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1. INTRODUCTION

U
PTO this point we have concentrated on applications of vectors and
matrices to linear problems, particularly solutions of linear equations.

However, the theory we have developed is rather flexible and in particular
lends itself well to certain situations that are quadratic in nature.

Consider the following equation in the plane:

7x2+8xy+y2−3x+2y−1 = 0. (1.1)

Here we place one constraint on two variables, so we would expect the
solution set to be a curve. What type of curve?

We are familiar with some curves that are described by equations like (1.1).
Four particular examples come to mind

Circle: x2 +y2 = r2.
Ellipse: (x2/a2)+(y2/b2) = 1
Parabola:y = ax2.
Hyperbola:(x2/a2)− (y2/b2) = 1.
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Below we will see that together with straight lines these areessentially the
only curves that can arise. We will also show how we can decidewhich of
these correspond to (1.1).

2. SYMMETRIC MATRICES

L
ET A be ann×n symmetric matrix. The quantityxtAx defines a poly-
nomial in then coordinates ofx. For example, ifA =

[

5 2
2 −3

]

then we
have

xtAx =
[

x1 x2

]

[

5 2
2 −3

][

x1

x2

]

= 5x2
1 +4x1x2−3x2

2.

In general this procedure produces a polynomial that is quadratic in the
variablesx1, . . . ,xn:

qA(x1,x2, . . . ,xn) = xtAx

=
n

∑
i=1

n

∑
j=1

ai j xix j =
n

∑
i=1

aii x
2
i + ∑

1=i< j6n

2ai j xix j .

Definition 2.1. We callqA thequadratic formassociated toA.

Moreover, any quadratic polynomial without linear or constant terms can
be written asxtAx for a suitable choice ofA: if

q(x1, . . . ,xn) =
n

∑
i=1

bix
2
i + ∑

1=i< j6n

ci j xix j ,

thenq = qA, where

A =











b1
1
2c12 . . . 1

2c1n
1
2c12 b2 . . . 1

2c2n
...

. . .
...

1
2c1n

1
2c2n . . . bn











Pay particular attention to the factor 1/2 that appears in front of the coeffi-
cientsci j .
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The two most common examples one encounters are:

n = 2 : A =

[

a b
b c

]

, qA(x,y) = ax2+2bxy+cy2,

n = 3 : A =







a h g
h b f
g f c






, qA(x,y,z) = ax2+by2 +cz2

+2 f yz+2gxz+2hxy.

The naming of the entries in the 3×3 case is standard in mechanics and I
find the following mnemonic helpful

All Hairy Gorillas
Have Big Feet
Good For Climbing

The other special case to note is whenA is a diagonal matrix:

A =











λ1

λ2
. ..

λn











,

qA(x1,x2, . . . ,xn) = λ1x1
2+λ2x2

2 + · · ·+λnxn
2

3. ORTHOGONAL CHANGES OFCOORDINATES

S
UPPOSEwe make a change of coordinates, how does this affect the poly-
nomialq? If x = Px̃ for some invertiblen×n matrixP, then

qA(x) = xtAx = x̃tPtAPx̃ = qPtAP(x̃). (3.1)

We thus get a new quadratic form represented by the matrixPtAP. Note
that this isdifferent from the formula describing how the matrix[T]B

B
of

a linear transformation changes: we have thetranspose Pt instead of the
inverse P−1. However, ifP is an orthogonal matrix, thenPt = P−1. We can
thus use our theorem on diagonalisability of symmetric matrices to deduce:

Theorem 3.1.Let qA be the quadratic form associated to symmetric ma-
trix A. Then there is an orthogonal matrix P such that

qPtAP(x̃1, . . . , x̃n) = λ1x̃2
1+λ2x̃2

2 + · · ·+λnx̃2
n

whereλ1, . . . ,λn are the eigenvalues of A.
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The directions defined by the columns ofP are called theprincipal axes
of qA.

Example 3.2. Consider the ellipse

1
4x2 + 1

9y2 = 1.

In this case the quadratic form is14x2 + 1
9y2 and the associated matrix is

diagonal, so the principal axes are aligned with the coordinate axes.

