
Rosen8.IRecurrenurela.fi#
A recurrence relation fan } is an equation that

expresses an in terms of ao ,a , ,
-
- - in - l

for all u >_ no ,

when no >_ 0

hxn } is a solution
to haul if each term Xi

sah-h.es

the same equation as ai

Example : an =3 n
is a solution to

Anshan -1 - An-2 to - all a- 2,3 , - -

as 2. 3. In-1 ) - 3. In-2)

= 6h -6 -3N -16 = 3h

Initialcondihi.us# Then specify the first term ,

when the recurrence
starts ( up to no )

Above we could take ao --0
and a

,
=3 and see that

then 6--3.2=62--29 , - Go = 2.3-0--6

and 9=3.3--93--292-9 ,
= 2.6-3--9

Initial conditions uniquely determine
the

sequence ( induction
on n )



Examp# Fibonacci numbers

fifa - l

fn=fn - itfn-2

f- z= fztf , =
I -11--2

,
fy=fstf~= 2-11=3

f-
g-
= 5,1-6--8 - - -

Examph2_ Tower
of Hanoi Punk

ni¥- It -1 :*:L
Initial

rule never L§
É

Hn = # move, when then are n discs

11-1=1
HnI2Hn -11 1. n- l top disc, → peg no 3

2 move disc n → peg 2

3. move n - l discs peg 3
→ peg 2



Hnzhltntl :

• Cannot move disc n
before all discs 1,2 . - - n - I have

been moved to another peg
and this must be pas

3

as we
want disc troupes

2

Thus we need at least t.tn , move ,
for this part

o
I move to get disc

n to peg
2

•
t.tn - , moves

to get discs 1,2 - - n -1 from

peg 3 to peg 2 .

Corresponds to problem
with

u replaced by n - 1

Conclusion : An = 2 Ha - it 1 ( and It,
=/ )

t.tn = 2
"
- l : 2

"
- I = Hn=2Hn- it I

= 212¥11 -11

= 2
"
- l

we will see a method
to solve such

recurrence equations in section 8.2



Examphb-H-ofbitstn.rs > of length n with no

- 00-

let N be the # of such stuns

By som rule
,

N=N
,
+ No when Ni is # of such

strings that end
with i i-0,1

Then we see that

N
,
= # length u - l with no

- oo -

No = It length
n - 2 with no -oo

-

( since bit n
- I must be a 1 -10 )

Hence an _- N - N ,
-1N
,
= an -1 -19N-2

Whn n > 3

An -_ An- ( + An-2

initial conditions 9=2 ( ' o '
,
't ' ) so a ,=f,

92=3 ( ' ol ' ,

'
lo
'

,

'
Ii
' ) so Gzify

95-92-19 , = fytfs -- f-5

94--9 > taz = fstfy --f6

So an _-fn+, for n >_ I



Room 8.2 Solving linear recurrence equations
-

De A linear homogeneous recurrence
relation of degree k

with constant coefficients is of
the form

¥1 An = C , an - itGlen -2-1 . . -
+ clean - k when G.

c-Rand auto

Note the solution to ¥1 is uniquely
determined by

the values of ao ,a , ,
- -
- any ( induction )

④ is homogeneous becaun an only depends
on previous

terms ai
and not on dome function flu )

☒ 1 has degree k a , an is expressed
as a

linear combination

of terms whom index is
at least k .

Howtoso?
make a guess an = r

"

to - some rto and insert

we must have

r
"
= Gr

"- '
+Car

"-4 .
. + car

" - k

I divide by
so

b-2 rn
-k

rk= qrhteczr + . . - + Cu

I
rh-qrk-1-c.ir"?

.
- Cu -0



@ I rh-qrk-1-c.ir"? .
- Cu -0

is the characteristic equation for the sequence haul

satisfying an = Gan - itGantt - - tcuau-k ☒ 1

Solution , to @ I are
called characteristic roots .

llmms-sopponb.nl and titular
solution to

and c is a constant
then

1) {c.sn) is a solution
to @ I

21 V-c.cl constants {csntdtnlioa
solution to E)

proof : su=c , Sn- it Gsnrt
- - + Gesu-k

-

g
c. Sn=C(c , say tczsn -2-1 -

- t Cush-4 )

= cicsn-1-tczc.sn.ge . -

tcucsn-hsolfs.nlsolves ☒

if Su = C, sn-i-qsn.at . - 1- Chsn-k

and the C,tn-i-qtu-zt-lutn-kthusn-tn-qlsn-i-tn-D-flsu-d-tn.at . .
1-Culsutittau )

now 2) follow > from thisand 1) ☐
.



