
Majontyelemmtandlteavyhitkrsotheca.ltthat ✗ is a majority of 5=14.4 ,
- in )

if I } ✗ilxi -- ✗ 31 > I

•
We have seen a randomized

algorithm for this

with Oln ) expected numbs
time

Assume now that we
have a ( tons )

datastream

4K¥ ,
. . . . ,Xm>

when each Xi c- 31,2 ,
- -
nl

How do wi detecta majority
when then is

one
?

Here is a deterministic also
nthm using one pass

of the stream

ma÷¥e :-X
For i : =L to

M

If I ✗ c.
=L ) then c :-c -11

e. In c. = C- 1

if c. so then

c.=L
,

e :=ai

Retune

/
We claim that the algorithm outputs themajonbifthmison#



mail.IE?-e:--4
For i : =L to undo

If I ✗ i =L ) then c
:-c -11

e. In C: = C- 1

if c. so then

c.= 1
,

e :Eai

Retune

Uni only Ollogml space for
counter and

0 ( log n ) space for
value as ✗ i c- 41,2 ,

- - n}

S = 13 ,3,2 ,3,21
S = 43,2 ,

I
,
2,21

÷Yipy- z

3

4 I 2 4 2 3

5 I 3
,

3 is output
his output

why correct when Xj is
the majority ?



So
ppon Xj occ ours mon than Mmk time , in S

let ✗ = xj be
the value of the

majority .

For each i such that ✗g-
✗ we

d) either have
l =/ ✗ and then we

decrean

counter land possibly not
e- Xi )

41 or e = ✗ and we
incnan

the counter

-

It can happen less than m.la times

② 1 The counter is z 1 at the
termination

of each loop

so (2) will occur at
the end



Heauyhittenindatastrearn.sk
- frequency estimation ( k - counters )

• let fj be the number of
times the value

je} 1,2 , - - nl
occurs in

the stream A when

A-= Lai , ah ,
. - an S ai C- 31,2 , -

- n }

o Want to find estimates § such that

fj-mk-sfjs.fi, for all values j in
the stream

a Soppon we are given
E with OC EC 1

I

want a data structure to
- E-approximate

heavy hitters so that we can
return

• all j soon that fig ? 1-
are in the list

• Every element in
the list

occurs at least I - Em times in
A



misra.Griesalsonthmmajontyals.com/-hmwith K counters CED
,
CED .

-CED

instead of 1
.

let LED
,
LED

,
. .

LEKJ be an array of
k locations

Misra- Gries (A)
@ A datastream of integer

> in In] * )

CEI] :=o ,
LES :-O forall i c- Ek)

For i : =L tom
do

If then is jetk)
s.t.LLjj.ae then

CEJJ :=CEj] -11

②
Tf L[g) =p for some je Ek]

then CLJJ : -1
,
Ltj) : - ai

else for j : =L to k Ctj)
: CCD -1

For j : =L to k do

if CEJJEO do Ltjj : _- 4

if Lts> =p for some je Ek]
then CLJJ : -1

,
Ltj) : - ai (* try to unacooutoto

-ai

if one is free
*)

pretonic , L

On query g- c- Eu) :

• If 7- je Ek]
with Ltj)= 9- return f^g=C[j)

•
othuwm return f^q=0



Misra- Gries (A)
@ A datastream of integers

in In] * )

CEI] : _- o ,
Lti) : - 0 forall I c- Ek)

For i : =L tom
do

If then is jetk)
set , Lljj = ai then

CEJJ :=CEj] -11

②
Tf L[g) =p for some je Ek]

then CLJJ : -1
,
Ltj) : - ai

else for j : =L to k Ctj)
: CLJ) -1

For j : =L to k do

if CEJJEO do Ltj) : _- 4

if LLJ> =p for some je Ek]
then CLJJ : -1

,
Ltj) : - ai (* try to unacooutoto

-ai

if one is free
*)

Return C ,
L

•

%Fe.EE?-cejsw.tuL-w=9-ioon 's
incremented if a 9- so f)Efg holds always

• If ctj) with L⑦= 9- is
decremental then

at other counters are
also decremented

Happens I 2- time, (a)
all Cti>21 )

so the counter CED repnnnbns UP
-- 9-

is decremental at most mln
times

so f-g- Mln
G- f^q



E-appwximakfequencyesh.ms#.

with E=£k the algorithm

outputs all values
with frequency count

at least 2- and only

value , with frequency count
at least Ik

our space Usan i 01k ) =
0 (E)

counters each of sine login

Reasonable since then may
be up

to

1- heavy hitters Cocooning
2 In time , )



coout-uunsh-etch-AS.comS is a (possibly very long )
stream of data

on which we want to
estimate the frequencies

of elements which
occur often in S

For example to solve
the approximate heavy

hitters problem

.
let b. e be integer , to be

determined below

.

let Ll be a universal family
of hash function,

h c- fl train,
U → [b)

when U is the universe

of all possible elements
in the stream .

