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PTO this point we have concentratesn applicationsof vectorsand
matricego linearproblemsparticularlysolutionsof linearequations.
However, the theorywe have developedis ratherflexible andin particular

lendsitself well to certainsituationsthatarequadratian nature.

Considerthefollowing equationin theplane:

7x2+8xy+y2 —3x+2y—1=0.

(1.1)

Here we place one constrainton two variables,so we would expect the

solutionsetto bea curve. Whattype of curve?

Wearefamiliarwith somecurvesthataredescribedy equationdike(1.1).

Four particularexamplescometo mind
Circle: > +y? =r2.
Ellipse: (x*/a%) + (y?/b?) = 1
Parabola:y = ax.
Hyperbola: (x%/a?) — (y?/b?) = 1.
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Below we will seethattogethemwith straightlinestheseareessentiallythe
only curvesthatcanarise.We will alsoshov how we candecidewhich of
thesecorrespondo (1.1).

2. SYMMETRIC MATRICES

LET A beann x n symmetricmatrix. The quantityx!Ax definesa poly-
nomialin then coordinatef x. For example,if A= [3 2] thenwe
have

X AX = [xl xz] [2 _2 ] [2] = 5%F 4 4x1Xp — 3%3.

In generalthis procedureproducesa polynomial that is quadraticin the
variablesxy, ..., Xn:

qA(XlaXZa ey Xl’l) = XtAX

n n n
- Ziz aj%Xj = Zlanx.-2+ Y 2a%X.
i=1j=1 i= 1=i<j<n

Definition 2.1. We call ga the quadratic form associatedo A.

Moreover, ary quadratigpolynomialwithoutlinearor constantermscan
bewritten asx!Ax for asuitablechoiceof A: if

n
q(X1,...,%) = Zlbixi2+ Z CijXiXj,
i= 1=i<j<n

theng = ga, where

1 1
bl §C]_2 . e icln
1 1
5C12 b2 ... 5C2n
A= |? 2
1 1
iCln §C2n e bn

Pay particularattentionto the factor1/2 thatappearsn front of the coefi-
cientscij.
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Thetwo mostcommonexamplesoneencounterare:

n=2: A= Z 2 , ga(x,y) = ax + 2bxy+ cy?,
a h g
n=3: A=|h b f|, qa(xy,2)=al+by+c?
g f c 4 2fyz+ 2gxz+ 2hxy.

The namingof the entriesin the 3 x 3 caseis standardn mechanicsand|
find thefollowing mnemonichelpful

All Hairy Gorillas
Have Big Feet
Good For  Climbing

Theotherspecialcaseto noteis whenA is adiagonalmatrix:

v

A= 2

An
OA(XL, X2, - -, Xn) = ApXa2 + ApXo? + -+ - 4 Ak

3. ORTHOGONAL CHANGES OF COORDINATES

S UPPOSE we make achangeof coordinateshow doesthis affectthepoly-
nomialg? If x = PX for someinvertiblen x n matrix P, then

ga(x) = X'Ax = X'P'APX = gptap(X). (3.1)

We thusget a new quadraticform representedy the matrix PLAP. Note
that this is different from the formula describinghow the matrix [T]3 of
a linear transformationchanges:we have the transposeP! insteadof the
inverseP~L. However, if P is anorthogonaimatrix, thenP' = P~1. We can
thususeourtheoremon diagonalisabilityof symmetricmatricesto deduce:

Theorem3.1. Let ga be the quadratic form associatedo symmetricma-
trix A. Thenthere is an orthogonalmatrix P sud that

. . 2 3 o2 o2
AptAP(X1, - -+, %n) = AaXT + A% + - - -+ Anky

wherA,..., A, aretheeigenvaluesof A.
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Thedirectionsdefinedby the columnsof P arecalledthe principal axes
of da.

Example3.2. Considertheellipse

12, 1,2 _

ZX + §y2 =1.
In this casethe quadraticform is %xz + %yz andthe associatednatrix is
diagonal sotheprincipalaxesarealignedwith the coordinateaxes.

