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1. INTRODUCTION

PTO this point we have concentratedon applicationsof vectorsand
matricesto linearproblems,particularlysolutionsof linearequations.

However, the theorywe have developedis ratherflexible andin particular
lendsitself well to certainsituationsthatarequadraticin nature.

Considerthefollowing equationin theplane:

7x2 � 8xy
�

y2 � 3x
�

2y � 1 � 0 � (1.1)

Here we placeone constrainton two variables,so we would expect the
solutionsetto beacurve. Whattypeof curve?

Wearefamiliarwith somecurvesthataredescribedbyequationslike(1.1).
Fourparticularexamplescometo mind

Circle: x2 � y2 � r2.
Ellipse: � x2 � a2 � � � y2 � b2 � � 1
Parabola:y � ax2.
Hyperbola: � x2 � a2 ��� � y2 � b2 � � 1.
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Below we will seethattogetherwith straightlinestheseareessentiallythe
only curvesthatcanarise.We will alsoshow how we candecidewhich of
thesecorrespondto (1.1).

2. SYMMETRIC MATRICES

ET A beann � n symmetricmatrix. ThequantityxtAx definesa poly-
nomial in then coordinatesof x. For example,if A �
	 5 2

2 � 3 � thenwe
have

xtAx ��
 x1 x2 ��� 5 2
2 � 3� � x1

x2 � � 5x2
1
�

4x1x2
� 3x2

2 �
In generalthis procedureproducesa polynomial that is quadraticin the
variablesx1 � ����� � xn:

qA � x1 � x2 � ����� � xn
� � xtAx� n

∑
i � 1

n

∑
j � 1

ai jxix j � n

∑
i � 1

aii x
2
i
� ∑

1� i � j � n

2ai jxix j �
Definition2.1. Wecall qA thequadratic formassociatedto A.

Moreover, any quadraticpolynomialwithout linearor constanttermscan
bewrittenasxtAx for asuitablechoiceof A: if

q � x1 � ����� � xn
� � n

∑
i � 1

bix
2
i
� ∑

1� i � j � n

ci jxix j �
thenq � qA, where

A � ����� b1
1
2c12 ����� 1

2c1n
1
2c12 b2 ����� 1

2c2n
...

. . .
...

1
2c1n

1
2c2n ����� bn

������
Pay particularattentionto thefactor1� 2 thatappearsin front of thecoeffi-
cientsci j .
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Thetwo mostcommonexamplesoneencountersare:

n � 2 : A � � a b
b c� � qA � x � y� � ax2 � 2bxy

�
cy2 �

n � 3 : A � ��� a h g
h b f
g f c

���� � qA � x � y� z� � ax2 � by2 � cz2�
2 f yz

�
2gxz

�
2hxy�

Thenamingof theentriesin the3 � 3 caseis standardin mechanicsandI
find thefollowing mnemonichelpful

All Hairy Gorillas
Have Big Feet
Good For Climbing

Theotherspecialcaseto noteis whenA is adiagonalmatrix:

A � ����� λ1

λ2
. ..

λn

� ���� �
qA � x1 � x2 � ����� � xn

� � λ1x1
2 � λ2x2

2 � �!���"� λnxn
2

3. ORTHOGONAL CHANGES OF COORDINATES#
UPPOSE wemakeachangeof coordinates,how doesthisaffectthepoly-
nomialq? If x � Px̃ for someinvertiblen � n matrixP, then

qA � x � � xtAx � x̃tPtAPx̃ � qPtAP � x̃ � � (3.1)

We thusget a new quadraticform representedby the matrix PtAP. Note
that this is different from the formula describinghow the matrix $ T %'&& of
a linear transformationchanges:we have the transposePt insteadof the
inverseP � 1. However, if P is anorthogonalmatrix, thenPt � P � 1. Wecan
thususeour theoremondiagonalisabilityof symmetricmatricesto deduce:

Theorem3.1. Let qA be the quadratic form associatedto symmetricma-
trix A. Thenthere is an orthogonalmatrixP such that

qPtAP � x̃1 � ����� � x̃n
� � λ1x̃2

1
� λ2x̃2

2
�(�����"� λnx̃2

n

where λ1 � ����� � λn are theeigenvaluesof A.
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Thedirectionsdefinedby thecolumnsof P arecalledtheprincipal axes
of qA.

Example3.2. Considertheellipse

1
4x2 � 1

9y2 � 1 �
In this casethe quadraticform is 1

4x2 � 1
9y2 and the associatedmatrix is

diagonal,sotheprincipalaxesarealignedwith thecoordinateaxes.

