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1. INTRODUCTION

PTO this point we have concentrated on applications of vectads a
matrices to linear problems, particularly solutions o&kn equations.
However, the theory we have developed is rather flexible arghrticular
lends itself well to certain situations that are quadratinature.
Consider the following equation in the plane:

X%+ 8xy+Y° —3x+2y—1=0. (1.1)

Here we place one constraint on two variables, so we woul@exine
solution set to be a curve. What type of curve?
We are familiar with some curves that are described by egusitike (1.1).

Four particular examples come to mind

Circle: x> +y? =r2.

Ellipse: (x*/a%) + (y?/b?) = 1

Parabolay = aX.

Hyperbola: (x%/a?) — (y?/b?) = 1.

Date December, 1999; minor revisions January, 1999.
89



90 ANDREW SWANN

Below we will see that together with straight lines theseessentially the
only curves that can arise. We will also show how we can dewitieh of
these correspond to (1.1).

2. SYMMETRIC MATRICES

LET A be ann x n symmetric matrix. The quantity! Ax defines a poly-
nomial in then coordinates ok. For example, ifA = [3 %] then we
have

X AX = [xl xz} [5 2 ] [X1] = 5%F 4 4x1Xp — 35
2 — X2

In general this procedure produces a polynomial that is iqi@din the
variablesxy, ..., Xn:

qA(X17X27 ce ,Xn> - XtAX

n n n
:Ziz ainaszzlanx?Jr Y 2ax%X.
i=1/=1 i= i

1=i<j<n

Definition 2.1. We calfa thequadratic formassociated té.

Moreover, any quadratic polynomial without linear or camtterms can
be written as< Ax for a suitable choice oA: if

n
a(Xa, .., %n) = Zlbixi2+ Z CijXiXj,
i= 1=i<j<n

theng = ga, where

1 1
bl §C]_2 ... icln
1 1
5C12 b2 ... 35Con
A= |? 2
1 1
iCln §C2n e bn

Pay particular attention to the factof2 that appears in front of the coeffi-
cientsgj.



QUADRATIC FORMS 91

The two most common examples one encounters are:

n=2: A= Z 2, ga(x,y) = ¥ + 2bxy-+ cy?,
(a h g
n=3: A=|h b f|, qa(xy,2)=al+by+c?
g fc + 2fyz+ 2gxz+ 2hxy.

The naming of the entries in thex33 case is standard in mechanics and |
find the following mnemonic helpful

All Hairy Gorillas
Have Big Feet
Good For  Climbing

The other special case to note is whkeis a diagonal matrix:

A1

An
OA(XL, X2, - - s Xn) = A1Xg2 4 Aoxa? + - - - 4+ ApXn?

3. ORTHOGONAL CHANGES OFCOORDINATES

S UPPOSEwe make a change of coordinates, how does this affect the poly
nomialg? If x = PX for some invertiblen x n matrix P, then

ga(x) = x'Ax = X'P'APX = gptap(X). (3.1)

We thus get a new quadratic form represented by the mBtA®. Note
that this isdifferentfrom the formula describing how the matriX]% of
a linear transformation changes: we have tila@spose Pinstead of the
inverse P 1. However, ifP is an orthogonal matrix, the?f = P~1. We can
thus use our theorem on diagonalisability of symmetric roasrto deduce:

Theorem 3.1.Let gy be the quadratic form associated to symmetric ma-
trix A. Then there is an orthogonal matrix P such that

” ” 2 | \2 o2
Aptap(X1, - - -, %n) = MaXT + A2K5 + -+ + Anky

whereAq,...,An are the eigenvalues of A.



92 ANDREW SWANN

The directions defined by the columnsPare called therincipal axes
of da.

Example 3.2. Consider the ellipse

12,1
In this case the quadratic form %(2 + %yz and the associated matrix is
diagonal, so the principal axes are aligned with the coatdiaxes.

Example 3.3. Consider the equation
5x2 — Axy+5y% = 1. (3.2)

The quadratic form & — 4xy+ 5y has matrixA= | °, 7?]. The character-
istic polynomial of this matrix is

A=S 2 ]:AZ—un+21:(A—3xA—n,

det Al — A) :det[ 5 A_s5

SO A has eigenvalues 3 and 7. We now compute the correspondiag-eig
vectors:
A=3: We solve[] = (31 —A)[J] = [ > %] [}], sox=yand a cor-
responding unit eigenvectori\% [1].
A =7: We now have[J] = (71 —A)[J] = [53] [J], sox= -y and a
corresponding unit eigenvectori% [

Thus takingP = % [1 7] gives us a coordinate system in which (3.2)
becomes

3R+ TP =1,
which is an ellipse, with principal axes at4t® the usual axes (see Fig-
ure 1). Note the ellipse crosses these axes-att’l/\/3 andy= +1//7,
respectively.