Example3.3. Considertheequation

5x% — 4xy+ 5y = 1. (3.2)
Thequadratidorm 5x2 — 4xy+ 5y? hasmatrix A= [ 3, 2?|. Thecharacter
istic polynomialof this matrixis

det Al — A) :det[)‘;‘:’ A:] =M —100+21=(A—-3)(A—7),

so A haseigervalues3 and7. We now computethe correspondingigen-
vectors:

A =3: Wesolve [J] = (3l — =[7

respondlnanltelgen/ectorls [ .

A =7: We now have [J] = (71 - A) [31=[33] 3], sox=—y anda

. . . . 1 -1
correspondinginit eigervectoris NG [

Thus taking P = % [1 7] givesus a coordinatesystemin which (3.2)
becomes

%] [¥], sox=y anda cor

S|H‘S<

S+ TP =1,
which is an ellipse, with principal axesat 45° to the usualaxes (seeFig-
ure1). NotetheellipsecrossesheseaxesatX = +1/+/3 andy = +1/+/7,
respectrely.

Example3.4. The quadraticpartof equation(1.1)is q(x,y) = 7x° + 8xy+
y2, which is representetby the matrix A = [Z ‘1‘] . The characteristigoly-
nomialof Ais

B A=7 4| .,
detAl — A) _det[ 4 }\—1] =AN"—8A-9,

SOA haseigervaluesh = —1 andA = 9. We now find anorthonormabasis
of eigervectors:
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Figurel: Theellipse5x? — 4xy+ 5y? = 1 with its principal axes.

A= -1: [8] = [Z8 73] [J], which givesy = —2x. Thecorrespond-
ing eigervectorsarethusmultiplesof [_ ] , whichhasnormsquared
12 + (—2)? = 5. A unit eigervectoris thusgivenby

11
Vl_% R

A=9:[3] =[2 3] [¥], sox= 2y andacorrespondinginit eigen-

vectoris givenby
Vo — 1 (2

We build P by usingthevectorsv, andv, for thecolumns:

Thematrix P satisfies

1
o112

V5 -2 1|

P'AP =

Thenew coordinatesirerelatedotheold by [§] = P'[}] sinceP1=P'. So

x_\/g(

—2y)andy = f(2x+y) andthe quadraticpartof (1.1) becomes

—52 4+ 9.
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4. CLASSIFYING DEGREE TwoO CURVES IN THE PLANE

C ONSIDER ageneralcurve of degreetwo in the variablesx andy. This
is givenby anequation

ax + 2bxy+ cy? + dx+ey+g=0. (4.1)
We may rewrite thisin termsof matricesas
X!AX+b'x+g=0, (4.2)
wherex = [J], A= [32] andb=[d].
We canfind anorthogonaimatrix P suchthat

A o]

P'AP =
0 Az

Changingcoordinatedy k =P

§] in (4.2), we seethat(4.1) becomes

A%+ NP+ dX+ & +g=0,

~

where (j = P'b.
8

If A1 andA, arenon-zerothenwe canremovethelineartermsby setting
X = %+d/(2\1) andy = §+&/(2\,) (to completethe square)giving

)\1)(IZ+)\2)/2 = g’, (4-3)

whereg' = d?/(4)\3) + &/(4\3) — g. Sucha changeof coordinatesorre-
spondsto moving theorigin to the point (—d/(2\1), —&/(2\2)).
Therearenow two cases:

A1 andA2 have thesamesign: then(4.3)describesnellipseprovided
thatg’ hasthesamesignasA andA,. If ¢ = 0, we getjustasingle
point,if g hasthe oppositesignto A; then(4.3) hasno solutions.

A1 andA2 have theoppositesigns: then(4.3)describeshyperbolgpro-
videdd' # 0. If ¢’ = 0 thehyperboladegenerateso theintersection
of two straightlines.

