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» Instructor
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» Teaching Assistants

> Tikva Kathja Begh Fuglg, tifug09 (at) student.sdu.dk
> Christian Kudahl, kudahl (at)gmail.com
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» Hours

> Lecture: Tuesdays 8-10, Thursday 10-12
> Discussion sections: see online

Textbook

» Discrete Mathematics and Its Applications,
> Rosen
> 6th Edition
> McGraw Hill
> 2006

Discrete Mathematics
and Its Applications

Overview

» Much of the basic mathematical machinery useful
in computer science / mathematics will be
presented, with applications.

» Students will learn actively the art of creating real-
world proofs in these areas,

o preparing them for diverse regions of computer science /
mathematics such as cryptography, algorithmics, automata,
programming languages, ..., and

> increasing their general problem-solving abilities in all
areas.




Why study Discrete Maths?

» Proof

> Ability to understand and create mathematical
argument

» Gateway to more advanced math/CS courses

- Data structures, algorithms, automata theory,
formal languages

- Database, networks, operating system, security

P

Course content

Ch. 1: Logic and Proofs

Ch. 2: Sets, Functions, Sequences and Sums
Ch. 3: Algorithms, the Integers, and Matrices
Ch. 4: Induction and Recursion

v v v v

» Ch. 8: Relations

Due dates and Submission

» Due dates for all assignments are strict.
» There will be three mandatory assignments.
» Count for 30% of the final grade.

» First mandatory assignment is available already.
Deadline: Sept. 17th, 13:00

B
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Propositional Logic
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Teaser

» There are two
doors. One door
leads in the right dlrectlon the other one leads in
the wrong direction. There are two people standing
in front of the doors. One always lies, and one
always tells the truth. You don't know which one is
the liar, and you don't know which door is the
wrong door. What one question can you ask that
will tell you which door you should take?

(from the movie “Labyrinth”)

/%///// ;
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Propositions

» A proposition is a statement that can be
either true or false
- “Anders has an Apple laptop.”
- “Anders is a professor.”
23=2+41
©“3=2+2

» Not propositions:
> “Are you Bob?”
o “X + y — 7!)
“Read this carefully.”
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Propositional variables

» We use propositional variables to refer to
propositions

> Usually are lower case letters starting with p (i.e. p,
q, r, s, etc.)

- A propositional variable can have one of two values:
true (T) or false (F)

» A proposition can be...
> A single variable: p
> An operation of multiple variables: pa(gv—r)
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Introduction to Logical Operators

» About a dozen logical operators
- Similar to algebraic operators + * - /

» In the following examples,
- p = "“Today is Friday”
- g = “Today is my birthday”
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Logical operators: Not

» A “not” operation switches (negates) the truth
value

p —p
» Symbol: = or ~ T r
» =p = “Today is not Friday” F
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Logical operators: And

» An “and” operation is true if both operands

are true

» Symbol: A
> It’s like the ‘A’ in And

» panqg = “Today is Friday and
today is my birthday”

pAq

MM 4| 4|

m|H|m|H[Q
Mm|m| |-
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Logical operators: Or

» An “or” operation is true if either operands

are true
p g | bvg
» Symbol: v T T -
» pvg = “Today is Friday or T F T
today is my birthday (or F T T
possibly both)” F F F
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Logical operators: Exclusive Or

» An exclusive or operation is true if one of the
operands are true, but false if both are true

» Symbol: @
» Often called XOR

» pPRg=(pVv g A—(PA Q)

» p®g = “Today is Friday or

today is my birthday, but not both”

p | g |poq
T T ] F
T | F | T
F |l v ] 7
F| F | F
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Inclusive Or versus Exclusive Or

» Do these sentences mean inclusive or
exclusive or?
- Experience with C++ or Java is required
> Lunch includes soup or salad

> To enter the country, you need a passport or a
driver’s license

mx
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Logical operators: Conditional 1

» A conditional means “if pthen g’
» Symbol: —

» p—g = “If today is P qa |P—q
Friday, then today T T T
is my birthday” T F F
» P—qg=—pvq E T | T
T \ F F | T
the the
antecedent/ consequence/
hypothesis conclusion

N X
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Logical operators: Conditional 2

» Let p="“l am elected” and g = “I will lower taxes”

» | state: p— g = “If | am elected,
then | will lower taxes” p q p—q

» Consider all possibilities T T T

T F F

» Note that if pis false, then F T T
the conditional is true regardless F F T
of whether g is true or false
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Logical operators: Conditional 3

» Alternate ways of stating a conditional:
o pimplies g
- Ifp, g
- ponlyif g
- pis sufficient for g
- qif p
> gwhenever p
> @gis necessary for p
> gunless —p

MM524 / DM527 - Fall 2010

20




Logical operators: Conditional 4

Logical operators: Bi-conditional 1

» A bi-conditional means “p if and only if ¢’
» Symbol: &

Conditional | Inverse | Converse | Contrapositive » Alternatively, it means p a |p<g
P19|=P |4 “(if pthen g) and T T T
LI L (if g then p)” T F F
l : : l » Note that a bi-conditional F T F
TR has the opposite truth values F F T
of the exclusive or
Logical operators: Bi-conditional 2 Boolean operators summary
» Let p = “You take this class” and g = “You get not | not | and or xor | conditional | Bi-conditional
a grade” plal —-p | =9 | prq | Pvq | p®q p—q peq
<
» Then p<>g means i _CII_ qu LI LI I T T F T T
“You take this class if T/JFLF T F T T F F
and only if you get a T F F FIT| T | F]F | T T T F
grade” F T F FIF| T | T F F F T T
» Alternatively, it means “If F F T

you take this class, then
you get a grade and if you get a grade then
you take (took) this class”

B
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» Learn what they mean, don’t just memorize
the table!

B
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Precedence of operators

» Just as in algebra, operators have precedence
o 44+3%2 = 4+(3*2), not (4+3)*2
» Precedence order (from highest to lowest):

> The first three are the most important

» This means that pv gA —r— s—t
yields: (pv (gA (=n) — ) — (D

» Not is a/ways performed before any other
operation
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Translating English Sentences

» Question 7 from Rosen, p. 17
> p="ltis below freezing”
> g = "Itis snowing”

It is below freezing and it is snowing prg

It is below freezing but not snowing PA—q
It is not below freezing and it is not snowing —pA—qQq
It is either snowing or below freezing (or both) pvg

If it is below freezing, it is also snowing p—q

It is either below freezing or it is snowing, (pv@)a(p——q)
but it is not snowing if it is below freezing

» That it is below freezing is necessary and
sufficient for it to be snowing

v v v v v v

peq
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Translation (related) Example 2

> A study showed that there is a positive correlation
between “chance of being bitten by a snake” and
“frequency of ice eating”.
o Conclusions: (?7?)
- If you eat more ice, then you will more often be bitten by a
snake. 7??
- If you are bitten often by a snake, then you more frequently
eat ice. 777
> Sleeping with one's shoes on is strongly correlated with
waking up with a headache. Therefore, sleeping with
one's shoes on causes headache.

> NO!
Correlating data vs. cause and effect
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Translation Example 3

» “I have neither given nor received help on this
exam”

» Let p = “I have given help on this exam”
» Let g = “I have received help on this exam”
» mpATq
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Translation Example 4

» You can access the Internet from campus only
if you are a computer science major or you
are not a freshman.

ra—(cv—f)

-
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Boolean Searches

GOUSIQ" EMM524 OR DMSZZ) AND “merkle” AND
computer science

» Note that Google requires you to capitalize
Boolean operators

» Google defaults to AND; many others do not
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Bit Operations

» Boolean values can be represented as 1 (true)
and O (false)

» A bit string is a series of Boolean values.
Length of the string is the number of bits.
> 10110100 is eight Boolean values in one string

» We can then do operations on these Boolean
strings

> Each column is its own 01011010
Boolean operation ©10110100
11101110

B
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Tautology, Contradiction, Equivalence

» Tautology: a compound proposition that’s always true
> p v = p will always be true

» Contradiction: a compound proposition that’s always false
> p A= p will always be false

» Contingency: neither a tatology nor a contradiction

» A logical equivalence means that the two sides always have
the same truth values

> Symbol is = or & (we’ll use =)
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Examples

» Identity law p A T=p

p T PAT
T T T
F T F

» Commutative law pAgq=qgaAp

p q PAQ gAp
T T T T
T F F F
F T F F
F F F F

MM524 / DM527 - Fall 2010
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Examples
» Associative law (pAgq)Ar=pA(gAar)
P|ag|r| prq (PAQ)Ar | gar | pa(gar)
T|T| T
TIT|F| T
TIF|T| F
TIF|F| F
FIT|T| F
FIT|F| F
FIF|T| F
FIF|F| F
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How to prove equivalence?

» Two methods:
> Using truth tables
- Not good for long formula
- In this course, only allowed if specifically stated!
> Using the logical equivalences
- The preferred method

r(p->nNDv@—->nN=pPaqg)-r

36




Truth Table Solution Logical Equivalences

P T= P Identity Laws (p v q) vr=pv (q v r) Associative laws
»r(p—=nNvg—=n=(parqg) —r pvF=p (PAQ) AT=pA(gnar)
p CI r p_)r CI d (p_}r)\/(q —>I’) p/\q (p/\Q) d PV T=T Domination Law pv (q A r) = (p v CI) A (p v r) Distributive laws
T 1Tl T T parF=F pr(@vr=(parq)v(par)
TTIF F F z v E = E Ider&[\);):ent - EE A g; =" z v g De Morgan’s laws
A = - % = =1 A T
T FT| T T
T F F F T —(=p)=p negztiiuot:elaw E : EE C g; i E Absorption laws
FIT|T T T pvg=qvp Commutative pv—ap=T Negation laws
FTElI T F pAgq=qgAp Laws par-p=F
FFET| T T initi initi
Sl S5q=-pva | TOOERST | pea=(odAa@—P) | peonditon
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Proof using Logical Equivalence Example
pPp—=>nNvig—-rn » Show that (p A q) — (p v q) is a Tautology.
= (=pvr)v(=qvr) Definition of implication (Proof)
= apvrvaqvr Associative pPprq)—(pva)
= mpv-oqvrvr Commutative == (parqg)vipvQq) Def. of implication
= (hpv—aq)v(rvr)  Associative ==pvaq vipva) De Morgan
= 7 (p A CI) v r De Morgan, Idempotent = (—| pvVv p) \Y% (—| qvVv q) Commutative, Associative
=(paq)—>r Definition of implication =TvT Negation

=T Identity




Example

» At a trial:
o Bill says: “Sue is guilty and Fred is innocent.”
> Sue says: “If Bill is guilty, then so is Fred.”
> Fred says: “l am innocent, but at least one of the others is
guilty.”
» Let b = Bill is innocent, f = Fred is innocent, and
s = Sue is innocent

» Statements are:

o =sAf
o =b - —f
o fA(=bv —s)

» Can all of their statements be true???

MM524 / DM527 - Fall 2010
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Example (cnt)

>(—|S/\f)/\(—lb%—lf)/\(f/\(ﬂb\/—lS))ET
(=sAf)A AfA(E=DbVAS)
=((sAPH)A(fA(=bv=9)A
=(@sAfa(Ebvas)albyv—af

Abv-—f)

Abv—af)
(AsAfaAb)v(EsaAfaAaT
(~sAfAb)VF

=—-sAfab
» So what is the conclusion?

MM524 / DM527 - Fall 2010
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» How can we express
- “every computer in CS department is protected by
intrusion detection system”

o “There exists at least one student who has a red
hair”.

» “x is greater than 3"
> X: subject/variable
> “is greater than 3”: predicate
> P(x): propositional function P at x

MM524 / DM527 - Fall 2010
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Propositional Functions Anatomy of a propositional function

» Consider P(x) = x < 5
> P(x) has no truth values (x is not given a value)
> P(1) is true: The proposition 1<5 is true P(X) =X+5>X

> P(10) is false: The proposition 10<5 is false / H—j
variable

predicate
» P(x) will create a proposition when given a value

» Let P(x) = “x is a multiple of 5”
> For what values of x is P(x) true?

» LetP(xX) =(x + 3 ==0)
> For what values of x is P(x) true?
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Propositional functions 3 Quantifiers

» Functions with multiple variables: » Why quantifiers?
> Many things (in this course and beyond) are specified using

quantifiers
° P(X,Y) =Xty== - In some cases, i_t’_s a more accurate way to describe things than
- P(1,2) is false, P(1,-1) is true Boolean propositions
CPX,Y,Z) =X+ Yy ==z » Quantification expresses the extend to which a

- P(3.4.5) is false, P(1.2.3) is true predicate is true over a range of elements.

» Two types:
> Universal
o Existential

o P(Xq,X5,X3 ... X)) = ...
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Universal quantifiers 1

» Represented by an upside-down A: V
> It means “for all”
o Let P(x) = x+1 > x

» We can state the following:
> VX P(x)
- English translation: “for all values of x, P(x) is true”

> English translation: “for all values of x, x+1>x is
true”
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Universal quantifiers 2

» But is that always true?
o VX P(X)

» Let x = the character ‘a’
o s ‘a’+1 > ‘a’?

» Let x = the state of Minnesota
> |Is Minnesota+1 > Minnesota?

» You need to specify your universe!
- What values x can represent
> Called the “domain” or “universe of discourse”

MM524 / DM527 - Fall 2010
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Universal quantifiers 3

» Let the universe be the real numbers.