Example 3.4. The quadratic part of equation (1.19(i& y) = 7x* + 8xy+
y2, which is represented by the matix= [Z ‘ﬂ The characteristic poly-
nomial ofAis

damr—m:4m4h‘7 ‘4]:A?4n—9

4 A-1

SOA has eigenvalues = —1 andA = 9. We now find an orthonormal basis
of eigenvectors:
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Figure 1: The ellipseX — 4xy+ 5y? = 1 with its principal axes.

A=-1: 8] = [=8 73] ], which givesy = —2x. The correspond-

ing eigenvectors are thus multiples|ot, |, which has norm squared
12 + (—2)? = 5. A unit eigenvector is thus given by

Vi — 1 (1
l_ \/g _2 .
A=09:[3] =[2 5] [¥], sox= 2y and a corresponding unit eigen-
vector is given by
o= = |2
We buildP by using the vectorg; andv, for the columns:
p— L1 2,
V5 |-2 1
The matrixP satisfies
1 ]
P/AP = :
0 9

The new coordinates are related to the old = P* [}] sinceP~1 =P'. So
R = \i@(x— 2y) andy’= %(ZX—l—y) and the quadratic part of (1.1) becomes

—%2 9.
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4. CLASSIFYING DEGREETWO CURVES IN THE PLANE

CONSIDER a general curve of degree two in the variabtesdy. This
is given by an equation

axt + 2bxy+ cy’ + dx+ey+g=0. (4.1)
We may rewrite this in terms of matrices as
X!Ax+b'x +g=0, (4.2)

wherex = [J], A= [3 ] andb = [d].
We can find an orthogonal matrixsuch that

A O
0 A’
X

] in (4.2), we see that (4.1) becomes

P/AP =

=P|

Changing coordinates bg

A%+ NP+ dX+ & +g=0,

~

where ‘f = P'h.
8

If A1 andA, are non-zero, then we can remove the linear terms by setting
X =%+d/(2\1) andy = §+&/(2\,) (to complete the square) giving

MXZHAy?=d, (4.3)

whereg' = d?/(4\1) +&/(4)\2) —g. Such a change of coordinates corre-
sponds to moving the origin to the poiftd/(2\1), —&/(2\2)).
There are now two cases:

A1 andA2 have the same sign: then (4.3) describeslbpseprovided
thatg’' has the same sign as andA.. If g = 0, we get just a single
point, if g has the opposite sign #g then (4.3) has no solutions.

A1 andA2 have the opposite signs: then (4.3) describ@geerbolgpro-
videdg' # 0. If ¢’ = 0 the hyperbola degenerates to the intersection
of two straight lines.

The above cases occur provided both eigenvalues are non-fdioth
eigenvalues vanish, then the original equation (4.1) haguaalratic terms
and describes a straight line. If one eigenvalue vanislags\s= 0, then
we puty’ = -+ 8&/(2\2) andx = &/(4\3) —d%— g, to getx’ =y, which is
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aparabola This requiresd + 0, if that is not the case, we hay’é +9=0
which either gives a pair of parallel lineg € 0), a line ¢ = 0) or is empty
(9> 0).

Thus the only curves other than straight lines that occumparabolas,
hyperbolas or ellipses (including circles).

Example 4.1. Let us continue with (1.1). As the eigenvaludsand 9
found in Example 3.4 are of opposite signs this is a hyperbolass it is
degenerate, i.e., unlegs= 0. We find

o=l ke 1)

So we have

g =d?/4+&/(4x9)—g= %%(49—1—1—;)-&—1#0

Therefore (1.1) is a hyperbola.

5. AN EXTREMAL PROBLEM

HANGING COORDINATESWith an orthogonal matrix has the advantage
that distances and angles are preserved. This is because

Px-Py = (Px)'Py = xX'P'Py = x'y = x-.

Thus such coordinate changes are appropriate in the faltptyipe of ex-
ample.

Example 5.1.Problem Find the points on the surface
2+ 4y? + 27+ 2xz=4 (5.1)

in R3 that lie closest the origin and those that lie furthest fromarigin.
Solution The matrix corresponding to the quadratic fornf 2 2y? +
72 4 2xzis

A=

= ON
o ~ O
N O -

The characteristic polynomial dfis
A—2 0 -1
detAl —A)=det| 0 A-4 0 |.
-1 0 A-2
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Expanding this determinant along the middle row we get

-1 A-2
=A-4A-3)(A-1),

detAl —A) = ()\—4)det[)\_2 -1 ] = (A—4)(A\°—4r+3)

so the eigenvalues éfare 1, 3 and 4. By the Theorem there is an orthogonal
change of coordinates= PX so that

100
PPAP= [0 3 0 (5.2)
0 0 4
and in this coordinate system equation (5.1) becomes
R+ 3P +4P =4, (5.3)

This is an ellipsoid with principal axes aligned with the nevordinate sys-
tem. The points of (5.3) lying on the new coordinate axesaued by set-
ting two of the variableg,y andZ'equal to zero and solving (5.3) for the re-
maining one. Thus the extreme points are am@sag, 0,0), (0,42/+/3,0)
and(0,0,£1). Ofthesg£2,0,0) is furthest fronD and(0, 0, £1) is closest.
We now need to find the coordinates of these points in ther@igioor-

: . +2 0
dinate system, i.e., we ne&d o } andP Lgl]. For these we only need to

0
know the first and last columns Bt

The first column is given by a unit eigenvector with eigenedlythe first
entry in (5.2)). To find this eigenvector we solve

0 X -1 0 -1| [x
O|l=U-A)|yl=|0 -3 0]y
0 z -1 0 -1 |z

L . 1 .
soz= —xandy = 0. The unit eigenvector & = % [ OJ . Thus the points
on (5.1) furthest fron® are+2vy = 4+(1/2,0,—/2).