The above casesoccur provided both eigervaluesare non-zero. If both
eigervaluesvanish,thenthe original equation(4.1) hasno quadraticterms
anddescribesa straightline. If oneeigervaluevanishessayA; = 0, then
weputy = §+8&/(2\2) andxX’ = &/(4\3) — d%— g, to getx’ = y'%, whichis
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aparabola Thisrequiresd 0, if thatis notthe casewe have y’2 +9=0
which eithergivesa pair of parallellines(g < 0), aline (g = 0) or is empty
(9> 0).

Thusthe only curvesotherthan straightlines that occurare parabolas,
hyperbolasr ellipses(includingcircles).

Example4.1. Let us continuewith (1.1). As the eigervalues—1 and 9
foundin Example3.4 areof oppositesignsthis is a hyperbolaunlessit is
degeneratei.e., unlessy = 0. We find

o=l =l 31wl

Sowe have

! q2 % _ _}} 1_6
o =d°/4+&/(4x81) —g= 7 (49+57) +1#0.

Thereforg(1.1)is ahyperbola.

5. AN EXTREMAL PROBLEM

HANGING COORDINATES with anorthogonamatrix hastheadvantage
thatdistancesandanglesarepresered. Thisis because

Px-Py = (Px)'Py = xX'P'Py = x'y = x-y.
Thussuchcoordinatechangesareappropriaten the following type of ex-
ample.

Example5.1. Problem Findthe pointsonthesurface
2+ 4y? + 27+ 2xz=4 (5.1)

in R3 thatlie closestheorigin andthosethatlie furthestfrom the origin.
Solution The matrix correspondingo the quadraticform 2x? + 2y? +
7+ 2xzis

A=

= ON
o M~ O
N O B

Thecharacteristipolynomialof Ais
A—-2 0 -1
detAl —A)=det| 0 A—-4 0 |.
-1 0 A-=-2
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Expandinghis determinantlongthe middlerow we get

-1 A-=-2
=A-4HA-3)(A-1),

detAl —A) = ()\—4)det[)\_2 -t ] =A=4)(A\>—4r+3)

sotheeigervaluesof Aarel, 3and4. By theTheorenthereis anorthogonal
changeof coordinatex = PX sothat

100
PPAP= [0 3 0 (5.2)
0 0 4
andin this coordinatesystemequation(5.1) becomes
R4 3P+ 47 =4, (5.3)

Thisis anellipsoidwith principalaxesalignedwith thenew coordinatesys-
tem. The pointsof (5.3) lying onthe new coordinateaxesarefound by set-
ting two of thevariablesX, ¥ andZ equalto zeroandsolving(5.3)for there-
mainingone. Thusthe extremepointsareamong(+2,0,0), (0,42/+/3,0)
and(0,0,+1). Of these(+2,0,0) is furthestirom 0 and(0, 0, +-1) is closest.

We now needto find the coordinate®f thesepointsin the original coor
dinatesystem|.e., we needP %2] andP [181]' For thesewe only needto
know thefirst andlastcolumnsc?f P.

Thefirst columnis givenby a unit eigervectorwith eigervaluel (thefirst
entryin (5.2)). To find this eigervectorwe solve

0 X -1 0 -—-1| |x
o =(l=-A)|y]=|0 -3 0] |y
0 z -1 0 -1 |z

. . 1 :
soz= —xandy = 0. Theunit eigervectoris vy = % [ 01] . Thusthepoints

on (5.1) furthestfrom 0 are+2vy = +(v/2,0,—v/2).
For the closestpoints,we needa unit eigervectorwith eigervalue4 (the
last entry in (5.2)). Sucha vectoris vz = [g] , SO the closestpoints are

+vz = (0,+1,0).
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6. ARBITRARY CHANGES OF COORDINATE

S THE discussionof classificationof curves shavs, often one only
A needdo know the signsof the eigervalues.In fact,if we allow arbi-
trary, ratherthanorthogonalcoordinatechangeshisis theonly information
thatremainsabouta quadratidorm.