Let P(x) = x/2 < x
> Not true for the negative numbers!
> Thus, Vx P(x) is false
+ When the domain is all the real numbers

v

» In order to prove that a universal quantification
is true, it must be shown for ALL cases

» In order to prove that a universal quantification
is false, it must be shown to be false for only
ONE case
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Universal quantification 4

» Given some propositional function P(x)

» And values in the universe x; .. X

n

» The universal quantification vx P(x) is the
same as the following conjunction:

P(x;) A P(X5) A ... A P(X,)

MM524 / DM527 - Fall 2010
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Existential quantification 1

» Represented by an backwards E: 3
> It means “there exists”
o Let P(x) = x+1 > x

» We can state the following:
o Ix P(x)
> English translation: “there exists (a value of) x such
that P(x) is true”
- English translation: “for at least one value of x,
x+1>x is true”
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Existential quantification 2

» Note that you still have to specify your
universe

» Let P(X) = x+1 < x
- Let the universe be all real numbers
> There is no numerical value x for which x+1<x
> Thus, 3x P(x) is false

MM524 / DM527 - Fall 2010
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Existential quantification 3

» Let P(X) = x+1 > x
o Let the universe be all real numbers
> There is a numerical value for which x+1>x
> In fact, it’s true for all of the values of x!
> Thus, 3 x P(x) is true

» In order to show an existential quantification
is true, you only have to find ONE value

» In order to show an existential quantification
is false, you have to show it’s false for ALL
values
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Existential quantification 4

» Given some propositional function P(x)
» And values in the universe x; .. x,,

» The existential quantification 3Ix P(x) is
equivalent to:

P(x;) v P(x5) v ... v P(X,)

MM524 / DM527 - Fall 2010
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A note on quantifiers

» Recall that P(x) is a propositional function
o Let P(x) be “x == 0"

» Recall that a proposition is a statement that is either
true or false
> P(x) is not a proposition
» There are two ways to make a propositional function
into a proposition:
> Supply it with a value
- For example, P(5) is false, P(0) is true
> Provide a quantification

+ For example, vx P(x) is false and 3x P(x) is true
- Let the universe of discourse be the real numbers
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Binding variables
» Let P(x,y) be x >y

» Consider: Vx P(x,y)
> This is not a proposition!
o Universe: all real numbers.
> What is y?
- Ifit’s 5, then vx P(x,y) is false

» Note that y is not “bound” by a quantifier

» Scope of binding: the part of the logical expression to
which a quantifier is applied

» Precedence of quantifiers: higher then all logical
operatos

MM524 / DM527 - Fall 2010
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Binding variables 2

» IX P(x) v Q(x)

> The x in Q(x) is not bound; thus not a proposition

» IX P(X) v Vx Q(x)
> Both x values are bound; thus it is a proposition

» 3x (P(x) A Q(x)) v (Vy R(y))
- All variables are bound; thus it is a proposition

» Ix (P(X) A Q(y)) v (VY R(y))
> The y in Q(y) is not bound; this not a proposition
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Negating quantifications

» Consider the statement:
o All students in this class have red hair

» What is required to show the statement is false?

o There exists a student in this class that does NOT have red
hair

» To negate a universal quantification:
> You negate the propositional function
> AND you change to an existential quantification
o VX P(x) = Ix —P(x)

MM524 / DM527 - Fall 2010
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Negating quantifications 2

» Consider the statement:
o There is a student in this class with red hair

» What is required to show the statement is false?
o All students in this class do not have red hair

» Thus, to negate an existential quantification:
> To negate the propositional function
> AND you change to a universal quantification
o —3x P(x) = Vx —P(x)
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TABLE 2 De Morgan’s Laws for Quantifiers.

Negation Equivalent Statement When Is Negation True? When False?
—dx P(x) Yx— P(x) For every x, P(x) s false. There is an x for which
P(x) is true.
—¥x P(x) Ix—-P(x) There 1s an x for which P(x)1s true for every x.
P(x)is false.

MM524 / DM527 - Fall 2010
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Translating from English

» What about if the universe of discourse is all
students (or all people?)
> Every student in this class has studied calculus.
o VX (S(X)AC(X))
+ This is wrong! Why?
> VX (S(x)—C(x))
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Translating from English 3

» Consider:
> “Some students have visited Mexico”

- “Every student in this class has visited Canada or
Mexico”

» Let:

> S(x) be “x is a student in this class”
o M(x) be “x has visited Mexico”
> C(x) be “x has visited Canada”

MM524 / DM527 - Fall 2010
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Translating from English 4

» Consider: “Some students have visited Mexico”
> Rephrasing: “There exists a student who has visited Mexico”

» IX M(x)
> True if the universe of discourse is all students

» What about if the universe of discourse is all people?
o A (S(x) = M(x))
+ This is wrong! Why?
o 3x (S(x) A M(x))

P
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Translating from English 5

» Consider: “Every student in this class has
visited Canada or Mexico”

» VX (M(x)vC(x))
- When the universe of discourse is all students

» VX (S(X)—(M(x)vC(x))

> When the universe of discourse is all people
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A Teaser: Logic Programming
» Prolog: PROgramming in LOGic

» Prolog facts define predicates by specifying
elements that satisfy these predicates.

» Prolog rules define new predicates using
already defined facts.

» http://www.csse.monash.edu.au/~lloyd/tilde
Logic/Prolog.toy/Examples/Aunt/

o
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Multiple quantifiers

» You can have multiple quantifiers on a statement

» Vx3y P(X, y)
> “For all x, there exists a y such that P(x,y)”
o Example: Vx3y (x+y == 0)

» AXVY P(X,y)

o There exists an x such that for all y P(x,y) is true”
o Example: IxVy (x*y == 0)
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Order of quantifiers
» AxVy P(x,y) and vx3y P(x,y) are not equivalent!

» AxVY P(x,y)
> P(x,y) = (x+y == 0) is false (Note: Universe!)
» Vx3y P(x,y)

> P(x,y) = (x+y == 0) is true (Again! Universe?)

MM524 / DM527 - Fall 2010 70

Negating multiple quantifiers

» Recall negation rules for single
quantifiers:
o =VX P(x) = Ix =P(x)
o =3IXx P(x) = VX —P(x)

- Essentially, you change the quantifier(s), and negate
what it’s quantifying

» Examples:
—(Vx3y P(x,y)) = 3x -3y P(x,y) = IxVy —P(x,y)
=(Vx3yVvz P(x,y,z)) = Ix—3yVz P(x,y,z)
= dxV-yVvz P(x,y,z) = 3IxVydz —P(x,y,z)
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Negating multiple quantifiers 2

» Consider —(¥x3y P(x,y)) = IxVy —P(X,y)

> The left side is saying “for all x, there exists a y such that P
is true”

> To disprove it (negate it), you need to show that “there
exists an x such that for all y, P is false”

» Consider =(3xVy P(x,y)) = Vx3y —P(x,y)

> The left 5|de is saying “there exists an x such that for all y,
P is true”

o To disprove it (negate it), you need to show that “for all x,
there exists a y such that P is false”
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Translating between English and
quantifiers

» The product of two negative integers is positive
o VXYY ((x<0) A (y<0) — (xy > 0))
> Why conditional instead of and?

» The average of two positive integers is positive
° XYY ((Xx>0) A (y>0) — ((x+y)/2 > 0))

» The difference of two negative integers is not
necessarily negative

o IxAy (x<0) A (y<0) A (x-y=0))
> Why and instead of conditional?

» The absolute value of the sum of two integers does
not exceed the sum of the absolute values of these

Translating between English and
quantifiers

» AXVY (X+y =)
> There exists an additive identity for all real numbers
» VXVy ((x=0) A (y<0)) — (x-y > 0))

> A non-negative number minus a negative number is greater
than zero

» IxTy (x<0) A (y<0)) A (x-y > 0))

¢ The difference between two non-positive numbers is not
necessarily non-positive (i.e. can be positive)

» VXYY (X#0) A (y#0)) — (xy + 0))

¢ The product of two non-zero numbers is non-zero if and
only if both factors are non-zero

integers
o VXYY (Ix+y| < Ix]| + lyl)
& MM524 / DM527 - Fall 2010 73 & MM524 / DM527 - Fall 2010 74
SYDDANSK |UNIVERSITET Valid Arguments
» Assume you are given the following two
statements:
Ch 'I 5 > “if you are in this class, you will get a grade”

Rules of Inference

MM524 / DM527 - Fall 2010

> “you are in this class”
> Therefore,
> “You will get a grade”

pP—q

MM524 / DM527 - Fall 2010
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Definitions

» An argument in propositional logic is a
sequence of propositions.

» All but the final proposition are called
premises.

» The final proposition is called conclusion.

» An argument is valid if the truth of all
premises implies that the conclusion is true.
> i.e. (P APy A ... AP, — qis atautology.
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Modus Ponens (Law of Detachment)
» Consider (p A (p—Qq)) — ¢

p | g |p—=q|pa(p—a)) | (pA(p—q)) — g
T| T | T T T
T| F F F T
FIl T | T F T
FI| F| T F T
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Modus Ponens example

» Assume you are given the following two
statements:
> “you are in this class”
> “if you are in this class, you will get a grade”

» Let p = “you are in this class”
» Let q = “you will get a grade”

» By Modus Ponens, you can conclude that you will
get a grade
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Another example

"If all integers are even, then the difference of
any two integers is even”.

"All integer are even”.

Consequently,
” The difference of any two arbitrary integers
is even”.

Valid Arument?
Premises True?

MM524 / DM527 - Fall 2010
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Modus Tollens

» Assume that we know: =g and p — ¢
o Recallthatp - q=—-gq - —p

» Thus, if we know —q and (—q — —p)

» We can conclude —p
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Modus Tollens example

» Assume you are given the following two
statements:
> “you will not get a grade”
> “if you are in this class, you will get a grade”

» Let p = “you are in this class”
» Let g = “you will get a grade”

» By Modus Tollens, you can conclude that you are
not in this class
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Addition & Simplification

» Addition: If you know that p is true, then p v q will
ALWAYS be true

b
~pvq

» Simplification: If p A q is true, then p will ALWAYS be
true

bAqQ
.. p
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Example Proof

» We have the hypotheses:

> “It is not sunny this afternoon and it is colder than (~pArq)
yesterday”
> “We will go swimming only if it is sunny this afternoon” (r—p)
> “If we do not go swimming, then we will take a canoe trip” (—r—s)
> “If we take a canoe trip, then we will be home by sunset” (s—>u)
» Does this imply that “we will be home by sunset”? u

» (BpAgdAr—=p ACETr—=s)A(s—>u) > u???
> When
+ p = “It is sunny this afternoon”
- g = “it is colder than yesterday”
- r = “We will go swimming”
- s = “we will take a canoe trip”
u = “we will be home by sunset”
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Example of proof

. TpAaq 1st hypothesis

2. —p Simplification using step 1

3. r—p 2nd hypothesis

4. —r Modus tollens using steps 2 & 3
5. —r—s 3rd hypothesis

6. S Modus ponens using steps 4 & 5
7. s—u 4th hypothesis

8. U Modus ponens using steps 6 & 7
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More Rules of Inference

» Conjunction: if p and g are true separately, then paq
is true

» Disjunctive syllogism: If pvq is true, and p is false,
then q must be true

» Resolution: If pvq is true, and —pvr is true, then qvr
must be true

» Hypothetical syllogism: If p—q is true, and q—r is
true, then p—r must be true
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Summary: Rules of Inference

P —q
Modus ponens p—q Modus tollens p—q
e ST p
H thetical P =4 Disjuncti P
ypothetica isjunctive
syllogism a-r syllogism —bp
“por - q
Addition p— Simplification &
~pvq P
P Pvq
Conjunction g Resolution T pvr
wqwvr
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Example Proof

» Example

> “If it does not rain or if it is not foggy, then the
sailing race will be held and the lifesaving
demonstration will go on”
. (—|I’V—|f)%(5/\|)

- “If the sailing race is held, then the trophy will be
awarded”
st

> “The trophy was not awarded”
=t

» Can you conclude: “It rained”?

MM524 / DM527 - Fall 2010
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Rules of inference for the universal
Example Of pI‘OOf quantifier

» Assume that we know that ¥x P(x) is true

Lot 3rd hypothesis

5 st 2nd hypothesis > Then we can conclude that P(c) is true

5 —s Modus tollens using steps 2 & 3 + Here c stands for some specific constant

4 (=rv=fH—=(sAl) 15t hypothesis o This is called “universal instantiation”

5. =(sal)——=(—rv—f) Contrapositive of step 4

6. (—sv-l)—(raf) DeMorgan’s law and double negation law » Assume that we know that P(c) is true for any
7. =sv-l Addition from step 3 value of ¢

8. raf Modus ponens using steps 6 & 7 > Then we can conclude that Vx P(x) is true

9. r Simplification using step 8 > This is called “universal generalization”
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Rules of inference for the existential

Example of proof (ch1.5, 14a)

qguantifier
» Assume that we know that 3x P(x) is true » Given the hypotheses:
- Then we can conclude that P(c) is true for some * "Linda, a sty , OWns a red R(Linda)
value of ¢ convertible. ¥x (R(X)—T(x))

> “Everybody who owns a red convertible
has gotten at least one speeding ticket”

_ » Can you conclude: “Somebody in this
» Assume that we know that P(c) is true for class has gotten a speeding ticket”?

some value of ¢
> Then we can conclude that 3x P(x) is true
> This is called “existential generalization”

> This is called “existential instantiation”
Ix (C(X)AT(x))

N N
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Example of proof

VX (R(X)—T(x))
R(Linda) — T(Linda)

3rd hypothesis
Universal instantiation using step 1

R(Linda) 2nd hypothesis
T(Linda) Modes ponens using steps 2 & 3
C(Linda) 1st hypothesis

C(Linda) A T(Linda)
Ix (C(X)AT(X))

Conjunction using steps 4 & 5
Existential generalization using step 6

Thus, we have shown that “Somebody in
this class has gotten a speeding ticket”
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Example of proof (ch1.5, 14d)

» Given the hypotheses:

o “There is someone in this class who
has been to France”

Ix (C(x)AF(x))
VX (F(x)—L(x))

“Everyone who goes to France visits
the Louvre”
» Can you conclude: “Someone in
this class has visited the Louvre”?