For the closest points, we need a unit eigenvector with eajar 4 (the
last entry in (5.2)). Such a vector \g = [g], so the closest points are

+vz = (0,41,0).
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6. ARBITRARY CHANGES OFCOORDINATE

S THE discussion of classification of curves shows, often one only
A. needs to know theignsof the eigenvalues. In fact, if we allow arbi-
trary, rather than orthogonal, coordinate changes thieistily information
that remains about a quadratic form.

Theorem 6.1Let gy be a quadratic form with matrix A. Then there is an

invertible matrix Q such that

thAQ()?l,...,)N(n) :)N(%+"'+)zi2_)zt2+1—)?‘r2,

where r is the rank of A, and t is the number of positive eigemsof A.
Proof. By Theorem 3.1 there is an orthogonal matAxdiagonalisingA.
Moreover, we may choodeso that diagonal entries & AP are ordered as
we wish. Lets have the positive eigenvalues first, the negaties next and
the zero eigenvalues last. A¥so that
P'AP=diag({é, ..., 12, — .1, .-, —1Z,0,...,0),

with | > 0 fori < s. LetD be the diagonal matrix

: 1 1 1 1

D:dlag<—,...,—,—,...,—,1,...,1) .
M1 Mo Het1 Hr

ThenD is an invertible matrix such thd&(P'AP)D has the desired form.

As D is symmetric, we tak€ = PD, soQ'AQ = D'P!APD = DP'APD, as
required. O

Example 6.2. In Example 3.4, we have cho$®ro that the eigenvalues
come out in the wrong order. However, this may be remediediapping
the columns. So we use

p_ 112 1
T V5|1 =2
The eigenvalues are now 9 andl, so we takeD = diag(1/3,1) and Q

becomes
1 |2 3
=PD=—"— )
Q 3v/5 [1 —6]

One can now check th@'AQ = diag(1, —1).
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Definition 6.3. Therank of ga is the rank ofA. Thesignatureof g, is the
number of positive eigenvalues 8fminus the number of negative eigen-
values.

For A € M(n,n), ga is non-degeneratd its rank isn. ga is positive
definiteif its signature equals, i.e., if all eigenvalues of are positive.

In the notation of the Theorem, the rankagxfis r, the signature ofjs is
s:=2t—r. Note that = (s+r)/2, so the rank and signature determine the
form of g in the Theorem.

Example 6.4. If the rank is 4y is non-degenerate and the signatw2,
then there is coordinate system in whigflxy, X2, X3, X4) = X2 — X3 — X3 — X2,

which is a Lorentz metric.

7. CRITICAL POINTS OF SMOOTH FUNCTIONS

LET f: R" — R be a smooth function. The critical points bfre points
satisfying
of of of
— =0, —=0,..., —=
aX1 ’ 6X2 ’ ’ aXn
For example, supposéx, y, z) = 4x> — 3xy+y? — cogz) + 1. Then we have

of of f
X 8x — 3y, o —3x+ 2y, 3 =sin(z),

so there are critical points &t,y,z) = (0,0, nt) for n an integer.

Suppos® is a critical point off and adjust so thatf (0) = 0. The nature
of the critical point is determined by théessianof f which is the symmet-
ric n x n matrix of all second partial derivatives Hé$$ = [02f /ax0x;],
since by Taylor's Theorem we have thats approximated nedr by

n n aZf
0)%X;.
i; jZlaXian( Ll

The Hessian defines a quadratic form, and Theorem 6.1 imlaghere
are local coordinate, . .., X,) such thatf (X) nearO is approximated by

0.

&2 G2 2 o2
Bt % -1 =%

wherer is the rank of Heqd ) andt is the number of positive eigenvalues.
Suppose that = n. Then the critical point is a
Local Minimum: ift =n, i.e., all the eigenvalues are positive,
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Local Maximum: ift =0, i.e., all the eigenvalues are negative,
Saddle Point: otherwise.

In our example, we have

8 -3 0
Hesgf)=|-3 2 O
0O 0 1

Expanding by the last row we get that the characteristicrpmiyial of this
matrix is(A —1)((A —8)(A —2) —9) = (A — 1)(A\*> — 10N +5). All the roots
of this equation are positive so the critical point is a laoahimum.

(Andrew Swann) IMADA, SDU, @MPUSVEJ55, 5230 WENSEM, DENMARK