• let hi
,
ha , - . -

, he is
distinct numbers from Sl

•
When we say

that hi ER is Universal
we mean

that hi is a random
member of lol

we un haha ,
- - he to build an exb

array M of counters
as follows



Initial,
Mi,j=o for i c- [e) and jets]

For each element ✗ in
the stream we process

it a) follow, :

For every ice : Mi
, hiG)

← Michiel -11

namely one in each
now

" " " "÷÷÷÷÷
""

hzlH=6

Small example 1=3 ;
8=4



:*
.÷¥¥¥¥⇒ 1

What can be said about
the frequencies

of the element>
of the stream

seen sofar ?

A : Mi
,
I
= 4 real frequency=3

Map =
5

Ms
,
I = 5

B : Mi ,2=
2

Ma
,
1=2

real frequency-2

M3
,
2 =
2

C : Mii - 4

M2
,
2=1

real frequency = 1

M3
,
Y = I

D: My> =L

Map = 5
real frequency -- 2

M3
,
I = 5



We saw that Minich is always at
least

the frequency of ✗ and often
Wisher .

Why ?

(a) Each occurrence of ✗ in cream Mihiel by one

so Michiel 2 f✗
when f× is real frequency

of ✗

( so far )

(b) Every occurenuofayy-txwothhixt-hiy.CI
will also

in cream Mihiel

• let Su be
the first n

elements

of the stream In -- 8in example )

• Denote by fy ,

the frequency (# otoccorenuslotyiu.sn

•
Demob Mihiel by Zip



Zi
,
✗ is a random

variable depending on

the random choice of hiER

Define the indicator variable II.✗ as follows

II.✗⑨ I = } 1 it hier his ,

o other win

As hi is universal p(II.✗b) =L ) I ÷

Then it follows from (a) and (b)
that

Zi
,
✗
= f.✗ + I fy.Ii.ly ) zf✗

byeSaly-4×1

what is the expected value of Zi ,✗
?

We will un 2- fy = n =/ Snl
ytsn



ÉZ = E (f✗ + If , -Ii .HN)
byc-Sn ly-4×1

= E(f× ) + Ef -2

fy.Ii.HN/byo-Snly-tH--fxt2-fy.E(Ii.xly))
hyc-snly-txlefxt-zfy.fhyc-snly.tk/
I f× c- f- 2- f,

b

go.sn/y-tx1Efx-g--2fyyc-Sn--fx--1-
So the expected value of Zi ,✗

is off

by at most 1- .

As n may be bun and we
have only b

counter, or estimate must depend on n



let us bound the probability that our estimate for f-✗
is more

than ¥ away

p( Zin - f×>_ %-) I E¥i÷¥) : 1¥ =L @ 1

This holds for all values ie
Ee] !

Let §
,
= minic.ee,Zi .✗

then zfx

and since huh , ,
. -

, he
an independent of each other

② 1 implies that

p ( fi - f✗>_ %-) I ¥ 1*1

Soppon wean given Ei
and we want

that

p ( fi -fx > En 7<-8
that then

By ⑦ 1 if we take bike and e= log,(f)
we isomer

may
not be

integer ,

Then

plfi.fi?En)=pfff-fieY-)s2-e=I-bsoItg=JsoplfI-fxzsn) so



We un b. e = Iq . log / f- ) counter, (the array m)

to implement the sketch an
we achieve

the desired accuracy p (f)- f-✗ zsn ) so

Independently .tn the length of the
steam ! !

For example : soppon
we
want to estimate the

frequencies of thou
elements that have frequency

at least ÷ and we want
the estimate to beoff

by 1% with probability at most ÷.

Take { = to
- " and 8--10-3 then 1% of ¥ is ÷, -- lo

-Yn
= Eu

"

p ( f^×-f×z b-
"
n ) ± 10-3

when we un b = 2.104 and l = 10521103 ) ~ 10

So we un only 2.104 . 10 = 200000
counter

to achieve the desired
accuracy no

matter

how long the stream is