Example 3.3. Consider the equation

5x2−4xy+5y2 = 1. (3.2)

The quadratic form 5x2−4xy+5y2 has matrixA=
[

5 −2
−2 5

]

. The character-
istic polynomial of this matrix is

det(λI −A) = det

[

λ−5 2
2 λ−5

]

= λ2−10λ+21= (λ−3)(λ−7),

soA has eigenvalues 3 and 7. We now compute the corresponding eigen-
vectors:

λ = 3: We solve
[

0
0

]

= (3I −A) [ x
y] =

[−2 2
2 −2

]

[x
y], sox = y and a cor-

responding unit eigenvector is1√
2

[

1
1

]

.

λ = 7: We now have
[

0
0

]

= (7I −A) [x
y] =

[

2 2
2 2

]

[ x
y], sox = −y and a

corresponding unit eigenvector is1√
2

[−1
1

]

.

Thus takingP = 1√
2

[

1 −1
1 1

]

gives us a coordinate system in which (3.2)
becomes

3x̃2 +7ỹ2 = 1,

which is an ellipse, with principal axes at 45◦ to the usual axes (see Fig-
ure 1). Note the ellipse crosses these axes at ˜x = ±1/

√
3 andỹ = ±1/

√
7,

respectively.

Example 3.4. The quadratic part of equation (1.1) isq(x,y) = 7x2 +8xy+

y2, which is represented by the matrixA =
[

7 4
4 1

]

. The characteristic poly-
nomial ofA is

det(λI −A) = det

[

λ−7 −4
−4 λ−1

]

= λ2−8λ−9,

soA has eigenvaluesλ = −1 andλ = 9. We now find an orthonormal basis
of eigenvectors:
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x

y

ỹ
x̃

Figure 1: The ellipse 5x2−4xy+5y2 = 1 with its principal axes.

λ = −1:
[

0
0

]

=
[−8 −4
−4 −2

]

[ x
y], which givesy = −2x. The correspond-

ing eigenvectors are thus multiples of
[

1
−2

]

, which has norm squared
12+(−2)2 = 5. A unit eigenvector is thus given by

v1 =
1√
5

[

1
−2

]

.

λ = 9:
[

0
0

]

=
[

2 −4
−4 8

]

[x
y], sox= 2y and a corresponding unit eigen-

vector is given by

v2 =
1√
5

[

2
1

]

.

We buildP by using the vectorsv1 andv2 for the columns:

P =
1√
5

[

1 2
−2 1

]

.

The matrixP satisfies

PtAP=

[

−1 0
0 9

]

.

The new coordinates are related to the old by
[ x̃

ỹ

]

= Pt [ x
y] sinceP−1 = Pt . So

x̃ = 1√
5
(x−2y) andỹ = 1√

5
(2x+y) and the quadratic part of (1.1) becomes

−x̃2 +9ỹ2.
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4. CLASSIFYING DEGREETWO CURVES IN THE PLANE

C
ONSIDER a general curve of degree two in the variablesx andy. This
is given by an equation

ax2 +2bxy+cy2 +dx+ey+g = 0. (4.1)

We may rewrite this in terms of matrices as

xtAx+btx+g = 0, (4.2)

wherex = [ x
y], A =

[

a b
b c

]

andb = [d
e].

We can find an orthogonal matrixP such that

PtAP=

[

λ1 0
0 λ2

]

.

Changing coordinates by

[

x
y

]

= P

[

x̃
ỹ

]

in (4.2), we see that (4.1) becomes

λ1x̃2 +λ2ỹ2+ d̃x̃+ ẽỹ+g = 0,

where

[

d̃
ẽ

]

= Ptb.

If λ1 andλ2 are non-zero, then we can remove the linear terms by setting
x′ = x̃+ d̃/(2λ1) andy′ = ỹ+ ẽ/(2λ2) (to complete the square) giving

λ1x′2 +λ2y′2 = g′, (4.3)

whereg′ = d̃2/(4λ1)+ ẽ2/(4λ2)−g. Such a change of coordinates corre-
sponds to moving the origin to the point(−d̃/(2λ1),−ẽ/(2λ2)).

There are now two cases:

λ1 andλ2 have the same sign: then (4.3) describes anellipseprovided
thatg′ has the same sign asλ1 andλ2. If g′ = 0, we get just a single
point, if g′ has the opposite sign toλi then (4.3) has no solutions.