Ax (C(X)AL(x))
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Example of proof

Ax (C(x)AF(x)) 1st hypothesis

C(y) A F(y) Existential instantiation using step 1
F(y) Simplification using step 2
C(y) Simplification using step 2

vx (F(X)—L(x)) 2nd hypothesis

F(y) — L(y) Universal instantiation using step 5
L(y) Modus ponens using steps 3 & 6

C(y) A L(y) Conjunction using steps 4 & 7

Ix (C(X)AL(X)) Existential generalization using step 8

Thus, we have shown that “Someone in this class has
visited the Louvre”
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How do you know which one to use?

» Experience!

MM524 / DM527 - Fall 2010

96




Ol

SYDDANSK [UNIVERSITET

chl1.6

Introduction to Proofs
ch1.7

Proof Methods and Strategy
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Proof methods

We will discuss ten proof methods:

1. Direct proofs

2. Indirect proofs

= by Contraposition

= by Contradiction
Vacuous proofs
Trivial proofs
Proof by cases
Proofs of equivalence
Existence proofs
Uniqueness proofs
Counterexamples

3.
4.
5.
6.
7.
8.
9.
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Terminology

» Theorem: a statement that can be shown true. Sometimes
called facts.
> Proposition: less important theorem

» Proof: Demonstration that a theorem is true.

» Axiom: A statement that is assumed to be true.

» Lemma: a less important theorem that is useful to prove a
theorem.

» Corollary: a theorem that can be proven directly from a
theorem that has been proved.

» Conjecture: a statement that is being proposed to be a true
statement.

Formal Proofs vs. Informal Proofs

MM524 / DM527 - Fall 2010

Direct proofs

» Consider an implication: p—q
o If p is false, then the implication is always true
> Thus, show that if p is true, then q is true

» To perform a direct proof, assume that p is true,
and show that g must therefore be true

» Show that the square of an even integer is an even
integer
o Rephrased: if n is even, then n2 is even

(Proof) Assume n is even

Thus, n = 2k, for some k (definition of even numbers)
n2 = (2k)? = 4k2 = 2(2k?)

As nZis 2 times an integer, n? is thus even

MM524 / DM527 - Fall 2010
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Proof by Contraposition

» Consider an implication: p—q
> It’s contrapositive is ~q——p
+ Is logically equivalent to the original implication!

> If the hypothesis (—q) is false, then the
contrapositive is always true

> Thus, show that if —q is true, then —p is true

» To perform an proof by contraposition, do a
direct proof on the contrapositive
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Proof by Contraposition Example

» If n2is an odd integer then n is an odd integer

» Prove the contrapositive: If n is an even integer, then n?2
is an even integer

» Proof:

o Assume n=2k for some integer k (definition of even numbers)
n2 = (2k)2 = 4k2 = 2(2k?)
- Since nZ is 2 times an integer, it is even

» When do you use a direct proof versus an indirect
proof?
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Example of which to use

» Prove that if n3+5 is an odd integer, then n is even

» Via direct proof
> n3+5 = 2k+1 for some integer k (definition of odd numbers)
o n3=2k-4

cUmm... n=32k-4 77

» So direct proof didn’t work out. So: indirect proof
o Contrapositive: If n is odd, then n3+5 is even
> Assume n is odd, and show that n3+5 is even
o n=2k+1 for some integer k (definition of odd numbers)
o n3+5 = 2k+1)3+5 = 8k3+12k2+6k+6 = 2(4k3+6k2+3k+3)
o As 2(4k3+6k2+3k+3) is 2 times an integer, it is even
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Proof by Contradiction

» Given a statement p, assume it is false
o Assume —p is true

» Prove that —p cannot occur as a contradiction exists.

» Formally show —p — (—=r A r) for some proposition r.

» As (—r A1) is false, we can conclude that —p is false,
i.e. pis true.
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Pigeonhole Principle

The pigeonhole principle states that if n items are put
into m pigeonholes with n > m, then at least one
pigeonhole must contain more than one item.
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Proof by contradiction example 1

» Show: At least 4 of 22 different chosen days must fall on the
same day of the week.

Proof:

» Assume: —p is true, i.e., at most 3 days of any 22 different
chosen days fall on the same day of the week.

» As there are only 7 days a week, maximally 21 days were
chosen (because for each of the days of the week at most 3 of
the chosen days could fall on that weekday)

» This contradicts that 22 days were chosen.
Q.E.D.

We showed:
—-p —(“22 days are chosen“ A“maximally 21 days were
chosen®)
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Proof by contradiction example 2

» Theorem (by Euclid):
There are infinitely many prime numbers.

» Proof. Assume there are a finite number of primes
» List them sorted as follows: p;, p, ..., Py-

» Consider the number k = p;p, ... p, + 1
o This number is not divisible by any of the listed primes
(If we divided p; into q, there would result a remainder of 1)
> We must conclude that
- k is either a prime number, or
-+ k is divisible by a prime larger number than p,
> This contradicts our assumption that all primes are in the list
p]! p2 ey pn'

We shOV\(/edH | H
=p — (“There is no prime larger than p,..“ A
“There IS a prime larger than pn.”‘ )
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Proof by contradiction example 3
» Prove that if n is an integer and n3+5 is odd, then n is even
» Rephrased: If n3+5 is odd, then n is even

P=(@—r)

~(@—r)
—|(—|q Vr)
qA-r

i
©

» Assume g is true and r is false, i.e.,

» assume that n3+5 is odd, and n is odd

» n=2k+1 for some integer k (definition of odd numbers)

» N3+5 = (2k+1)3+5 = 8k3+12k2+6k+6 = 2(4k3+6k2+3k+3)

» As 2(4k3+6k2+3k+3) is 2 times an integer, n3+5 must be even
» Contradiction!

We showed —p — (“n3+5 is odd“ A “n3+5 is even”)
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Vacuous and Trivial proofs

» Vacuous proof
> Consider an implication: p—q
- If it can be shown that p is false, then the implication
is always true (by the definition of implication)

» Trivial Proof
> Consider an implication: p—q
- If it can be shown that q is true, then the implication is
always true (by the definition of implication)
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Vacuous proof example

» Consider the statement:
All criminology majors in MM524 / DM527
are female.

» Rephrased:
If you are a criminology major and you are in
MM524 / DM527, then you are female.

» Proof:
Since there are no criminology majors in this
class, the hypothesis is false, and the
implication is true!

SRR
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Trivial proof example

» Consider the statement:
If you are tall, then you are a student.
(universe of discourse: all MM524 / DM527
students)

» Proof:
Since all people in MM524 / DM527 are
students, the implication is true regardless
the hypothesis.
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Exhaustive Proof /Proof by Cases

» Show a statement is true by showing all possible
cases are true

» A statement of the form
is true iff p,—q is true for all i=1,2,...,n individually

Reason:
1=[(pi=A(p,—AA...A(p,—0) ]

» Make sure you get ALL the cases
o The biggest mistake is to leave out some of the cases
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Proof by cases example

44 (b = 0)

» Prove that i

» Cases:
cCasel:a>0andb >0 al_
- Then |a] = a, |b|] = b, and
cCase2:a>0and b <0
- Then |a] = a, |b| = -b, and

SR
SRS

B
S

|
>
>

cCase3:a<0andb >0 a|__a_-a_lq
- Then |a| = -a, |b| = b, and bl b i
cCased4:a<0andb <0 d a —a ld
- Then |a] = -a, |b| = -b, and E‘Z‘Tb_@
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Proofs of equivalences

» This is showing the definition of a bi-conditional

» Given a statement of the form “p if and only if q”
> Show it is true by showing (p—q)A(g—p) is true
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Proofs of equivalence example

» Show that m2=n? if and only if m=n or m=-n
» Rephrased: (m2=n2) — [(m=n)v(m=-n)]
¢ [(m=n)v(m=-n)] — (M2=n?)
+ Proof by cases!
- Case 1: (m=n) — (m2=n?)
+ m2= (n)2 = n?, so this case is proven
- Case 2: (m=-n) — (m2=n?)
+ m2 =(-n)2 = n?, so this case is proven
° (Mm2=n2?) - [(m=n)v(m=-n)]
- Subtract n2 from both sides to get m2-n2=0
- Factor to get (m+n)(m-n) = 0
- Since that equals zero, one of the factors must be zero
« Thus, either m+n=0 (which means m=-n)
or m-n=0 (which means m=n)

m
M

MM524 / DM527 - Fall 2010 115

Existence proofs

» Given a statement: 3x P(x)

» We only have to show that a P(c) exists for some
value of

» Two types:
> Constructive: Find a specific value of ¢ for which P(c) is
true.
> Nonconstructive: Show that such a c exists, but don’t
actually find it
- Assume it does not exist, and show a contradiction
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Constructive existence proof example

» Show that a square exists that is the sum of
two other squares
> Proof: 32 + 42 = 52

» Show that a cube exists that is the sum of
three other cubes
> Proof: 33 + 43 + 53 = 63
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Non-constructive existence proof example

» Prove that either 2*10%00+15 or 2*10°90+16 is not a
perfect square

> A perfect square is a square of an integer

> Rephrased: Show that a non-perfect square exists in the

» Proof:

> The only two perfect squares that differ by 1 are 0 and 1

> Thus, any other numbers that differ by 1 cannot both be
perfect squares

> Thus, a non-perfect square must exist in any set that
contains two numbers that differ by 1

(Note that we didn’t specify which one it was!)

MM524 / DM527 - Fall 2010 118

Proof by Counterexample

» Every positive integer is the sum of two
squares of integers. TRUE?

» Every positive integer is the sum of three
squares of integers. TRUE?

» Every positive integer is the sum of four
squares of integers. TRUE?
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Uniqueness proofs

» A theorem may state that only one such value
exists

» To prove this, you need to show:
o Existence: that such a value does indeed exist

- Either via a constructive or non-constructive existence
proof

> Uniqueness: that there is only one such value
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Uniqueness proof example

» If a and b are real numbers and a#0, the there is a
unique real number r, such that ar+b=0

» Existence

o r=-b/ais a solution of ar+b=0. Consequently, a real number r
exists for which ar+b=0

» Uniqueness
> Suppose s is a real number such that as+b=0
> Then ar+b=as+b, where r=-b/a
- therefore, ar=as, and consequently
o s=r
> Thus, the one solution is unique!

Proof methods

»  We discussed ten proof methods:
1. Direct proofs
2. Indirect proofs
1. Proof by showing the Contrapositive
2. Proof by Contradiction
Vacuous proofs
Trivial proofs
Proof by cases
Proofs of equivalence
Existence proofs
Uniqueness proofs
Counterexamples

3.
4.
5.
6.
7.
8.
9.
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» A setis a unordered collection of “objects”
> People in a class: {Alice, Bob, Chris }
~lkO 1 - States in the US: {Alabama, Alaska, Virginia, ... }
(W | V4 | > Sets can contain non-related elements: {3, a, Virginia}
Sets > All positive numbers less than or equal to 5: {1, 2, 3, 4, 5}
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» Properties
> Order does not matter
- {1, 2, 3, 4, 5}is equivalent to {3, 5, 2, 4, 1}
> Sets do not have duplicate elements
- Consider the list of students in this class
+ It does not make sense to list somebody twice
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Specifying a set

» A set “contains” the various “members” or
“elements” that make up the set

o |If an element ais a member of (or an element of) a
set S, we use then notation ae S
-4¢c{1,2,3,4}

- If not, we use the notation a¢ S
- 7e¢{1,2,3,4}
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Often used sets

{0, 1, 2, 3, ...} is the set of natural numbers
{..,-2,-1,0,1, 2, ...} is the set of integers
+= {1, 2, 3, ...} is the set of positive integers
(a.k.a whole numbers)
> Note that people disagree on the exact definitions of whole
numbers and natural numbers
» Q={p/g| pe Z, ge Z, g # 0} is the set of rational
numbers

> Any number that can be expressed as a fraction of two
integers (where the bottom one is not zero)

» Ris the set of real numbers

» N
» Z
» Z
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The universal set

» U is the universal set - the set of all of
elements (or the “universe”) from which given
any set is drawn

> For the set {-2, 0.4, 2}, U could be the real numbers

o For the set {0, 1, 2}, U could be the N, Z, Q, R
depending on the context

> For the set of the vowels of the alphabet, U could
be all the letters of the alphabet
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Venn diagrams

» Represents sets graphically
o The box represents the universal set
> Circles represent the set(s)

» Consider set S, which is
the set of all vowels in the

alphabet

b ¢ df
9 h j
» The individual elements K | m
are usually not written np q
in a Venn diagram o
v w X
y z
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Sets of sets

» Sets can contain other sets
- S={{1}, {2}, {3}}
o T={{1} {{2}}, {3} }
o V= {{{1}, {21}, {31 { {1} {28, {311 }}

- V has only 3 elements!