Theorem6.1. Let ga be a quadmtic form with matrix A. Thenthereis an

invertible matrix Q sud that

thAQ()zl,...,)’zn) :)2%+...+)’ZE2_)?{2+1_)?$’

wheer is therankof A, andt is the numberof positiveeigernvaluesof A.
Proof. By Theorema3.1 thereis an orthogonalmatrix P diagonalisingA.
Moreover, we maychooseP sothatdiagonalentriesof PLAP areorderedas

wewish. Letshave the positive eigervaluesfirst, thenegative onesnext and
thezeroeigervalueslast. Fix P sothat

P'AP = diag(Ls, . .., 1, — 1, 1,- -, —1Z,0,...,0),
with | > O for i < s. Let D bethediagonalmatrix
D= diag(i,...,i,i,...,1,1,...,1> .
M1 Mo Me+1 Hr
ThenD is aninvertible matrix suchthat D(P'AP)D hasthe desiredform.

As D is symmetricwe take Q = PD, so Q'AQ = D'P!APD = DP'APD, as
required. O

Example6.2. In Example3.4, we have chosenP so that the eigervalues
comeoutin thewrongorder However, this may be remediedoy swapping
thecolumns.Sowe use

p_ 112 1
V5|1 2|
The eigervaluesare now 9 and —1, so we take D = diag(1/3,1) andQ

becomes
1 |2 3
=PD=—"— }
Q 3v/5 [1 —6]

Onecannow checkthatQ'AQ = diag(1, —1).
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Definition 6.3. Therankof g is therankof A. The signatue of g, is the
numberof positive eigervaluesof A minusthe numberof negative eigen-
values.

For A € M(n,n), ga is non-dgeneate if its rankis n. ga is positive
definiteif its signatureesquals, i.e.,if all eigervaluesof A arepositive.

In the notationof the Theoremtherankof ga is r, the signatureof ga is
s:= 2t —r. Notethatt = (s+r)/2, sotherankandsignaturedeterminethe
form of g in theTheorem.

Example6.4. If therankis 4, g is non-dgenerateand the signature—2,
thenthereis coordinatesystemin which g(xq, X2, X3, X4) = X2 — X3 — X3 — X2,

whichis a Lorentzmetric.

7. CRITICAL POINTS OF SMOOTH FUNCTIONS

LET f: R" — R beasmoothfunction. Thecritical pointsof f arepoints
satisfying
of of of
—=0, —=0,..., —=
aX1 ’ 6X2 ’ ’ aXn
For example supposé (X, Y, z) = 4x? — 3xy+Yy? — cogz) + 1. Thenwe have

of of of .
X 8x — 3y, - —3X+ 2y, 3 sin(z),

sotherearecritical pointsat (x,y,z) = (0, 0, nt) for n aninteger.

Suppos® is acritical pointof f andadjustf sothat f (0) = 0. Thenature
of thecritical pointis determinedy the Hessiarnof f whichis thesymmet-
ric nx n matrix of all secondpartial derivatives Hesg f) = [02f /ax0x;],
sinceby Taylor's Theoremwe have that f is approximatedearO by

0.

nnaz

f
0)xiXj.
i;j;axiaxj( i

The Hessiandefinesa quadraticform, and Theorem6.1 implies thatthere
arelocal coordinategXy, ..., %,) suchthat f (X) nearO is approximatedy

o2 22 R
XX — XX,

wherer is therankof Hesg f) andt is thenumberof positive eigervalues.
Supposehatr = n. Thenthecritical pointis a
Local Minimum: if t =n, i.e.,all theeigervaluesarepositive,
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Local Maximum: if t = 0, i.e., all theeigervaluesarenegatie,
SaddlePoint: otherwise.

In our example,we have

8 -30
Hes¢f)=|1-3 2 O
0O 0 1

Expandingby the lastrow we getthatthe characteristigpolynomialof this
matrixis (A —1)((A =8)(A = 2) —9) = (A — 1)(A> = 10\ +5). All theroots
of this equationarepositive sothecritical pointis alocal minimum.
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