Example3.3. Considertheequation

5x2 � 4xy
�

5y2 � 1 � (3.2)

Thequadraticform 5x2 � 4xy
�

5y2 hasmatrixA � 	 5 � 2� 2 5 � . Thecharacter-
istic polynomialof this matrix is

det� λI � A� � det � λ � 5 2
2 λ � 5� � λ2 � 10λ � 21 �)� λ � 3� � λ � 7� �

soA haseigenvalues3 and7. We now computethecorrespondingeigen-
vectors:

λ � 3: We solve 	 00 � �)� 3I � A� $ xy %*�
	 � 2 2
2 � 2 � $ xy % , sox � y anda cor-

respondingunit eigenvectoris 1+
2
	 11 � .

λ � 7: We now have 	 00 � �,� 7I � A� $ xy %��-	 2 2
2 2 � $ xy % , sox � � y anda

correspondingunit eigenvectoris 1+
2
	 � 1

1 � .
Thus taking P � 1+

2
	 1 � 1
1 1 � gives us a coordinatesystemin which (3.2)

becomes
3x̃2 � 7ỹ2 � 1 �

which is an ellipse,with principal axesat 45. to the usualaxes(seeFig-
ure1). Notetheellipsecrossestheseaxesat x̃ �0/ 1�21 3 andỹ �3/ 1�21 7,
respectively.

Example3.4. Thequadraticpartof equation(1.1) is q � x � y� � 7x2 � 8xy
�

y2, which is representedby thematrix A �4	 7 4
4 1 � . Thecharacteristicpoly-

nomialof A is

det� λI � A� � det � λ � 7 � 4� 4 λ � 1� � λ2 � 8λ � 9 �
soA haseigenvaluesλ � � 1 andλ � 9. Wenow find anorthonormalbasis
of eigenvectors:
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x

y

ỹ
x̃

Figure1: Theellipse5x2 5 4xy 6 5y2 7 1 with its principalaxes.

λ � � 1: 	 00 � �
	 � 8 � 4� 4 � 2 � $ xy % , which givesy � � 2x. Thecorrespond-
ingeigenvectorsarethusmultiplesof 	 1� 2 � , whichhasnormsquared
12 � � � 2� 2 � 5. A unit eigenvectoris thusgivenby

v1 � 11 5
� 1� 2� �

λ � 9: 	 00 � � 	 2 � 4� 4 8 � $ xy % , sox � 2y andacorrespondingunit eigen-
vectoris givenby

v2 � 11 5
� 21� �

Webuild P by usingthevectorsv1 andv2 for thecolumns:

P � 11 5
� 1 2� 2 1� �

ThematrixP satisfies

PtAP � � � 1 0
0 9� �

Thenew coordinatesarerelatedto theoldby 	 x̃ỹ � � Pt $ xy % sinceP � 1 � Pt . So
x̃ � 1+

5
� x � 2y� andỹ � 1+

5
� 2x
�

y� andthequadraticpartof (1.1)becomes� x̃2 � 9ỹ2 �
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4. CLASSIFYING DEGREE TWO CURVES IN THE PLANE

ONSIDER a generalcurve of degreetwo in thevariablesx andy. This
is givenby anequation

ax2 � 2bxy
�

cy2 � dx
�

ey
�

g � 0 � (4.1)

Wemayrewrite this in termsof matricesas

xtAx
�

btx
�

g � 0 � (4.2)

wherex �8$ xy % , A � 	 a b
b c � andb �)$ de % .

Wecanfind anorthogonalmatrixP suchthat

PtAP � � λ1 0
0 λ2 � �

Changingcoordinatesby � xy� � P � x̃ỹ� in (4.2),weseethat(4.1)becomes

λ1x̃2 � λ2ỹ2 � d̃x̃
�

ẽỹ
�

g � 0 �
where � d̃ẽ� � Ptb.

If λ1 andλ2 arenon-zero,thenwecanremovethelineartermsby setting
x9:� x̃

�
d̃ � � 2λ1

� andy9;� ỹ
�

ẽ� � 2λ2
� (to completethesquare)giving

λ1x9 2 � λ2y9 2 � g9 � (4.3)

whereg9 � d̃2 � � 4λ2
1
� � ẽ2 � � 4λ2

2
�<� g. Sucha changeof coordinatescorre-

spondsto moving theorigin to thepoint � � d̃ � � 2λ1
� � � ẽ� � 2λ2

��� .
Therearenow two cases:

λ1 andλ2 have thesamesign: then(4.3)describesanellipseprovided
thatg9 hasthesamesignasλ1 andλ2. If g9=� 0, wegetjustasingle
point, if g9 hastheoppositesignto λi then(4.3)hasno solutions.

λ1 andλ2 have theoppositesigns: then(4.3)describesahyperbolapro-
videdg9<>� 0. If g9?� 0 thehyperboladegeneratesto theintersection
of two straightlines.