» Note that 1 = {1} = {{1}} = {{1}}}
> They are all different
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The Empty Set

» If a set has zero elements, it is called the empty (or
null) set

> Written using the symbol &
o Thus, @ ={} < IMPORTANT

» It can be a element of other sets
- {@, 1, 2,{3}, x }is avalid set

» D+={ D}
> The first is a set of zero elements
> The second is a set of 1 element (namely the empty set)

» Replace @ by {}, and you get: {} + {{ }}
> It’s easier to see that they are not equal that way
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Set Equality, Subsets

» Two sets are equal if they have the same elements
- {1,2,3,4,5}=1{5,4,3,2,1}
- {1,2,3,2,4,3,2,1}=1{4,3,2, 1}
> Two sets are not equal if they do not have the same elements
- {1,2,3,4,5}+1{1, 2, 3, 4}

» If all the elements of a set S are also elements of a set T, then
Sis asubsetof T
- IfS=1{2,4,6}, T={1,2,3,4,5,6, 7}, Sis asubsetof T
> This is specified by S ¢ T meaning that Vv x (xe S—> x e T)

o ForanysetS,ScS (VS ScS)
> ForanysetS, @ cS (VS @cS)
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Proper Subsets

» If Sis a subset of T, and S is not equal to T, then S
is a proper subset of T
o Can be writtenas: ScTandS=T
- LetT=1{0,1, 2,3, 4,5}
o IfS={1, 2, 3}, Sis asubset of T,and Sis notequalto T
o A proper subset is writtenas Sc T
- Let Q = {4, 5, 6}. Qs neither a subset or T nor a proper
subsetof T

cVX(XeS—=aXxeHaAadxxeTaxeS)
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Set cardinality Power Sets

» The cardinality of a set is the number of elements » Given S ={0, 1}. All the possible subsets of S?
in aset, written as |A| > @ (as it is a subset of all sets), {0}, {1}, and {0, 1}

o The power set of S (written as P(S), or (S)) is the set of all the subsets of S
- PGS ={a, {0}, {1}, {0,1}}

» Examples - Note that |S| = 2 and [P(S)| = 4
o LetR=1{1,2,3,4,5}) Then |R| =5 » LetT={0, 1, 2} TheP(T) ={g, {0}, {1}, {2}, {0,1}, {0,2}, {1,2}, {0,1,2} }
o @l =0 - Note that |T| = 3 and |P(T)| = 8
o Let S = {@, {a}, {b}, {a, b}}. Then |S| =4 » P@)={2}

> Note that || = 0 and |P(@)] = 1
» If a set has n elements, then the power set will have 27 elements
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» Cartesian product
» Set notation with quantifiers
e 79
» Truth set of quantifiers L.l

Set Operations

/ b
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Set operations: Union

» Formal definition for the union of two sets:
AUB={x|xe AorxeB}

» Examples
- {1,2,3}uU{3,4,5}=1{1,2,3,4,5}
- {a, by u {3, 4} ={a, b, 3, 4}
o {1,2u @ ={1, 2}

» Properties of the union operation

cAUD =A Identity law
cAUuU=U Domination law
c AUA=A Idempotent law
- AUB=BUA Commutative law
cAUBUC =AUBY UC Associative law
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Set operations: Intersection

» Formal definition for the intersection of two sets:
ANnB={x| xe Aand xe B}

» Examples
- {1, 2,3} n{3, 4, 5} = {3}
c{a,b}n{3,4}=0
c{1,2}n @ =0

» Properties of the intersection operation

cANU=A Identity law
c AN =0 Domination law
cANA=A Idempotent law
cANB=BnNnA Commutative law
cANBNC)=ANBNC Associative law
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Disjoint sets

» Formal definition for disjoint sets: two sets are
disjoint if their intersection is the empty set

» Examples:
- {1, 2, 3} and {3, 4, 5} are not disjoint
> {a, b} and {3, 4} are disjoint
> {1, 2} and @ are disjoint
+ Their intersection is the empty set
> & and J are disjoint!
- Their intersection is the empty set
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Set operations: Difference

» Formal definition for the difference of two sets:
A-B={x|xe AA Xxe B}

» Examples:
- {1,2,3}-1{3, 4,5} =11, 2}
- {a, b} - {3, 4} = {a, b}
o {1,2} - ={1, 2}

> The difference of any set S with the empty set will be
the set S
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Complement sets

» Formal definition for the complement of a
set: A={ x| xe A} =Ac
o Or U - A, where U is the universal set

» Further examples (assuming U = 2Z)
-{1,2,3}={...-2,-1,0,4,5,6, ... }

» Properties of complement sets

° (A=A Complementation law
cAUAc=U Complement law
cANAC=Q Complement law
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Set Identities

Aud = A . AuU = U . .

ARU = A Identity Law ANG = & Domination law
AUA = A Idempotent (A) = A Complement
AnA = A Law Law

AuUB = BUA i AuB)¢ = AcnBc¢
U v Commutative | (AuB) N De Morgan’s Law

ArB = BRA Law (AnB)E = AcUBC
Au(BUC) AN(BUC) =
= (AUB)UC | Associative (AnB)U(ANC) I
D L

An(BAC) Law AU(BAC) = istributive Law

= (AnB)NC (AuB)N(AUC)
AU(ANB) = A| Absorption AUuAc=U Complement
AN(AUB) = A Law ANnAc=0Q Law

SRR
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How to prove a set identity

» For example: ANB=A-(A-B)
» Four methods:
> Use the basic set identities
- Use membership tables
> Prove each set is a subset of each other
> Use set builder notation and logical equivalences
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Proof by Set Identities

» AnB=A-(A-B)

Proof: A- (A-B) =A- (AN B°
= An (An BYe
= AN (AcuU B)
= (AN A9)U(ANnB)
=JU(AnB)
=AnNB
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Showing each is a subset of the others

(A N B) = Acu Be
Proof:
Show that (A n B)¢ < Ac U B<and (A n B)¢ o Ac U B¢

X € (A N B)

=x¢ (AN B)
=-(Xxe AnB)
=-(Xxe AAXe B)
=-(Xe A v—-(xXe B)
=>XeAvxeB

= Xe A°v x € B¢

= X € AcuU B¢

Still to be shown: (A N B)c o Ac U B¢ (left as exercise)

Examples

» Let A, B, and Cbe sets. Show that:
a (AUB)c(AuBUZCQ

b  (ANBNC) < (ANB)

Q) (A—B)—C - A-C

d (A-C)n (C-B) =T

146

Blackboard:

» Russels‘s Paradox (if time allows)
» Generalized union/intersection of collections of
sets

, Einem wissenschaftlichen Schriftsteller kann
kaum etwas Unerwiinschteres begegnen, als dall
ihm nach Vollendung einer Arbeit eine der
Grundlagen seines Baues erschtittert wird. In
diese Lage wurde ich durch einen Brief des Herrn
Bertrand Russell versetzt, als der Druck dieses
Bandes sich seinem Ende nadherte. “[Frege, 1903]

e
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Definition of a function

» A function takes an element from a set and
maps it to a UNIQUE element in another set
fmaps Rto Z

Domain R f:R>Z z Co-domain

Image of 4.76
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More functions

A pre-image The image
Domain Co-domain of 1 l lOf a’
Alice A “a” 1
Bob B “ob* 2
Chris C “ccec” o3
Dave D “dd” o4
Emma F “e” ®5

A class grade function

A string length function

MM524 / DM527 - Fall 2010
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Range
a “a” 1
e “bb* 2
i “ccec” e3
o “dd” o4
u ®5 “e” 5

Some function... Not a valid function!

Also not a valid function!
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Function arithmetic

» Let f;(x) = 2x
» Let f,(x) = x?

y (F+F)(X) = f,(x)+f,(x) = 2x+x2

y (F*F) () = f,()*F,(x) = 2x*x2 = 2x3
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Injective (“One-to-one”) functions

» A function is injective (or “one-to-one”) if
each element in the co-domain has a unique

pre-image
a@g—e a@g—o
e 2 e
i o3 i ®3
o} 4 o} o4
5 5

An injective function Afunction that is

not injective
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More on injective functions

» A function is an injection if it is injective.

» Note that there can
be un-used elements
in the co-domain

a.—b.‘l
e 2

QY

o
5

A one-to-one function
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Surjective / (“Onto”) functions

» A function is surjective if each element in the
co-domain is an image of some pre-image

ag——ol aeg—o
e 2 e 2
i 3 i 3
o} 4 o} ©4
u 5

A surjective function

m
M

A function that is
not surjective
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More on “onto”

» A function is an surjection if it is surjective

» Note that there can
be multiply used
elements in the
co-domain

|

c O — O o
A W

An onto function
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Surjective, injective

» Are the following functions surjective,

Bijections

» Consider a function that is

.. . . 1
in iv h, or neither? NS L a
jective, both, or neithe both injective and surjective: b 2
a . 1 a 1 a ] C
b 'Y b 2 ) , » Such a function is a one-to-one ¢ ®4
c 3 c 3 correspondence, or a bijection
c e 3
4 d o4
L o o4
injective, not surjective Both injective and surjective Not a valid function
a o1 a 1
b 2 b ’:>/<;:2
c o3 c 3
d d @4
surjective, not injective Neither injective nor surjective w
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Identity functions Inverse functions
» A function such that the image and the pre- Let f(x) = 2°
image are ALWAYS equal f
R R

= 1*X
=x+0

» f(x)
» f(x)

» The domain and the co-domain must be the
same set
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T~

-1

| ==

£1(8.6)

Then f1(x) = x/2
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More on inverse functions

» Can we define the inverse of the following functions?

a o1 a o

b o2 b 2

c 3 c o3
4 d

What is f1(2)?
Not surjective!

What is f1(2)?
Not injective!

» An inverse function can ONLY be defined on a bijection
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Few Examples

.2 527
o f(x) = x
o f(x) = 2x
o f(x) = x+1
» f: R >R
o f(x) = 2x
o f(x) = x2
- f(x) = x3
» f: R = R+ u {0}
o f(x) = x2

MM524 / DM527 - Fall 2010
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Definition of a function

» A function takes an element from a set and
maps it to a UNIQUE element in another set

fmaps Rto Z
R z

Domain Co-domain

N\

Pre-image of 4

Image of 4.76
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Compositions of functions
(f 9)(x) =1f(g(x))
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Compositions of functions

Let g(x) = 3x+2f o

Let f(x) = 2x+3

f(9(x)) = 2(3x+2)+3 = 6x+7
X
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Compositions of functions
Does f(g(x)) = g(f(x))?

Let f(x) = 2x+3 Let g(x) = 3x+2

f(g(x)) = 2(3x+2)+3 5 6x+7
g(f(x)) = 32x+3)+2 5 6x+11

Not equal!
Function composition is not commutative!

m
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y
O O O O

O O O O

Let f(x)=2x+1 © °°°
O O O
O O O O
O O O O
O

Plot (, f(x))

o wll N~ N = M\

v
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Useful functions

» Floor: [ x] means take the greatest integer less
than or equal to the number

» Ceiling: [ x] means take the lowest integer
greater than or equal to the number

» round(x) = | x+0.5 |

MM524 / DM527 - Fall 2010
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Floor, Ceiling Examples

» Find these values

» L1.1] 1
y 1.1 2
» -0.1] -1
» [-0.1] 0
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Ceiling and floor properties

Let n be an integer

(1a) [xJ=n ifandonlyif n < x < n+1
(1b) [xl=n ifandonlyif n-1 <x <n
(1c) [xJ=n ifand onlyif x-1 <n < x
(1d) [x]=n ifand onlyif x < n < x+1
2) x-1<Ix)<x<[x]<x+1

(3a) L[-xJ=-Ix]

(3b) [-xI=-[x]

(4a) |x+nl=Lx]+n

(4b) [x+nl=[x]+n

MM524 / DM527 - Fall 2010
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Ceiling property proof

» Prove rule 4a: | x+n] = [xJ+n

- Where n is an integer

> Will use rule 1a: [x/=n ifand only if n < x < n+1
» Direct proof!

> Let m =[x/

> Thus, m < x < m+1 (by rule 1a)

> Add n to both sides: m+n < x+n < m+n+1

> m+n = [x+n] (by rule 1a)

> Since m = [.xJ, m+n also equals [ xJ+n

> Thus, [ xJ+n = m+n = [ x+n]

MM524 / DM527 - Fall 2010 17

Factorial

» Factorial is denoted by n!
»nl=n*(n-1)*(n-2)*...*2*]
» Thus, 6! =6*5*4*3*2*1 =720

» Note that 0! is defined to equal 1
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Proving Function problems

» Let fbe an invertible function from Y to Z
» Let g be an invertible function from X to Y
» Show that the inverse of fog is:

- (fog)'=g'of!

Proof: We want to show, for all xeX
((feg)°(g1°f) (x) =x

((fege(@' M) x)=(«°g) (g'°f") x)
(f°9) (g (F'x)
CRCREGRCM))
(f (F1(x))

=X
The second equality can be shown similar.
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Sequences and Summations
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Definitions

» Sequence: an ordered list of elements

> Similar to a set, but:
- Elements can be duplicated
- Elements are ordered

» A sequence is a function from a subset of Z
toasetS

» a,is a term of the sequence

» {a,} means the entire sequence

> The same notation, but different meaning as for
sets!

B
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Sequence examples

» a,=3n
© The terms in the sequence are a;, a,, as, ...
o The sequence{a,}is 3,6,9,12, ...

» Arithmetic Progression
° a,a+d, a+2d, ..., a+nd, ...
ca,=a+(n-1)d

y b,=2"
> The terms in the sequence are by, b,, b, ...
> The sequence {b,}is 2,4, 8,16, 32, ...
» Geometric Progression
o a,ar,ar?, ar3, .., a1, ...
° a,=ar!

o
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Determining the sequence formula

» Given values in a sequence, how do you determine
the formula?

» Steps to consider:
o Is it an arithmetic progression?
> Is it a geometric progression?
- Does the sequence repeat (or cycle)?
> Does the sequence combine previous terms?
o Are there runs of the same value?
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Determining the sequence formula

» 1,0,1,1,0,0,1,1,1,0,0,0, 1, ...
o The sequence alternates 1’s and 0’s, increasing the number of
1’s and 0’s each time

» 1,2,2,3,4,4,5,6,6,7,8,8, ...