λ1 andλ2 have the opposite signs: then (4.3) describes ahyperbolapro-
videdg′ 6= 0. If g′ = 0 the hyperbola degenerates to the intersection
of two straight lines.

The above cases occur provided both eigenvalues are non-zero. If both
eigenvalues vanish, then the original equation (4.1) has noquadratic terms
and describes a straight line. If one eigenvalue vanishes, say λ1 = 0, then
we puty′ = ỹ+ ẽ/(2λ2) andx′ = ẽ2/(4λ2

2)− d̃x̃−g, to getx′ = y′2, which is
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a parabola. This requiresd̃ 6= 0, if that is not the case, we havey′2+g = 0
which either gives a pair of parallel lines (g < 0), a line (g = 0) or is empty
(g > 0).

Thus the only curves other than straight lines that occur areparabolas,
hyperbolas or ellipses (including circles).

Example 4.1. Let us continue with (1.1). As the eigenvalues−1 and 9
found in Example 3.4 are of opposite signs this is a hyperbolaunless it is
degenerate, i.e., unlessg′ = 0. We find

[

d̃
ẽ

]

= Pt

[

d
e

]

=
1√
5

[

1 −2
2 1

][

−3
2

]

=
1√
5

[

−7
−4

]

.

So we have

g′ = d̃2/4+ ẽ2/(4×9)−g =
1
4

1
5
(49+

16
9

)+1 6= 0.

Therefore (1.1) is a hyperbola.

5. AN EXTREMAL PROBLEM

C
HANGING COORDINATESwith an orthogonal matrix has the advantage
that distances and angles are preserved. This is because

Px ·Py = (Px)tPy = xtPtPy = xty = x ·y.

Thus such coordinate changes are appropriate in the following type of ex-
ample.

Example 5.1.Problem: Find the points on the surface

2x2 +4y2 +2z2+2xz= 4 (5.1)

in R3 that lie closest the origin and those that lie furthest from the origin.
Solution: The matrix corresponding to the quadratic form 2x2 + 2y2 +

z2+2xz is

A =







2 0 1
0 4 0
1 0 2






.

The characteristic polynomial ofA is

det(λI −A) = det







λ−2 0 −1
0 λ−4 0
−1 0 λ−2






.
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Expanding this determinant along the middle row we get

det(λI −A) = (λ−4)det

[

λ−2 −1
−1 λ−2

]

= (λ−4)(λ2−4λ+3)

= (λ−4)(λ−3)(λ−1),

so the eigenvalues ofAare 1, 3 and 4. By the Theorem there is an orthogonal
change of coordinatesx = Px̃ so that

PtAP=







1 0 0
0 3 0
0 0 4






(5.2)

and in this coordinate system equation (5.1) becomes

x̃2+3ỹ2 +4z̃2 = 4. (5.3)

This is an ellipsoid with principal axes aligned with the newcoordinate sys-
tem. The points of (5.3) lying on the new coordinate axes are found by set-
ting two of the variables ˜x, ỹ andz̃equal to zero and solving (5.3) for the re-
maining one. Thus the extreme points are among(±2,0,0), (0,±2/

√
3,0)

and(0,0,±1). Of these(±2,0,0) is furthest from0 and(0,0,±1) is closest.
We now need to find the coordinates of these points in the original coor-

dinate system, i.e., we needP
[±2

0
0

]

andP
[

0
0
±1

]

. For these we only need to

know the first and last columns ofP.
The first column is given by a unit eigenvector with eigenvalue 1 (the first

entry in (5.2)). To find this eigenvector we solve







0
0
0






= (1I −A)







x
y
z






=







−1 0 −1
0 −3 0
−1 0 −1













x
y
z







soz=−x andy= 0. The unit eigenvector isv1 = 1√
2

[

1
0
−1

]

. Thus the points

on (5.1) furthest from0 are±2v1 = ±(
√

2,0,−
√

2).
For the closest points, we need a unit eigenvector with eigenvalue 4 (the

last entry in (5.2)). Such a vector isv3 =
[

0
1
0

]

, so the closest points are

±v3 = (0,±1,0).
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6. ARBITRARY CHANGES OFCOORDINATE

A
S THE discussion of classification of curves shows, often one only
needs to know thesignsof the eigenvalues. In fact, if we allow arbi-

trary, rather than orthogonal, coordinate changes this is the only information
that remains about a quadratic form.