The above casesoccurprovidedboth eigenvaluesarenon-zero.If both
eigenvaluesvanish,thentheoriginal equation(4.1) hasno quadraticterms
anddescribesa straightline. If oneeigenvaluevanishes,sayλ1 � 0, then
weputy9=� ỹ

�
ẽ� � 2λ2

� andx9?� ẽ2 � � 4λ2
2
�@� d̃x̃ � g, to getx9=� y9 2, which is
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a parabola. This requiresd̃ >� 0, if thatis not thecase,we have y9 2 � g � 0
whicheithergivesa pair of parallellines(g A 0), a line (g � 0) or is empty
(g B 0).

Thusthe only curvesother thanstraightlines that occurareparabolas,
hyperbolasor ellipses(includingcircles).

Example4.1. Let us continuewith (1.1). As the eigenvalues � 1 and 9
found in Example3.4 areof oppositesignsthis is a hyperbolaunlessit is
degenerate,i.e.,unlessg9;� 0. Wefind� d̃ẽ� � Pt � de� � 11 5

� 1 � 2
2 1 � � � 3

2 � � 11 5
� � 7� 4� �

Sowehave

g9 � d̃2 � 4 � ẽ2 � � 4 � 81��� g � 1
4

1
5
� 49
� 16

81
� � 1 >� 0 �

Therefore(1.1) is a hyperbola.

5. AN EXTREMAL PROBLEM

HANGING COORDINATES with anorthogonalmatrixhastheadvantage
thatdistancesandanglesarepreserved.This is because

Px
�
Py �8� Px � tPy � xtPtPy � xty � x

�
y �

Thussuchcoordinatechangesareappropriatein the following typeof ex-
ample.

Example5.1. Problem: Find thepointson thesurface

2x2 � 4y2 � 2z2 � 2xz � 4 (5.1)

in C 3 thatlie closesttheorigin andthosethatlie furthestfrom theorigin.
Solution: The matrix correspondingto the quadraticform 2x2 � 2y2 �

z2 � 2xz is

A � ��� 2 0 1
0 4 0
1 0 2

���� �
Thecharacteristicpolynomialof A is

det� λI � A� � det ��� λ � 2 0 � 1
0 λ � 4 0� 1 0 λ � 2

���� �
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Expandingthis determinantalongthemiddlerow weget

det� λI � A� �)� λ � 4� det � λ � 2 � 1� 1 λ � 2� �)� λ � 4� � λ2 � 4λ � 3��)� λ � 4� � λ � 3� � λ � 1� �
sotheeigenvaluesof Aare1,3and4. By theTheoremthereis anorthogonal
changeof coordinatesx � Px̃ sothat

PtAP � ��� 1 0 0
0 3 0
0 0 4

� �� (5.2)

andin this coordinatesystemequation(5.1)becomes

x̃2 � 3ỹ2 � 4z̃2 � 4 � (5.3)

This is anellipsoidwith principalaxesalignedwith thenew coordinatesys-
tem.Thepointsof (5.3) lying on thenew coordinateaxesarefoundby set-
ting two of thevariablesx̃, ỹ andz̃equalto zeroandsolving(5.3)for there-
mainingone.Thustheextremepointsareamong �D/ 2 � 0 � 0� , � 0 � / 2� 1 3 � 0�
and � 0 � 0 � / 1� . Of these�D/ 2 � 0 � 0� is furthestfrom 0 and � 0 � 0 � / 1� is closest.

We now needto find thecoordinatesof thesepointsin theoriginal coor-

dinatesystem,i.e.,we needP 
�E 2
0
0
� andP 
 0

0E 1
� . For thesewe only needto

know thefirst andlastcolumnsof P.
Thefirst columnis givenby aunit eigenvectorwith eigenvalue1 (thefirst

entryin (5.2)). To find this eigenvectorwesolve

��� 00
0

���� �F� 1I � A� ��� xy
z

���� � ��� � 1 0 � 1
0 � 3 0� 1 0 � 1

���� ��� xy
z

����
soz � � x andy � 0. Theunit eigenvectoris v1 � 1+

2

 1

0� 1
� . Thusthepoints

on (5.1) furthestfrom 0 are / 2v1 �G/H� 1 2 � 0 � � 1 2� .
For theclosestpoints,we needa unit eigenvectorwith eigenvalue4 (the

last entry in (5.2)). Sucha vector is v3 �I
 01
0
� , so the closestpoints are/ v3 �)� 0 � / 1 � 0� .
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6. ARBITRARY CHANGES OF COORDINATE

S THE discussionof classificationof curves shows, often one only
needsto know thesignsof theeigenvalues.In fact,if we allow arbi-

trary, ratherthanorthogonal,coordinatechangesthisis theonly information
thatremainsaboutaquadraticform.