This sequence increases by one, but repeats all even numbers
once

» 1,0,2,0,4,0,8,0,16,0, ...
° The non-0 numbers are a geometric sequence (27) interspersed
with zeros

» 3,6,12, 24,48, 96,192, ...
° Each term is twice the previous: geometric progression
a, = 3*2n/
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Determining the sequence formula

» 15,8, 1, -6, -13, -20, -27, ...
> Each term is 7 less than the previous term
°ca,=22-7n
» 3,5,8,12,17, 23, 30, 38, 47, ...
> The difference between successive terms increases by one
each time
°ca;=3,a,=a,; +n
°ca,=nn+1)/2+ 2
» 2,16, 54, 128, 250, 432, 686, ...
o Each term is twice the cube of n
ca, =2*n3
» 2,3,7,25,121, 721, 5041, 40321
- Each successive term is about n times the previous
°ca,=nl+1
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Summations

» A summation: upper limit

Zaj or Z'}:m& lower liprit

j:m <

» is like a for loop:

int sum =0;
for(intj=m;j<=n;j++)
sum += a(j);
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Evaluating Summations
» 21 k+1)=2+3+4+5+6=20
Ao (F2)K = (=2)0 + (=2)! + (=2)2 + (-2)3 + (-2)* = 11

»210,.,3=3+3+3+3+3+3+3+3+3+3=30

» X10, (2K = 2k-1) = (21-20) 4+ (22-27) +
(23-22) + ... (210-29) = 511
> Note that each term (except the first and last) is cancelled
by another term

Summation

»1+2+3+...+n=n(n+1)/2
»1+2+3+...+(-1)=7?

» 1T +3+5+...+21 =7

"

> g a; =7

=1

. . . S = N J
Summation of a geometric series Proof 2
» Sum of a geometric series: rS=riarj
» If r=1, then the sum is: j=0
n (ar”+1_a . e o zzarjﬂ
j i ——1 ILr+i - =0
aT’ - n+
2 "\ e o1 s-Sa-rena S
j:() Jj=0 k=1
= y ar* +\ar™ —a
2
k=0
r$=§ +(ar"+l —a)
r§$—8= (ar"+1 —a)
S(r=1)=(ar"" -a
S:(ar"“—a)
r—1
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Double summations

» Like a nested for loop

i=l j=1

» Is equivalent to:
int sum = 0;
for (inti=1;i<=4;i++)
for (intj=1;j<=3;j++)
sum += i*j;
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Cardinality

» For finite (only) sets, cardinality is the number
of elements in the set

» For finite and infinite sets, two sets Aand 8
have the same cardinality if there is a
bijection (one-to-one correspondence) from
Ato B

» An infinite set S that is countable has the
cardinality "aleph null” (|S|=¥X,)

MM524 / DM527 - Fall 2010
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Cardinality

» Example on finite sets:
o LetS={1,2,3,4,5}
o Let 7={a,b,c,d, e}
o There is a bijection between the sets

» Example on infinite sets:

LetS = Z*

o LetT={x]| x=2kand ke Z+}

> Bijection:
1 -2 2 —4 3—6 4 — 2
5—10 6 — 12 7— 14 8 — 16
Etc.
- Note that here the ‘—’ symbol means that there is a

correspondence between them, not the biconditional
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More definitions

» Countably infinite: elements can be listed

> Anything that has the same cardinality as the
integers

- Example: rational numbers, ordered pairs of
integers

» Uncountably infinite: elements cannot be
listed

- Example: real numbers
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Showing a set is countably infinite

» Done by showing there is a one-to-one
correspondence (bijection) between the set and the
integers

» Examples
> Even numbers
- Shown two slides ago
o Rational numbers
- Shown in Rosen, page 159
> Ordered pairs of integers
- Shown next slide
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Ordered pairs of integers: countably
infinite

A bijection

O O 0O 0O OO0 O0O OO O OO OoOOoOOoOOo
O OO0 OO OO OO OO0 00O O oo
O OO0 OO OO g 00 OO O o0 o0
O O 0O 0O OO0 O O OO O OoOOoOOoOOo
O OO0 O O OO O OO0 00O O oo
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Cantor Diagonilization

» The set of real number is uncountable
(-> blackboard: Proof by contradiction)
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Integers and Division
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Division
» Def: a (a#0) divides b if 3 c such that b = ac.
> a| b:adivides b

» 31772 31127
»310?7 0137

» Theorem: Let a, b, c be integers. Then
calbandalc=al (b + 0.
>a|b=al| bcforall integer c.
calbandb|c=alc
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Division

» Let a, b, c be integers. Then
calbandalc=al (b + c).
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Division

» Let a, b, c be integers. Then
calb=albc Vintegerc.
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Division

» Let a, b, c be integers. Then
calb,blc=alc.
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Division

»a|bandal|c=a| (mb + nc) for all integer
m, n.
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/

Division “Algorithm”

» Theorem: Let a be an integer and d a positive
integer. Then there are unique integers g and r,
with 0<r<d, such thata = dq + r.

» Definition
- q = a divd, quotient
> r =amod d, remainder

» 101 =7-14+3
»=11=7-(-2)+ 3

P
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Modular Arithmetic

» Definiton:
If a and b are integers, and m is a positive
integer, then

if m divides (a-b).

We use the notation a=b (mod m).
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Modular Arithmetic

» Theorem:
Let m be a positive integer.
a=b (mod m) iff 3k such thata =b + km.
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More...

» Theorem:
Let m be a positive integer.
If a=b (mod m) and c =d (mod m), then
ca+c=b + d(modm), and
> ac = bd (mod m).
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More...

» Prove or Disprove

- If ac = bc (mod m), where a, b, ¢, m e Z (with m > 2),
then a=b (mod m).

ca,b,c,d,meZ ¢c,d>0,m=2, then a¢=bd (mod m).
ca=2,b=5,c=4,d=1,m=3

m
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Cryptology

“Caesar cipher”

» Alphabet to number: a~0, b~1, ..., z~25.
» Encryption: E (x) = (x + K) mod 26.

» Decryption: Dy(x) = (x - K) mod 26.

» Caesar used K = 3.

"RSA Cryptosystem”
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Further Applications

» Pseudorandom numbers:
Linear congruential method @41 = (a2 +¢) mod m
Example: a=7, c=4, x,=3, m=9
3,7,8,6,1,2,0,4,5,3,7,8,6...

» Hashing Functions:

h(k) = k mod m\
Number of
[ Memory address | available
Key memory
locations
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SYDDANSK [UNIVERSITET Prime numbe rS

» Def: A positive integer pis prime if the only
positive factors of pare 1 and p

Ch 3 . 5 o If there are other factors, it is composite
. > Note that 1 is not prime!
Prl mes and GCD - It’s not composite either - it’s in its own class

» Def: An integer nis composite if and only if
there exists an integer asuch that a| n
and 1 <a<n
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Composite factors

» If nis a composite integer, then n has a prime divisor less
than or equal to the square root of n

Fundamental theorem of arithmetic

» Every positive integer greater than 1 can be
uniquely written as a prime or as the product of
two or more primes where the prime factors are
written in order of non-decreasing size

» Examples

> 100=2%2%5%5
°©182=2*7%*13
©29820=2*2*3*5*7*7]

& & MM524/ DMs527 - Fall 2010 208
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Showing a humber is prime

» Show that 113 is prime

» Solution
> The only prime factors less thanv/113 ~ 10.63 are 2,
3,5,and 7

> Neither of these divide 113

> Thus, by the fundamental theorem of arithmetic,
113 must be prime

P
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Again: Number of Primes is infinite

4

Proof: Proof by contradiction

Assume there are a finite number of primes
List them as follows: p;, p, ..., p,

Consider the number g = p,p, ... p, + 1

Since we have only a finite number of primes and g
is not one of them, p; divides g for some i.

Obviously p; | p,p, ... P,
Recall thata | b,a|c=a | b + c.

Therefore, p;| (g - p,p> ... p,). Therefore, p; | 1.

Therefore, p, = 1. Contradtiction.
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The prime number theorem
Rephrased: the number of prime numbers less
than x is approximately x/In(x)

When x = 2512 # of primes = 2°12/512 = 2503

B
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Greatest common divisor

» The greatest common divisor of two integers aand b
(gcd(a,b)) is the largest integer dsuch that d| aand d| b

» Examples
- ged (24, 36) = 12
> gcd (17,22) =1
- ged (100, 17) = 1

MM524 / DM527 - Fall 2010 212




Relative primes

» Two numbers are relatively prime if they
don’t have any common factors (other than 1)

- Rephrased: a and b are relatively prime if
gcd (@,b) =1

» ged (25, 39) = 1, so 25 and 39 are relatively
prime
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Pairwise relative prime

» The integers a;, a,, ... a, are pairwise relatively prime
if, for all pairs of numbers, they are relatively prime

o Formally: The integers a;, a,, ... a, are pairwise relatively prime
if gcd(a;, @) = 1 whenever 1 </<j<n

» Example: are 10, 17, and 21 pairwise relatively prime?
> gcd(10,17) =1,gcd (17, 21) =1, and gcd (21, 10) = 1
> Thus, they are pairwise relatively prime

» Example: are 10, 19, and 24 pairwise relatively prime?
o Since gcd(10,24) = 1, they are not
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More on gcd’s

» Given two integers a and b, rewrite them as:
a=plps..py.b=plpr..p;
> Example: gcd (120, 500)
- 120 = 23#3%5 = 23%31%5]
- 500 = 22*53 = 22%30%53

» Then compute the gcd by the following formula:

min(a,b)) ,_min(a,.b,) min(a,, ,b, )

gcd(a,b) = p, D> ..D,

2min(3,2)3min(1,0)5min(1,3)
= 223051 =20

> Example: gcd(120,500)
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Least common multiple

» The least common multiple of the positive
integers a and b is the smallest positive
integer that is divisible by both a and b.
> Denoted by Icm (a, b)

lem(a,b) = p/™*@ b p?"‘x(“z’bz)... pr oba)

» Example: lcm(10, 25) = 50

» What is lcm (95256, 432)?
© 95256 = 233572, 432=2433
o lcm (233572, 2433) — 2max(3,4)3max(5,3)7max(2,0) = 243572

= 190512
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lcm and gcd theorem

» Let aand b be positive integers. Then
a*b = gcd(a,b) * lcm (a, b)

» Example:
gcd (10,25) = 5,
lcm (10,25) = 50,
10*25 = 5*50

» Example:
gcd (95256, 432) = 216,
lcm (95256, 432) = 190512,
95256%432 = 216*190512
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Example Proof

» Prove or disprove that n2 - 79n + 1601 is
prime, whenever n is a positive integer.

» For all integers n<=79,
nZ -79n + 1601 IS prime

but... (Disprove by counter example)
When n = 1601,
nZ-79n + 1601 = 1601 (1601 - 79 + 1)

P
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Integers and Algorithms
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Representation of Integers

» Any positive integer n can be uniquely written as
n = ab*+ a ;b T+ ... + a;b + a,
(k is a positive integer, 0 < a; < b, and a, #0)

» The base b expansion of n is denoted by
(Qeay_1--- 2;39)p

b =2 :Binary representation
> b =16 :Hexadecimal representation
» (245)g=2*82+4*8' +5*80 =165
=(10100101),
= (A5)16

B

MM524 / DM527 - Fall 2010

220




Euclidean Algorithm

» Example: gcd(287, 91)=... (blackboard)

» Leta =b g+ r, where a, b, q, r be integers.
Then gcd (a, b) = gcd (b, 1).

» Proof: blackboard.

e
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Euclidean Algorithm

» procedure gcd (a, b: positive integer)
X:=a
y:=b
whiley =0
r:=xmod y
X =y
yi=r
return X

g
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Euclidean Algorithm Example

» gcd(120,23) = 772

120

23 5 4 3
5 3 1 2
3 2 1 1
2 1 2 0
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B

Modular Exponentiation : ak mod n

» 33mod 17 = 323+22+1mod 17 = 38*34* 31 mod 17

» INPUT: integers a, n, and k < n where k= (ki _1ki_2... kg)o = ZkT
OUTPUT: ak mod n. i=

B
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Modular Exponentiation

» a=3
» k=13=01101), (i.e.t=4)
» n=17

set b=1.
set A = a.

forifrom 1 to t-1

set A = A2 mod n.

(all numbers mod 17)
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Modular Exponentiation

3
=13 =(1101), (.e.t=4)
=17

S X L

set b=1.
set A = a. 1|0 9

2 1 81 mod 17 =13

forifrom 1 to t-1
set A = A2 mod n.

3 1 169 mod 17 = 16
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Some Useful Results

» Theorem 1:
If a and b are positive integers, then there
exists s and t such that gcd(a, b) = sa + tb.

(Proof): Try it!
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Some Useful Results

» Lemma 1
If a, b, c are positive integers such
that gcd(a, b) = 1 and a | bc, thena | c.

Proof-

Since gcd(a, b) = 1, there exist integer s, t
such that as + bt = 1. By multiplying c on
both sides, we get asc + btc = c.

Since a | bc, a | btc holds. Also a | asc holds.
Therefore, a | c.
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Some Useful Results

» We can divide both sides of a congruence by an
integer relatively prime to the modulus.

» Formally:
me Z*,a, b, ce Z
ac=bc (mod m) and gcd(c,m)=1 = a=b (mod m)

Proof-

m | ac - bc

Then 3 t such that c(a-b) = mt.

By Lemma 1, since gcd(c, m)=1 it follows m | a-b.
Then a =b (mod m).
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Some useful results

» Definition: o
a~! is the (multiplicative)
inverse of a modulo m if a*a' =1 (mod m).

» Does this always exist? No! (example: blackboard)

» An inverse of a modulo m exists, if a and m are
relatively prime and m>0.

» Formally:
If gcd (@, m) = 1 and m > 1, then a! exists.
Proof: Using Theorem 1.
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Extended Eucledean Algorithm

» gcd(120,23)?

» multiplicative inverse of 120 modulo 23?

» multiplicative inverse of 23 modulo 120?

» http://imada.sdu.dk/~svalle/courses/dm527-2007/examples/euclid.php

1 120

120 =120 x 1 + 23 x 0

2 23 23=120x0+23 x 1

3 5 5=120-23%x5 5=(120x1+23x0)-— 5=120x1+23 x -5
(120 x 0+ 23 x 1) x5

4 4 3=23-5x4 3=(120x0+23x1)— 3=120 % —4 +23 x 21
(120 x 1 +23 x =5) x 4

5 1 2=5-3x1 2= (120 x 1 + 23 x =5) — 2=120x5+23 x-26
(120 x —4 +23 x21) x 1

6 1 1=3-2x1 1=(020x -4+ 23 x21) - 1=120 x -9 + 23 x 47

(120 X 5+ 23 x —26) x 1
7 2 0 End of algorithm




Linear Congruential Equation

» A congruence of the form ax = b (mod m) where
a and b are positive integers, and x is a variable,
is called a linear congruence.