¥1 an = Clan - i-czan-2~rh-c.ir - CEO
( characteristic eat . )

Theorem I sopponrh-qr-c.io
has distinct motor, ,I÷÷÷÷÷.÷.÷Then Ian) solve, * if and only
if

Pw let r
,
-1-2 be roots

in rh
-Gr-Cz-

O

then ri?- Ciri,-4--0 ⇒ri2_ciritCzf-i-1i2@lNowifwentan-qriedyriforsomeQi.Q,

EIR

we get

Cian- itch-2--4 (air,"IQ<ri
" ) +

calaii-ka.IM/--Eieiri-kczairi-Y-Eiairi-'-ccisri-Y--
diri-hEciritcIxairi_IaritcDdbs@1-airi-h.ri

+ Qari?ri

=D
,ri-idiriltenuan-qri-dz.ir? is a solution to # I



Conversely
,

So ppon haul solves €1 with

Ceo = Co and
a ,=C ,

This uniquely determines
Ian / so we need

to find a. is such that an -- dri-Q.ro
"

with Ceo _- Co ,
9

,
-

- C
,

we get 2 equations with 2
unknown Q

, ,
Qu :

co = ao = Qi ritdz.rs?--QitQ ,

⑥
,
= a

,
= dir, tail

co = ditch

C
,
= Q

,
r
,
+air,

→
G- ↳2 = air, - qr,
so a,=G÷r

⇒
C
,
- Cor , = darn- air,

so ai¥
Hence there isa unique choice of Qifu

such that an _- gritAiri solves

☒ 1 with initial condition , ao -- Co
a
,
=C

,



Co 9

Example 3
-

9n= An-1+24-2 ao --2,91--7

characteristic equation : r2- r - 2--0

roots r
,
-_ 2

,
1=-1

do an _- 4,2
"

-141-11
"

C
,
- Corn

Determining d
, .az

: Q ,=
= = E- =3

a. = = -1

An=3a2"-

Th"^^£↳t""°"""¥°"#sopponrh-C.ir -CEO has a unique (double )
not r

Then haul solves an _- can- it Gan -2 if and only ifan.q.m.y.n.rng.g.mq.gg#
proof : exercise !



E✗amp_h5 an -- Gan- i - 99ns 8--9 a ,=É '

characteristic eq : r2-Gr -19=0 ⇒ r=3

So an -- 4,3
"
-1 Azn -3

"

Find Q
, ,Q , : ↳ = 1=90--04.30-1%-0.3 "= Q ,

C
,
-- 6--61=91-3

'

-1%1.3
'

= 34 , -13dL

=3 -1301 , as 04--1

so Qz= (6-3)/3--1

9g34tn-3h-Ct113u@Thcorenn3_CiElRi-li2-k.ca-10
if rk-qrk-l-g.ir

"!
. .
- ↳ =o

ha ,
distinct roots

r
, ,r2 ,

- - ru then haul solves☐an _- Cien -et Cien -2-1 -
- t Chan -6

if and only if

an _- dir ,"tQÉk .
- + Qara

"

pwotexerwn



8. zislinearinhomoseueousoecorrenuvelahinswithconitantcoefficief

Example of such a recurrence relation An = 3am , -12h

generally an = Cian-ethane .
- -
+ Chan-h -1 Fcn) (1*0)

Inhomogeneous because of the
term Flu )

Associated homogeneous equation to ⑧
is

an _- GanttCien-24 - - + Caan-4
¥ )

key fact : Every solution to ⇐ I can be
obtained

from any (fixed
) solution

Theore-mb-lethanplbcanyoolutio.to#O(cal6daparhiularso1uhi-)
Then every solution

to ⑦ is of the to - on fanhta? 4 when trail is

asohetiu.to#(Pnot-suppon4bn1also solve , * I Cbeiien 411 .

Then

bn-an
"
= C

,# an?Hcz(
bn.iq?z)-..-cu(bn-u-anP-u)Flnl

term dies

so hbn -ai
'

} solve , ☒ 1 and hence {but hail +qP }

iii. ☐
.



So key step when solving ⑧
is to find one solution

and after that solve ☒ 1

EX 10 an = 3am , -12N
a

,

=3

homogeneous part an _- 39m-1
,

Char . eq r - 3=0
⇒ root --

rank
= a 3

" homogeneous solution

sÉ :

a) F④i=2n is a linear function we guess
a

linear function pn=cu+d as a solution to ⑧

Then we must have cntd = 314N - 1) +d) -124

= 3cm -3C-13cL -124

=(3C-127h -13 (d-c)

Must hold for all n so c=3c-12 and D= told-c)

*
c= - l and D= 3@ + 1)

① D= -3-2
SO anP= - n - 3-2 is a solution to ④

By Thu 5 ,

all solutions to ⑧
are of the form

Anh tant and we
know aah _- a 3

"

so An = a. 3
"

- n
- 22 is the general solution

we have a
,
=3 so 3=4.3

'

- I -3-2=34-5-2
① 3=34 - E ⇒ a --¥

an=¥.3"-n



Theorem6-supponla.nl solves

an = clan -itGlen -2-1 - .
-tcwau -4 -1 Fln) ⑧

when Flint = cqnt-bt.in#-c-..tb,ntbo)s
"

• If s is Not a root in the characteristic
es

@ I rk-qrh-1-c.ru?-cu--0
then 6-her is a solution to ④ of

the form

p@nttPtynt-1-i-tpo1.s
"

• If s Is a root in @ 1 and has multiplicity on

then then is a solution to *☐ of the to
- in

nmlptnt-pt.int-4 . - 1- pots
"

Proof Not PENSOM !