Theorem 6.1.Let qA be a quadratic form with matrix A. Then there is an
invertible matrix Q such that

qQtAQ(x̃1, . . . , x̃n) = x̃2
1 + · · ·+ x̃2

t − x̃2
t+1− x̃2

r ,

where r is the rank of A, and t is the number of positive eigenvalues of A.

Proof. By Theorem 3.1 there is an orthogonal matrixP diagonalisingA.
Moreover, we may chooseP so that diagonal entries ofPtAPare ordered as
we wish. Lets have the positive eigenvalues first, the negative ones next and
the zero eigenvalues last. FixP so that

PtAP= diag(µ2
1, . . . ,µ

2
t ,−µ2

t+1, . . . ,−µ2
r ,0, . . . ,0),

with µi > 0 for i 6 s. Let D be the diagonal matrix

D = diag

(

1
µ1

, . . . ,
1
µt

,
1

µt+1
, . . . ,

1
µr

,1, . . . ,1

)

.

ThenD is an invertible matrix such thatD(PtAP)D has the desired form.
As D is symmetric, we takeQ = PD, soQtAQ= DtPtAPD= DPtAPD, as
required. �
Example 6.2. In Example 3.4, we have chosenP so that the eigenvalues
come out in the wrong order. However, this may be remedied by swapping
the columns. So we use

P =
1√
5

[

2 1
1 −2

]

.

The eigenvalues are now 9 and−1, so we takeD = diag(1/3,1) and Q
becomes

Q = PD =
1

3
√

5

[

2 3
1 −6

]

.

One can now check thatQtAQ= diag(1,−1).
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Definition 6.3. Therank of qA is the rank ofA. Thesignatureof qA is the
number of positive eigenvalues ofA minus the number of negative eigen-
values.

For A ∈ M(n,n), qA is non-degenerateif its rank is n. qA is positive
definiteif its signature equalsn, i.e., if all eigenvalues ofA are positive.

In the notation of the Theorem, the rank ofqA is r, the signature ofqA is
s := 2t− r. Note thatt = (s+ r)/2, so the rank and signature determine the
form of q in the Theorem.

Example 6.4. If the rank is 4,q is non-degenerate and the signature−2,
then there is coordinate system in whichq(x1,x2,x3,x4) = x2

1−x2
2−x2

3−x2
4,

which is a Lorentz metric.

7. CRITICAL POINTS OF SMOOTH FUNCTIONS

L
ET f : Rn → R be a smooth function. The critical points off are points
satisfying

∂ f
∂x1

= 0,
∂ f
∂x2

= 0, . . . ,
∂ f
∂xn

= 0.

For example, supposef (x,y,z) = 4x2−3xy+y2−cos(z)+1. Then we have

∂ f
∂x

= 8x−3y,
∂ f
∂y

= −3x+2y,
∂ f
∂z

= sin(z),

so there are critical points at(x,y,z) = (0,0,nπ) for n an integer.
Suppose0 is a critical point off and adjustf so thatf (0) = 0. The nature

of the critical point is determined by theHessianof f which is the symmet-
ric n× n matrix of all second partial derivatives Hess( f ) = [∂2 f/∂xi∂x j ],
since by Taylor’s Theorem we have thatf is approximated near0 by

n

∑
i=1

n

∑
j=1

∂2 f
∂xi∂x j

(0)xix j .

The Hessian defines a quadratic form, and Theorem 6.1 impliesthat there
are local coordinates(x̃1, . . . , x̃n) such thatf (x̃) near0 is approximated by

x̃2
1+ · · ·+ x̃2

t − x̃2
t+1− x̃2

r ,

wherer is the rank of Hess( f ) andt is the number of positive eigenvalues.
Suppose thatr = n. Then the critical point is a

Local Minimum: if t = n, i.e., all the eigenvalues are positive,
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Local Maximum: ift = 0, i.e., all the eigenvalues are negative,
Saddle Point: otherwise.

In our example, we have

Hess( f ) =







8 −3 0
−3 2 0
0 0 1







Expanding by the last row we get that the characteristic polynomial of this
matrix is(λ−1)((λ−8)(λ−2)−9) = (λ−1)(λ2−10λ+5). All the roots
of this equation are positive so the critical point is a localminimum.
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