» Find x such that 3x =4 (mod 7).

3x =4 (mod 7).

3-13x =314 (mod 7).

Xx=(-2) 4 (mod 7) (since 3-'=-2 (mod 7))
X =6 (mod 7)

i.e., ...,-15,-8,-1,6,13,20,... are solutions

W
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Chinese Remainder Theorem

» Imagine that you're a commander in the

Chinese Army about two-thousand years ago.

When you went out into battle, you had 208
soldiers with you. You're back from battle
now, but there surely aren't still 208 soldiers
there. How many do you have?

Groups of 3: 2 soldiers left.
Groups of 5: 3 soldiers left.
Groups of 7: 2 soldiers left.
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Chinese Remainder Theorem

» Given integers m;, m,,..., m,, which are pairwise
relatively prime, then
X =a, (mod m,),

a, (mod m,),

X = a3 (mod my),

X =a, (mod m,)
has the unique solution :
x=y,a;M, + ... +y,a,M, (mod m)
where m=m;*m,*...*m,, M; = m/m,, yM; =1 (mod m,).

Proof: Check x is a solution.
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Special case of the CRT

» Given integers m,, m,,..., m,, which are pairwise
relatively prime. If

x =a (mod m,),
x =a (mod m,),

x =a (mod m,)
then

x =a (mod m*m,*...*m,)

(Shown in Exercise 23 of Chapter 3.7)
L
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CRT Example

» Find x satisfying
x=1 (mod 3) and
X =4 (mod 5).

You can use the Extended
Eucledian Algorithm to find
the inverse!

°em; =3, m=52a=1,a,=4
em=3*5=15
°M; =5 M,=3
cy;*5=1(mod3) =y, =2
cy,*3=1(mod5) =y, =2
oXx=2*1*5+2%4*3=4(mod 15).
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Fermat’s Little Theorem

If p is a prime and a is an integer, then aP = a (mod p).

Variant: If p is a prime, and a is an integer coprime to p,
then aP-' =1 (mod p).
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Application of Fermat’s little
theorem

» 541: prime
> 2540 (mod 541) =1
° 220098261 (mod 54])
= 2(540* 37219) + 1 (mod 54])
= (2540) 37219 D1 (mod 54])
=2 (mod 541)

» Compute x = 269 (mod 899)
> Note, that 899 = 29 * 31

> First compute 2°°=16 (mod 29) and 2%°= 1(mod 31).
> Since x =16 (mod 29) and x =1 (mod 31), using CRT
find x = 683 mod 899.
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RSA Encryption

» Key Generation

> two large random primes p and g, each roughly the
same size

°n=pq
o e 1< e <(p-1)g-1), such that gcd((p-1)(g-1), ) = 1
- ed =1 (mod (p-1)(g-1))
> Public key is (n, e); Private key is (n,d)
» Encryption: compute ¢ = memod n
» Decryption: m = ¢ mod n

» Why does it work?
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Why RSA works?

» ¢d (mod n) /
= med (mod n)

=m!'+ k(P—l)(q—U(mod n)

[as ed=1 (mod (p-1)(-1)) |

=m | Now let’s apply Fermat’s Little Theorem |

» Last equivalence:
°m 1+k(p—1)(q*1)(mod p) = m.(m(p—U)k(q*])(mod p) =m (mod p)
°m ]+k(p—])(q—])(mod q) = m.(m(q—]))k(p—])(mod q) =m (mod q)
> Using (the special case of) the Chinese remainder
theorem, the conclusion follows.
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Matrices (blackboard)

Notation: A= [a;] with¢e {1,...,m}and j € {1,...,n}
- Sum of matrices A+ B = [a;; + byl

B = Z aikbkj:|
3

A —92 92\ /1 0 1\ AB /e
3 -1 5 =

I I VI \

Identity Matrix I,

> Transpose of Matrices AT

- Powers of Matrices Ak
- Zero-One Matrices (join, meet, boolean product)

P

Product of matrices

o

e

Nolt
=
—

- ~

o
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What is induction?

» A method of proof

» Three parts:

> Base case(s) / basis step:
Show P(k) is true for k=1

> Inductive hypothesis:
Assume P(k) is true for an arbitrary positive integer k

o Inductive step:
Show that if P(k) is true, then P(k+1) is true

MM524 / DM527 - Fall 2010 245

Mathematical Induction

» A powerful technique for proving that a
predicate An) is true for every natural
number 1, no matter how large.

» Based on a predicate-logic inference rule:

A1) “The First Principle
vzl (An—An+1)) of Mathematical
V=1 An) Induction”

246

Induction example

» Show that the sum of the first » odd integers is r7?
o Example: If =5, 1+43+5+7+9 = 25 = 52
> Formally, Show V n P(n) where P(n) is the proposition X",_,(2i-1)= n?

» Base case: Show that P(1) is true
o P(1) is true, because (2*1-1) = 12
» Inductive hypothesis: assume P(k) is true for an arbitrary positive
integer k
o Thus, we assume that P(4A) is true, or that X¥_,(2i-1)= k2
> Note: we don’t yet know if this is true or not!
» Inductive step: show P(k+1) is true
> i.e., we need to show that 3*+',_,(2i-1)= (k+1)2
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Induction Example

» Induction hypothesis:
- Assume P(k) is true, i.e. 2k_,(2i-1)= k2

» Inductive step:
o YKL _(2i-1) = XK _,2i-1) + (2 (k+1) -1)
=k? + 2k +1)
= (k+1)?

i.e. P(k+1) is true

I!

because P(k) is true ||
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What did we show

» Base case: P(1)
» If P(K) is true, then P(k+1) is true
> i.e., P(k) — P(k+1) (for all positive integers k)

» We know P(1) is true

» Because of P(k) — P(k+1), it holds : if P(1) is true, then P(2) is true
» Because of P(k) — P(k+1), it holds : if P(2) is true, then P(3) is true
» Because of P(k) — P(k+1), it holds : if P(3) is true, then P(4) is true
» Because of P(k) — P(k+1), it holds : if P(4) is true, then P(5) is true
» And onwards to infinity

» Thus, it P(k) is true for all possible values of &

» Using first order logic:
o [P(1) AV k (P(k) = P(k+1))] = V n P(n)

MM524 / DM527 - Fall 2010 249

Second induction example

» Show the sum of the first 7 positive even
integers is n> + n
> Rephrased: V n P(n) is true where P(n) is the
proposition X"_; (2 i) = n? + n for the integer n

» The three parts:
> Base case
> Inductive hypothesis
> Inductive step
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Induction example

» Show that 7! < n”for all n> 1

» Base case: n=2
2! < 22
2<4
» Inductive hypothesis: assume kI < k% for an
arbitrary positive integer k>1 is true
» Inductive step: show that (k+1)! < (k+1)4+1
o (k+1)! = (k+1) - k!
< (k+1) kk
< (k+1) (k+1)k
— (k+'|)k+]
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Another one...

Let n be a positive integer. Let P(n) be the
proposition that any 2" x 2" checkerboard
with one square removed can be tiled using
pieces like the following:
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Basis step:

P(1) is true :
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Inductive Step:

Assume P(K) is true for the positive integer k. We want to show
that P(k+1) is true, i.e., it must be shown that any 2k+1 x 2k+1
checkerboard with one square removed can be tiles with the
given piece:

_r_

The Well-Ordering Property

» The validity of the inductive inference rule can also
be proved using the well-ordering property, which
says:

- Every non-empty set of non-negative
integers has a least (smallest) element.

255

Why the induction is valid?

» P(O) AN 120 (P(n)—P(n+1))
~vnrn=0 P(n)

» Suppose that S = {n|—=An)}is non-empty.

By the well-ordering property, S has a least
element m such that Aim)is false.

Then m = 0 (since AO) is true) and P(m-1)is false
(since V=0 (P(n)—P(n+1))).

This contradicts to m is the least element.
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Outline of an Inductive Proof

» Want to prove Vn P(n)...
> Basis step: Prove P(0)is true.

> Inductive step: Prove vV P(n)—P(n+1).

257

All horses have the same color

Let P(n) be the proposition that all horses in a set of n horses
have the same color.

Basis step: Clearly, P(1) is true.
Hypothesis: P(k) is true for an arbitrary positive integer k.
Inductive step:

k horses

\ (also these
(all have the ™~/ mhust have
same color a the same

color as P(k)

P(k) is true
(k) ) is true)

i.e., all k+1 horses have the

same color 258

Interesting Induction

» Someone with zero hairs is bald.

» Someone with one more hair than a bald
person is bald.

. turn the inductive crank......

v v v
.

» Therefore, someone with
1,000, 000 hairs is bald.

» What’s wrong with this induction?
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More Examples

» Prove that if h> -1, then 1+nh < (1+h)" for all
non-negative integer n.

» Prove that n2=1 (mod 8) for all odd integer n.
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More Examples

» Suppose that A = (ﬁ (2\;
\U

a” 0
N L
v

Show that A" = (
\
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Strong mathematical induction

» Weak mathematical induction assumes P(K) is
true, and uses that (and only that!) to show
P(k+1) is true

» Strong mathematical induction assumes P(1),
P(2), ..., P(K) are all true, and uses that to
show that P(k+1) is true.

[P(1) APR2) ApBB) A...APKk)] — P(k+1)

m
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Strong mathematical induction

» Characterized by another inference rule:

A0) Pis true in %l previous cases

vVr=0: (WO k< n:RK)— ARn+l))

¥ r=0: An)

“The Second Principle
of Mathematical
Induction”

263

Strong induction example 1

» Show that any number > 1 can be written as
the product of primes

» Base case: P(2)
> 2 is the product of 2 (remember that 1 is not
prime!)

» Inductive hypothesis: P(2), P(3), P(4), ..., P(K)
are all true

» Inductive step: Show that P(k+1) is true
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Strong induction example 1

» Inductive step: Show that P(k+1) is true

» There are two cases:
o k+1 is prime
+ It can then be written as the product of &+1
> k+1 is composite

+ It can be written as the product of two
composites, a and b, where 2 < a< b < k+1

+ By the inductive hypothesis, both P(a) and P(b) are true
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Strong Induction Examples 2

» Prove that every amount of 12 cents or more can be formed
using just 4-cent and 5-sent stamps.

» Base case:
> 12 =3 * 4 cent stamp
° 13=2%44+1%*5
c 14=1%44+2%5
c15=3%*5

» Inductive step: Suppose P(j) is true for 12 <j <k (k=15). It is
sufficient to show that P(k+1) is true. We know that P(k-3) is
true since k > 15. To form postage of k+1 cents, we just need
to add 1 4-cent postage to the stamps we used to form k-3

cents.
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4.3 Recursive Definitions.

The process of defining an object in terms of itself is
called recursion. Recursion can be used to define
sequences, functions, sets, ...

e.g. We can specify the terms of a sequence using
(1) an explicit formula:
a,=2", n=0,1,2,...
(2) or using a recursive form:
ay=1,
a,.=2a,,n=0,1,2,...
Example. Suppose that f is defined recursively by

f0)=3, fin+1)=2f(n)+3
Find /(1), (2), f(3), fi4).

Example. Give an inductive (recursive) definition
of the factorial function F(n) = n!

Sol :
initial value : F(0)=1
recursive form : F(n+1) = (n+1)! =n! - (n+1)
=F(n) - (n+l)

Example. The Fibonacci numbers f,, f}, f;....are
defined by : f,=0
h=1,
fo=f +f .. forn=234,...
whatis f, ?
Solution :
f4 =f+h=0h+)+(i+p=rh+2
=(fi+f)+2=3




Example 6. Show that f, > 9”2, where = 1+2'\/57 n>3

Proof: ( By Strong Induction )
Let P(n) be the statement f,> ¢"2 .
Basecase f3=2>¢

S

f1=3> ¢ =35
so P(3) and P(4) are true.
Inductive step:
Assume that P(3), P(4), ..., P(n) are true.
We must show that P(n+1) is true.
Joi =t tfi > @2+ @7
= Q"3 (p+1)
(using @ +1= @?)
o1 > @@= !
We get that P(n+1) is true. By Strong MI, P(n) is true
foralln>3

f
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What is a relation

» Relation generalizes the notion of functions.

» Recall: A function takes EACH element from a set and maps it to a
UNIQUE element in another set
o XY
© Vxe X, Aysuchthatf(x) =y

» Let Aand B be sets.

A binary relation R from A to B is a subset of Ax B
> Recal: AxB=1{(a, b)|ae A, be B}
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What is a relation

» Example
> Let A be the students in a the CS major
- A = {Alice, Bob, Claire, Dan}
o Let Bbe the courses the department offers
- B={CS1901, CS2011, CS2021}

- We specify relation R < A x Bas the set that lists all
students ae Aenrolled in class be B

> R = {(Alice, CS1011), (Bob, CS2011), (Bob, CS2021),
(Dan, CS2011), (Dan, CS2021)}
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More relation examples

» Another relation example:
> Let A be the cities in Europe
> Let Bbe the countries in Europe

> We define Rto mean ais a city in country b
> Thus, the following are in our relation:
- (Paris, France)
- (Lion, France)
(Copenhagen, Denmark)
(Berlin, Germany)

- etc...
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Representing relations

We can represent We can represent
relations graphically: relations in a table:

CS1901 | CS2011 | CS2021

Alice
.\.CS1901 Alice X

Bob Bob X X
CS2011 )
Clair Claire
CS2021 Dan X X
Dan

Not valid functions!
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Relations vs. functions

» IfFR 2 X x Y is arelation, then is R (the graph
of) a function?

