas a binary tree o thodist University, Dallas, TX; one month with Univessitle Provence in

. 6 Is. Thus even with three-gate delay nodes rseille in 1996, anc_i two months Wlt_h Ecole Normale Supegede Lyon
r(:j'qu”es evels. g Yy ' 112001 and further visits in the following years. Prof. Kerop has served
binary tree presented here should be faster than the 3r&e2 ton program committees for numerous IEEE, ACM and other mgstiin

with two-gate delay nodes. particular he has been on the Program Committees for thehdtlugh the

H he i | . fth . 19th IEEE Symposium on Computer Arithmetic, and served agri@m Co-
owever, the Implementation of the correction tree prodos%hair for these symposia in 1983, 1991, 1999 and 2007. He éas fuest

here may be realizable with selectors in complementary- passitor for a number of journal special issues, and servech associate editor
transistor logic with a delay comparable to that of the addéf these Transactions from 1991 to 1995.

such that the correction information can be available when t

normalization is to be scheduled.
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