Theorem6.1. Let qA bea quadratic form with matrix A. Thenthere is an
invertiblematrixQ such that

qQtAQ � x̃1 � ����� � x̃n
� � x̃2

1
�(�����"�

x̃2
t
� x̃2

t J 1
� x̃2

r �
where r is therankof A, andt is thenumberof positiveeigenvaluesof A.

Proof. By Theorem3.1 thereis an orthogonalmatrix P diagonalisingA.
Moreover, wemaychooseP sothatdiagonalentriesof PtAPareorderedas
wewish. Letshavethepositiveeigenvaluesfirst, thenegativeonesnext and
thezeroeigenvalueslast.Fix P sothat

PtAP � diag� µ2
1 � ���!� � µ2

t � � µ2
t J 1 � �!��� � � µ2

r � 0 � ���!� � 0� �
with µi B 0 for i K s. Let D bethediagonalmatrix

D � diag L 1
µ1
� ����� � 1µt

� 1
µt J 1

� ����� � 1
µr
� 1 � ����� � 1MN�

ThenD is an invertible matrix suchthat D � PtAP� D hasthe desiredform.
As D is symmetric,we take Q � PD, soQtAQ � DtPtAPD � DPtAPD, as
required. O
Example6.2. In Example3.4, we have chosenP so that the eigenvalues
comeout in thewrongorder. However, this mayberemediedby swapping
thecolumns.Soweuse

P � 11 5
� 2 1
1 � 2� �

The eigenvaluesare now 9 and � 1, so we take D � diag� 1� 3 � 1� and Q
becomes

Q � PD � 1

3 1 5
� 2 3
1 � 6� �

Onecannow checkthatQtAQ � diag� 1 � � 1� .
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Definition 6.3. The rankof qA is therankof A. Thesignature of qA is the
numberof positive eigenvaluesof A minusthe numberof negative eigen-
values.

For A P M � n � n� , qA is non-degenerate if its rank is n. qA is positive
definiteif its signatureequalsn, i.e., if all eigenvaluesof A arepositive.

In thenotationof theTheorem,therankof qA is r, thesignatureof qA is
s : � 2t � r. Notethatt �)� s � r �!� 2, sotherankandsignaturedeterminethe
form of q in theTheorem.

Example6.4. If the rank is 4, q is non-degenerateand the signature� 2,
thenthereis coordinatesystemin whichq � x1 � x2 � x3 � x4

� � x2
1
� x2

2
� x2

3
� x2

4,
which is aLorentzmetric.

7. CRITICAL POINTS OF SMOOTH FUNCTIONS

ET f : C n Q C beasmoothfunction.Thecritical pointsof f arepoints
satisfying

∂ f
∂x1
� 0 � ∂ f

∂x2
� 0 � �!��� � ∂ f

∂xn
� 0 �

For example,supposef � x � y� z� � 4x2 � 3xy
�

y2 � cos� z� � 1. Thenwehave

∂ f
∂x
� 8x � 3y� ∂ f

∂y
� � 3x

�
2y� ∂ f

∂z
� sin� z� �

sotherearecritical pointsat � x � y� z� �)� 0 � 0 � nπ � for n aninteger.
Suppose0 is acritical pointof f andadjustf sothat f � 0 � � 0. Thenature

of thecritical point is determinedby theHessianof f which is thesymmet-
ric n � n matrix of all secondpartial derivativesHess� f � �R$ ∂2 f � ∂xi∂x j % ,
sinceby Taylor’sTheoremwehave that f is approximatednear0 by

n

∑
i � 1

n

∑
j � 1

∂2 f
∂xi∂x j

� 0 � xix j �
TheHessiandefinesa quadraticform, andTheorem6.1 implies that there
arelocal coordinates� x̃1 � �!��� � x̃n

� suchthat f � x̃ � near0 is approximatedby

x̃2
1
�(�����!�

x̃2
t
� x̃2

t J 1
� x̃2

r �
wherer is therankof Hess� f � andt is thenumberof positiveeigenvalues.

Supposethatr � n. Thenthecritical point is a

LocalMinimum: if t � n, i.e.,all theeigenvaluesarepositive,
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LocalMaximum: if t � 0, i.e.,all theeigenvaluesarenegative,
SaddlePoint: otherwise.

In our example,wehave

Hess� f � � ��� 8 � 3 0� 3 2 0
0 0 1

����
Expandingby thelastrow we getthat thecharacteristicpolynomialof this
matrix is � λ � 1� �!� λ � 8� � λ � 2�S� 9� �F� λ � 1� � λ2 � 10λ � 5� . All theroots
of this equationarepositivesothecritical point is a local minimum.
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