» If 2 X = Y is a function, then is (the graph of)
f a relation?
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Relations on a set

» A relation on the set A is a relation from Ato A
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Relations on a set

» Let Abe theset{1,2,3,4}
» Which ordered pairs are in the relation
R={(ab) | adivides b}
» R={(1,1), (1,2), (1,3), (1,4), (2,2), (2,4), (3,3), (4,4)}

1 1 R|I1 2 3 4

1|/ X X X X
2 2

2 X X
3 3 3 X

4 X
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More examples

» Consider some relations on the set Z
» Are the following ordered pairs in the relation?

(1,1) (1,2) @, @a,-1) (2,2

» Ri={(ab)|a<b} X X X
» Ro={(ab | a>b} X X

» Rs={(ab) | a=|bl} X X X
» Ry={(ab) | a=b} X X
» Re={(ab)|a=b+1} X

» Rg=1{(ab) | a+bh<3} X X X X
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Relation properties

» Six properties of relations we will study:
- Reflexive
> Irreflexive
> Symmetric
o Asymmetric
o Antisymmetric
o Transitive
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Reflexivity vs. Irreflexivity

» Reflexivity
- Definition: A relation is reflexive if
- (@aa e Rforallae A
» Irreflexivity
- Definition: A relation is irreflexive if
s (aae Rforallae A

= < > < >
reflexive o) X X o) o)
irreflexive X o 0 X X

» Examples

> Is the “divides” relation on Z* reflexive?
<_|Is the “=” (not <) relation on a P(A) irreflexive?
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Reflexivity vs. Irreflexivity

» A relation can be neither reflexive nor
irreflexive

» Example?
- A={1,2}, R={(1, 1)}
> It is not reflexive, since (2, 2) ¢ R,
- It is not irreflexive, since (1, 1) e R.
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Symmetry, Asymmetry, Antisymmetry

» A relation is symmetric if
- foralla,be A, (g, e R=(bae R
» A relation is asymmetric if
- foralla,be A, (g,b)e R=(ba) ¢ R
» A relation is antisymmetric if
o foralla,be A, ((ab)e Rar(ba) e R)= a=b
o (Second definition) foralla, be A, ((a,6) e Rra=b) = (b,a) ¢ R

< > = < > | isTwinOf
symmetric X X o] X X o]
asymmetric 0] 0] X X X X

o] o] o} o] o] X

antisymmetric
m‘ﬁh
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Notes on *symmetric relations

» A relation can be neither symmetric or
asymmetric
- R={(ab) | a=|b|}
> This is not symmetric
+ -4 is not related to itself
> This is not asymmetric
- 4 is related to itself
> Note that it is antisymmetric
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Transitivity

» A relation is transitive if
- foralla, b, ce A, (gbeRA(bOcR) = (a,0eRrR

yvIfa< band b< ¢, thena< ¢
> Thus, < is transitive

yIfa= band b= ¢, thena=c
> Thus, = is transitive
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Transitivity examples

» Consider isAncestorOf()
> Let Alice be Bob’s parent, and Bob be Claire’s parent

> Thus, Alice is an ancestor of Bob, and Bob is an ancestor of Claire

> Thus, Alice is an ancestor of Claire
> Thus, isAncestorOf() is a transitive relation

» Consider isParentOf()
> Let Alice be Bob’s parent, and Bob be Claire’s parent

> Thus, Alice is a parent of Bob, and Bob is a parent of Claire

> However, Alice is not a parent of Claire
> Thus, isParentOf() is not a transitive relation
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Summary of properties of relations

reflexive va(a,a)e R

irreflexive va(a,a)e R
symmetric |(Va,beA, (a,b)e R= (b,a)e R
asymmetric |Va,be A (a,b)e R=(ba)e¢ R

va beA ((ab)e Ra(ba)e R)=a=b

antisymmetric | .ycor alla, b e A, ((a,b) € R na =b) = (b,a) ¢ R)

transitive va,b,ceA ((a,b)e Ran(bc)e R) =(a,c)eR

(*) Alternative definition...
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Properties of Relations

A: . A B:
not reflexive not reflexive
not irreflexive

. irreflexive
symmetric ® not symmetric
not asymmetric not asymmetric
antisymmetric not antisymmetric
transitive e e not transitive
C:
not reflexive D:
irreflexive t reflexi
not symmetric I ir;?;ﬂrzxﬁ)gve
asymmertric .
antisymmetric ® not symmetric
not transitive asxmmetrlc ;

antisymmetric

transitive

. D
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Combining relations

» There are two ways to combine relations R, and R,
> Via set operators
> Via relation “composition”

» Example (blackboard)
R, : ,smaller than”
R, : ,greater than®
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Combining via relational composition
» Similar to function composition

» Let R be a relation from A to B, and
S be a relation from B to C
o Letae A be B and ce C
o Let(a,b) € R, and (b,o) e S
o The composite of R and S consists of the ordered pairs (a,¢)
- We denote the relation by So R
- Note that S comes first when writing the composition!

o (@ c)e So Rif3bsuchthat(a,b)e R and (b0 e S
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Combining via relational composition

Let M be the relation “is mother of”
» Let Fbe the relation “is father of”

v

» What is Mo F? (the composite of Fand M)
o If (a,b) € F, then ais the father of b
o If (b,0 € M, then b is the mother of ¢
> Thus, Mo Fdenotes the relation “maternal grandfather”

» Whatis Fo M?
o If (a,b) € M, then ais the mother of b
o If (b,0 € F, then bis the father of ¢
> Thus, Fo Mdenotes the relation “paternal grandmother”

» Whatis Mo M?
o If (a,b) € M, then ais the mother of b
o If (b,0) € M, then bis the mother of ¢
> Thus, Mo Mdenotes the relation “maternal grandmother”
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Combining via relational composition

» Given relation R
> Ro Rcan be denoted by A2
cRRoR=(RoRoR=R
- Example: M is your mother’s mother’s mother
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8.3 Representing Relations

Connection Matrices
» Let R be a relation from

A={a,a,...,a, to B={b;, b,,...,b,}
» Definition: A,, mx n connection matrix Mfor R is

defined by M; = 1if (a;, b)) is in R, = 0 otherwise.
» Example: We assume the rows are labeled with the elements
of A and the columns are labeled with the elements of B. Let

A={a, b,c},B={e f g, h} R={(@a, e),(c, 9}

1 0 0 O
» Then the connection matrix MforRis |0 O O 0
0 010

(Note: the order of the elements
of A and B matters)
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Representing Relations

» Theorem: Let R be a binary relation on a set A and let M be its
connection matrix. Then
o Ris reflexive iff M; =1 for all i.
> Ris symmetric iff M is a symmetric matrix: M = MT
¢ Ris antisymetric if My = 0 or M;; = 0 for all i =+ j.

1 1
1
0
1
1
: 0
1
1 . . .
L ) 1 (a) Symmetric (b) Antisymmetric
The Zero-One Matrix for a Reflexive The Zero-One Matrices for Symmetric and
Relation.

Antisymmetric Relations.

The Composition

» Definition: Let
Mg be the connection matrix for R
M; be the connection matrix for S.

The boolean product of two connection matrices
Mg and Mg, denoted Mz ® Mg , is the connection
matrix for the composite of RandS, So R .

Mpn = Mpopo..on = Mr©Mp® ... 0 Mg = M
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The Composition

Example : [0 0]
0 1 0 0] lo 1l
A B C ap=lo o0 1] M=

o 10 0] ol

oo o0

®:x MoM=lo 1
1 2 LO IJ

(M1 M2)12=[(Mi )11 A (M2 )12 ] V[{(Mi)i2 A(M2 )22 ]
VIM1)13 A (M2 )32 [V[(Mi1)i4 A (M2 )42 ]
=[0AO0]VIIAT]IVIOAOlVIOAT]=1
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The Composition

» Note:
there is an arc in R, from node 1 in A to node 2 in B
there is an arc in R, from node 2 in B to node 2 inC

hence there is an arcin R,c R; from node 1 in A to
node 2 in C.
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Representing Relations Using
Digraphs

» Definition 1: A directed graph, or digraph, consists
of a set V of vertices (or nodes) together with a set
E of ordered pairs of elements of V called edges (or
arcs).

» The vertex ais called the /nitial vertex of the edge
(a, b), and the vertex b is called the terminal vertex
of this edge.

» An edge of the form (a, a) is represented using an
arc from the vertex a back to itself. Such an edge is
called a loop.

298

Representing Relations Using
Digraphs

» Example: The directed graph with vertices a,
b, ¢, and d, and edges (a, b), (a, d), (b, b), (b,
d), (¢, a), (¢, b), and (d, b) :

a

b
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Representing Relations Using
Digraphs

» Example: The directed graph of the relation
R={(1, 1), (1, 3), (2, 1), (2, 3), (2, 4), 3, 1), (3, 2), (4, 1)}
on the set {1, 2, 3, 4}
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8.4 Closures of Relations

» Definition: The c/osure of a relation R with respect to

property P is the relation obtained by addin%the
minimum number of ordered pairs to R to obtain
property P.

» In terms of the digraph representation of R
—-To find the reflexive closure - add loops.
—--To find the symmetric closure - add arcs in the
opposite direction.

--To find the transitive closure - if there is a path
from a to b, and a path from b to ¢, add an arc
from a to c.

» Note: Reflexive and symmetric closures are easy.
Transitive closures can be more complicated.

m

Symmetric and Reflexive Closure

Let R be a relation on A. The symmetric closure of R,
/s denoted s(R ), the reflexive closure is denoted r(R).

Example: What is the symmetric / reflexive closure of
the relation R={(a, b) | a> b} on the set of positive

integers?
Example:
(" ): - Y ™
\ o e
O o Go o)

L . 0 @
\\k:‘ 302

Paths in Directed Graphs

» Definition: A path from a to b in the directed graph G is a
sequence of edges (xq, X;), (X;, X5), (X5, X3), « « ., Xp_1, X;)
in G, where n is a nonnegative integer, and x,= a and
X'|=b .

» This path is (often) denoted by x,, x,, x,, .. .,x,_; ,x,and
has /ength n.

Example: blackboard / next slide

Paths in Directed Graphs

» Examples:

Which of the following are paths in the directed
graph show below? What are the lengths of those
that are paths? Which of the paths in this list are
circuits?
> a,b,e,d;

- a,e,c,d,b;
> b,a,cb,aa b,
> dc
o ¢ b,a;
> eb,adab,e




Paths in Directed Graphs

» Theorem: Let R be a relation on A. There is a
path of length n from a to b iff (a, b)e R"

Proof: (by induction —-> book)
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Transitive Closure

» Definition: The connectivity relation or the star
closure of the relation R, denoted R is the set of
ordered pairs (a, b) such that there is a path (in R)
from a to b: 50

rr=Jnr

n=1

n

Theorem: The transitivity closure of a relation R,
denoted t(R), equals the connectivity relation R*

Example: blackboard (graphs for Ex. 7 from book)
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Transitive Closure

» Theorem: Let Mg be the zero-one matrix of the
relation R on the relation R on a set with n
elements. Then the zero-one matrix of the
transitive closure R* is

_ [2] [3] [n]
M, =M,vMy vMg v---vMyg

» Example: Find the zero-one matrix of the transitive
closure of the relation R where

101
M,=[0 1 0
110
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Transitive Closure

» Algorithm : A Procedure for Computing the
Transitive Closure

procedure transitive_closure (Mg :zero-one nxn

matrix)
A= Mg
B:=A
fori:=2ton
begin
A= AoM;
B:=BVA

end {B is the zero-one matrix for R* }
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» Now we group properties of relations
together to define new types of important

ch 8.5 relations.

. . » Definition: A relation R on a set A is an
EC!UIV&JGI’]CE Relations equivalence relation iff R is

. reflexive
- symmetric
- transitive

MM524 / DM527 - Fall 2010
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Equivalence Relations Equivalence Relations
» It is easy to recognize equivalence relations using digraphs. @ .Q C. .<>
Example:
» The subset of all elements related to a particular element A has 3 elements:
forms a universal relation (contains all possible arcs) on that 6 6
subset.
rank = 3 rank =2

» The (sub)digraph representing the subset is called a
complete (sub)digraph. All arcs are present.

(The number of such subsets is called the rank of the Q. .Q
equivalence relation.)

. rank =2 rank =2 rank =1




Equivalence Relations

» Each of the subsets is called an equivalence class.
» A bracket around an element means the equivalence
class in which the element lies.
[XIg=[xI ={y | (x, y) is in R}
» The element in the bracket is called a representative

of the equivalence class. We could have chosen any
one.

» Example: a b
[a] = {a, c}, [c] = {a, c}, [b] = {b}. .Q
rank = 2
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Equivalence Relations

» Definition: Let S;, S,, . . ., S, be a collection of

subsets of A. Then the collection forms a partition
of A if the subsets are nonempty, disjoint and

exhaust A:
» $;#9
» SN S =0ifi #j

A Partition of a Set.
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Equivalence Relations

» Theorem: The equivalence classes of an
equivalence relation R partition the set A into
disjoint nonempty subsets whose union is the
entire set.

» This partition is (often denoted A/R and) called
-- the guotient set, or
—— the partition of A induced by R, or,

-—- A modulo R.
: a b :
‘&

» Example :
A/R={la] .[b] }

={lal.[c] }
= {{a}, {b,c}f
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Equivalence relations

» Example: Consider the relation
R={(ab) | len(a) = len(b) }
where /en(a) means the length of string a
o It is reflexive: len(a) = len(a)
> It is symmetric: if /fen(a) = /en(b), then /len(b) = len(a)
o It is transitive: if /en(a) = /len(b) and /en(b) = /en(c), then
len(a) = /len(c)
o Thus, Ris a equivalence relation

MM524 / DM527 - Fall 2010
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Equivalence relation example

» Consider the relation R ={(a,b) | a= b (mod m) }
- Remember that this means that m | a-b

» Is it reflexive: (a,a) e R means that m | a-a
> a-a = 0, which is divisible by m

» Is it symmetric: if (a,6) € Rthen (b,a) € R
> (a,b) means that m| a-b
> Orthat km = a-b. Negating that, we get b-a = -km
o Thus, m| b-a, so (b,a) € R

» Is it transitive: if (a,6) € Rand (b,0 € Rthen (a,0 € R
> (a,b) means that m | a-b, or that km = a-b
> (b,0) means that m | b-c, or that /m = b-c
> (a,0 means that m | a-c, or that nm = a-c
> Adding these two, we get km+/m = (a-b) + (b-0
o Or (k+hm = a-c
> Thus, mdivides a-c, where n= k+/

» Thus, congruence modulo mis an equivalence relation
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Rosen, section 8.5, question 1

»  Which of these relations on {0, 1, 2, 3}are
equivalence relations? Determine the properties of
an equivalence relation that the others lack

- {(0,0),(1,1),(2,2), 3,3)}
- Has all the properties, thus, is an equivalence relation
= {(0,0), (0,2), (2,0), (2,2), (2,3), (3,2), (3,3) }
- Not reflexive: (1,1) is missing
l\éog transitive: (0,2) and (2,3) are in the relation, but not

{(0,0), (1,1), (1,2), 2,1), 2,2), 3,3) }
- Has all the properties, thus, is an equivalence relation
- {(0,0, (1,1), (1,3), 2,2), (2,3), (3,1), 3,2) (3,3) }
. r\%og transitive: (1,3) and (3,2) are in the relation, but not

- {(0,0), (0,1) (0,2), (1,0), (1,1), (1,2), 2,0), (2,2), (3,3) }
+ Not symmetric: (1,2) is present, but not (2,1)
E\lzo% )transitive: (2,0) and (0,1) are in the relation, but not

MM524 / DM527 - Fall 2010
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Rosen, section 8.5, question 5

» Suppose that Ais a non-empty set, and fis a function that
has A as its domain. Let R be the relation on A consisting of
all ordered pairs (x,)) where Ax) = A))
> Meaning that x and yare related if and only if Ax) = A))

» Show that Ris an equivalence relation on A

» Reflexivity: Ax) = Ax)
> True, as given the same input, a function always produces the
same output

» Symmetry: if Ax) = A then AY) = Ax)
> True, by the definition of equality

» Transitivity: if Ax) = f)) and A)) = A2 then Ax) = A2
> True, by the definition of equality
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Rosen, section 8.5, question 8

» Show that the relation R, consisting of all pairs (x,)) where x
and y are bit strings of length three or more that agree
except perhaps in their first three bits, is an equivalence
relation on the set of all bit strings

» Let Ax) = the bit string formed by the last #-3 bits of the bit
string x (where nis the length of the string)

» Thus, we want to show: let R be the relation on A consisting
of all ordered pairs (x,)) where Aix) = A))

» This has been shown in question 5 on the previous slide

MM524 / DM527 - Fall 2010
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Partitions

» Consider the relation R={(a,b) | a=b (mod 2)}

» This splits the integers into two equivalence
classes: even numbers and odd numbers

» In this example, the partition is { [0], [1] }
- 0or{{.,-3,-1,1,3,..}L{.,-4,-2,0,2,4, ...}}
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Rosen, section 8.5, question 44

» Which are partitions of the set of integers?
> The set of even integers and the set of odd integers
+ Yes, it’s a valid partition
> The set of positive integers and the set of negative integers
- No: O is in neither set
> The set of integers divisible by 3, the set of integers leaving a remainder

of 1 when divided by 3, and the set of integers leaving a remaineder of 2
when divided by 3

+ Yes, it’s a valid partition

> The set of integers less than -100, the set of integers with absolute value
not exceeding 100, and the set of integers greater than 100
+ Yes, it’s a valid partition

> The set of integers not divisible by 3, the set of even integers, and the set
of integers that leave a remainder of 3 when divided by 6
+ The first two sets are not disjoint (2 is in both), so it’s not a valid partition

MM524 / DM527 - Fall 2010

322

8.6 Partial Orderings
(not or only briefly covered in 2010)

» Definition: Let R be a relation on A. Then R is
a partial order iff Ris

» reflexive
» antisymmetric
» transitive

» (A, R) is called a partially ordered set or a
poset.
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Partial Orderings

» Note: It is_not required that two things be
related under a partial order. That's the
partial part of it.

» If two objects are_always related in a poset, it
is called a total order or linear order or
simple order.

» In this case (A, R) is called a chain.
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Partial Orderings

» Examples:
(Z, <) is a poset. In this case either a<borb<a
so
two things are always related. Hence, < is a total
order and (Z,<)is a chain.

» If Sis a set then (P(S), <) is a poset. It may not be
the case that A c B or Bc A. Hence, c is not a total
order.

v (Z+, divides’) is a poset which is not a chain.

X
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Partial Orderings

» Definition: The elements a and b of a poset (S, <)
are called comparable if either a<b or bxa.

» When a and b are elements of S such that neither
asbnorb<a, aandb are called /ncomparable.

» Example: In the poset (Z*, |), are the integers 3 and
9 comparable? Are 5 and 7 are incomparable,
because5t7and 7+5.

m

Partial Orderings

» Definition: Let R be a total order on A and suppose

Sc A. An element s /n Sis a least element of S /ff
SRb for every bin S.

» Similarly for greatest element.
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Partial Orderings

» A Chain (A,R) is well-ordered iff every subset of A has
a least element.

» Examples:
(Z, <) is a chain but not well-ordered. Z does not
have least element.
(N, <) is well-ordered.
(N, =) is not well-ordered.
» Theorem: The Principle of Well-Ordered Induction
Suppose that S is a well-ordered set. Then P(x) is
true for all x € S, if
» Inductive Step: For everyy e S, if P(x) is true for all
x € Swith x <y, then P(y) is true.




Lexicographic Order
» Given two posets (A4,, R;) and (A,, R,)we
construct an /nduced partial order R on A;xA,:
(x5, V)R (x5 y,) iff
X, R, x5 ,0r x;, =x,and y, R, V..

» Example:
Let A, = A, =2"and R, = R, = divides’. Then

» (2,4) R (2, 8) since x; = x,and y; R, y».

» (2, 4) is not related under R to(2, 6) since x; = x,
but 4 does not divide 6.

» (2,4) R (4, 5)since x; R; x,.

Note that 4 is not related to 5).

~
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Lexicographic Order

» This definition extends naturally to multiple Cartesian
products of partially ordered sets:

A, xA,xAz;x...x A,
» Example: Using the same definitions of A; and R; as
above,

» (2,3,4,5) R (2 3 8 2)since x, =x,, y;, =y, and
4 divides 8.

» (2,3, 4, 5)is not related to (3, 6, 8, 10) since 2
does not divide 3.
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Lexicographic Order

» In the following Figure the ordered pairs in Z*x Z* that are
less than (3, 4) are highlighted.

. ® - ° ® . o - -
a€.n 27 @& “47n 6.7 .7 A7

° ° ® o e . ® - -
(1,6) (2,6) (3,6) (4,6) (5.6) (6,6) (7,6)

. ° . . ) . e - -
(L,5) (25 @35 &35 (6.5 65 (7.5

L) @ ) ° ° ° @ e
14 24 G4 @) G 6.4 (1.4 FIGURE The
L) ) L] ® [ [ ] ® - - - Ordered Pairs
(1,3) (2,3) (3,3) &3 ,3) 6,3) (7.3 Less Than (3’4)
. . . . . . & e s in Lexicographic
(1,2) (2,2 (3,2) 4.2) (5.2) (6,2) (7.2 Order.

° o ° ° . ° @ et
(., @,hH 3G,DhHh &b (G (.l (@D 331

Strings

» We apply this ordering to strings of symbols where there is
an underlying 'alphabetical' or partial order (which is a total
order in this case).

» Example:

Let A ={a, b, ¢f/and suppose Ris the natural alphabetical
order on A:

aRbandbRec
Then

» Any shorter string is related to any longer string(comes
before it in the ordering).

» If two strings have the same length then use the induced
partial order from the alphabetical order:

aabc R abac
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Hasse or Poset Diagrams

» To construct a Hasse diagram:

1) Construct a digraph representation of the poset
(A, R) so that all arcs point up (except the loops).

2) Eliminate all loops

3) Eliminate all arcs that are redundant because of
transitivity

4) eliminate the arrows at the ends of arcs since
everything points up.
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Hasse Diagrams

» For instance, consider the
directed graph for the partial
ordering {(a, b)| a< b} on the set
{1, 2, 3, 4}. Figure (a).

» we do not have to show these
loops because they must be
present. Figure (b).

» We do not have to show those
edges that must be present
because of transitivity. Figure (c) 1
(@ (b)

1

FIGURE Constructing the Hasse
Diagram for ({1,2,3,4},5).

4e

3¢
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Hasse Diagrams

» Example : Draw the Hasse diagram representing the partial
ordering {(a, b)| a divides b} on {1, 2, 3, 4, 6, 8, 12}.

@& The McGraw-Hill Companies, Inc. all rights reserved.
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Hasse Diagrams

» Example: Hasse diagram representing the partial
ordering {(A, B)| A < B} on the power set S={a ,b, c}.

{a, b, c}

{a, c} {b, c}

N
N\

{a} (b}

[
FIGURE The Hasse Diagram of (P({a,b,c}),C ).
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Maximal and Minimal Elements

» Definition: Let (4, R)be a poset. ThenainA s a

minimal element if there does not exist an
element b in A such that bRa.

» Similarly for a maximal element.

» Example: In the Hasse diagram (last slide), @ is a
minimal element and {a, b, ¢/is a maximal element.
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Maximal and Minimal Elements

» Example: Which elements of the poset ({2, 4, 5, 10,
12, 20, 25}, |) are maximal, and which are minimal?

120 20
4 ¢ 10 25
24¢

Least and Greatest Elements

» Definition: Let (4, R) be a poset. Then a in A is the least
element if for every element b in A, aRb and b is the greatest
element if for every element a in A, aRb .

» Example:
In the poset on slide 336 {a, b, ¢/ is the greatest element.
@ is the least element.

o
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Maximal and Minimal Elements

» Example: Determine whether the posets
represented by each of the Hasse diagrams in the
figure have a greatest element and a least element.

b ¢ d d e d d
Y >< )C\ b : |
a a b a b a
(a) (b) (c) (d)
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Upper and Lower Bounds

» Definition: Let Sbe a subset of Ain the poset (4, R). If there
exists an element a /n A such that sRafor all s /n S, then a /s
called an upper bound .

» Similarly for /ower bounds.

» Note: to be an upper bound you must be related to every
element in the set. Similarly for lower bounds.
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Upper and Lower Bounds

» Example: Find the lower and upper bounds of the subsets {a,
b, ¢}, {j, h}, and {a, ¢, d, f} in the poset with the Hasse
diagram shown in the following Figure

h

g f
d e
b c
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Least Upper and Greatest Lower Bounds

» Definition: If ais an upper bound for Swhich is
related to all other upper bounds then it is the
least upper bound, denoted lub(S). Similarly for
the greatest lower bound, glb(S).

» Example: Consider the element {a} in Example 13.
Since {a, b, ¢}, {a, b} {a, c} and {a} are upper bounds
and {a} is related to all of them, {a} must be the /ub.
It is also the g/b.
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Least Upper and Greatest Lower Bounds

» Example: Find the greatest lower bound and the least upper
bound of {b, d, g}, if they exist, in the poset shown in the
following Figure .

h .

®J

g f
d e
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Lattices

» Example: Determine whether the posets represented by each
of the Hasse diagrams in the following Figure are lattices.

f h

(b) (©)
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Topological Sorting

» We impose a total ordering R on a poset compatible with the
partial order.

» Useful in rendering in graphics to render objects from back to
front to obscure hidden surfaces.

» A painter uses a topological sort when applying paint to a
canvas - he/she paints parts of the scene furthest
from the view first.

» This definition extends naturally to multiple Cartesian products
of partially ordered sets:

A xA,x A3 x...x A,
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Topological Sorting

» Example:
» Consider the rectangles 7 and the relation

R = “is more distant than.” Then Ris a partial order on the
set of rectangles.

» Two rectangles, 7;and T;, are related, 7, R T, if T;is
more distant from the viewer than 7.
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Topological Sorting

The Hasse diagram for R is

ERAVANIS
~

7

Draw 1 (or 8) and delete 1 from
the diagram to get

VAN

8

Then 1R2, 1R4, 1R3, 4R9,
4R5, 3R2, 3R9, 3R6, 8R7.

Now draw 4 (or 3 or 8) and delete from the diagram. Always
choose a minimal element. Any one will do. ...and so forth.
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Topological Sorting

Topological Sorting

» Algorithm 1 TODOIPQ'CaI S(?rtlnq o » Example: Find a compatible total ordering for the poset ({1, 2,
procedure Topological Sorting ((S, <) : finite poset) 4,5,12,20} |).
k=1
while S + & 12 20| 12 20| 12 20| 12 20| 12 20| 12
begin I/ . . .
a, := a minimal element of S { such an element 4 .
exists by Lemma 1}
2
S:=S-{a} 5 2 5 2
k:=k+1 :
end {a,, a,, . . ., 4, is a compatible total ordering of S}
Minimal
element 5 4 20 12
chosen
Topological Sorting Topological Sorting
» Example : A development » The Hasse diagram for the © The McGraw-Hill Companies, Inc. all rights reserved
project at a computer company seven tasks, with respect to _ ‘
requires the completion of seven this partial ordering, is shown G G G & = ¢ | @
tasks. in the Figure below. ¢
» Some of these tasks can be » Find an order in which these D D Fl D D, F -2/\” '/
started only after other tasks are tasks can be carried out to
finished. complete the project. 5 N B
» A partial ordering on tasks is set
up by considering task X < task G A C C E E
Y if task Y cannot be started until
task X has been completed. D Minimal
element A C E F G
chosen
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