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Theorem ( Kim's )
-

Every regular bipartite graph
has a perfect matching

p : (via
integrality theorem format

flows )

let Gillow ,E) Sek - regular ,
that is ,

da ) -htt
VEVG)

Then k.lu/=kelWlsolUl--lWl
U W U ut W

LEO *ii.
G

NG

The flow x defined
by ,

Xsv- I took Xwf - I twe
W ki j -

- Ta foie
ECG )

is feasible in Ng
and has value IUKIWI

By the integrality
theorem : No ha, a feasible

inter valued

flow y
of value 141

.

Thu ,

M -

- hi j EE I yij.tl is a perfect
match us



BIG 727
-

"

→ a §÷÷÷..
Claim HD

' ) - k

E Supp on djlxkk for some XEVLD
'

)

we can
assume

that S E X since other win

we look at I = Vols ) IX
and d-(E)Ck

cannot have X =3
s) as It lol

-
- k

so X
'

- X - s is non empty
and

dj Edijlxkk I
as IDK k

[djk
' ) -- doily - dolls ,V-X

' ) )

X E



• S

BIG 7.28 k7/ determine how many
-

• arcs from ri to s we

oi can delete andohh have

@ I dtllllzkttcftucv

• Only nets containing vi are affected
when we delete orcs vi.

→ s .

•
If dtlll ) = Ktr

before deletion ,
then

we can
delete at most

rares q.
-as

• s- we seek g -
min LIEU) Ivi EU ,

KV )

e By Menger,
theorem ,

for a fixed C-EV - ri ,

mint dtcullvo.EU ,

total is pacing

Hoi
,

t ) which is
the maximum

# of

arc- disjoint @i.t )
- paths in D

• Xlvi
,
t ) can be found by

one met
flow

calculation in ND which
is D with

Uvaos- I fo
- all orcs crab

and

Uvas =
current # of one , to s



Hence

g- might④ Ioi EU- v I
= mint Hoist ) / te V -oil C-

it max flow
calculation,

and we can Ielih

r - min ly k ,
g -k I arcs from cribs

and still satisfy

dtlu ) Zk
,

to - Ucv

and
if re k then

then exists a

Srt Ucv with
vie U s

.

t

It @I = k after
we
ohhh r arc,

from Vi b s

In total to find i minimal n
tot arcs from V to s

we need n . (n - I ) max flow
calculations

each of which take 01h43m ) (why
? )
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We know : ( US

,
so ) is an admissible splitting

• s it

¥1
VV-xcvs.t.u.VEX wehave

etch)
,

d-CHI ktl

How do we find min 3d
-' (x) I uirexcvl

( and men Id
-

CX ) luv Exc VI ?

"

. te Vitry

.
÷::L:c:*
cap I

Find max flows Xue fu all EE
V - hunt



If min I lxuel Ite V-hull - k

then ( us , sv ) is
not admissible .

otherwise find min hd
-

CX) luiuexcvl

÷:

Find max flows you for all te V - hunt

If min high / te V- suit I -
k

then (us , su ) is not
admissible

otherwin (us ,
sv ) is

admissible .



Ahuja 10.6 N -- ( V
,
A
,
toil , b. c )
-

let x and X
' be distinct feasible flows

in N

. Then I circulation
I in NH)

such that

x 's X①I

e I decompose ,
is to cycle flows

Wc ,
WL ,

- -
-

, Wp
for some p

em

.
All then cycle , have possible

How

04 all their arc , in
N Cx ) (wi ha , atleastscwi ) )

u
Thus tie Ep)

the cycle Fi (
wioevwnd )

is a cyclin NCH )

. ht I be the flow in
NH ) which

sends 81W ; ) units
along Fo fo - each

ie EPT .

. Then X -- x'④ I



Ahuja N- (v. A ,e⇒ie ,
b.c)

let x' be feasible in N and
let

X be a pnudo flow ( by -4 b) in N

. Then exist a flow Ein
NCH

s .

t . X
'
= X⑦I

• I decompose ,
into some path flows

along path , I?
,
B . - Pr and

some

cycle flows

•
Each Pi starts in a

vertex on
with

by6) Cb Lv ) and
end, in a

vertex co with brass
Hat

.
For each such Pi the rerun path

TT (fwm w tou ) is in
NCX ' )

as we and Sl Pi )
so units along Pi

in NH )



Ahlljaloihs constrained maxHow puttin

maximize o

s . t 6×67--0=-6×4 ) ,
8×67=0 fit

sit

@ I o E Xijeuij

[ cijxij ED

ijeA A

Normal max flow problem + a
budget

Assumption : cijzoV-ijEAandno@tl.p
a thot cost o

a) let week and let
* be optimal I -flow of value

o
'

in N - (VuhSitt
,
A
,
Eo ,

u
,
c ) and let

Z*=Cx* . let ITbean optimal potential

Then X" is a solution to @ I
with budget D=

# :
l ⇒ WIENA) )

Suppon I is frank
in N

,
ha , art at most

D and has s higher

Value than one . Then I
EE NCH ) out I =

#④I and bels ) -- debt - t
G)so

Thu , CI t c#CEE D

H
"

CI t D E D ⇒
CI Eo

NH) has no negative cycle
a) His optimal

since dels ) >o the decomposition
of I contain,

atleast one

⑤t ) -path and
each such path must

have



Ahuja 14.4
-

Given N -- (Vols.tl
,
A
,
⇐oil ) sit

by* (s ) Luo when # is a matflow

. Price for increasing Uij
to Uijtl is Qij

e

Goal : find cheapest way to
increase some capacities

sat near network N
'
-

- (Vols.tt , Aalto ,
u
' ) has

an I. flow x of
value bus )ZU°

• let cijcxij ) =/
° if xigeuij

nciilkj )

His-uijdedijifxijsuc.GL/&4g?→
uij tij

.
solve man 2- cijlxij )

i'EA ro i -- s

sit
by bi ) =/ o it sit

-O ist

o Exij E Ui 's

when Uij
'

large enough
'
e. s . Wigs o°

( if uijzuo Vij then
we can

undo uuibfnm
shot )



Ahujal4
Given N - CV ,

A ,l⇒ ,
48 ) with

no feasible flow
we wish to feed

a flow x with
o Exijsuij VTJEA

which minimizes ¥u⑧ )-flip

Usi act

"
""" ÷:÷÷:*

Nl

claim K--min Ecijcxij )
ij

,

sit byEb b' (s ) -- o

o S Xij Eui ,
b' cis = Hit ie V

solve , the pollen



claim K--min Ecijcxij )
ij

sit byEb

o s tij Eui ,

solve , the pollen

• N tha , a feasible solution⇐ K -- O

• Every feasible flow
x in N

'

corresponds to a pseudo
flow x is N

with ki ) - bili ) = X 's ; when tickles

and 6×4 ) - bdl = Xsj when bxljssblj)

and for this X
'
we have

Zcijcxij ) - I
-built

iEV

So minimizing hr solve, our problem



Ahuja 14.14 x
#

optimal solution
to

-

convex coat flow problem

Hy Exwcin 14 . 5

NCH ) has no negative cycle .

• fix a oerhz s
and calculate shortest path

distance , DC ) from
s ( ocnlosntm )

' tuna;
't' )

e
set IT = -d then Citjzo tije

NCH)

.
Then is another optimal solution

if and only if
N"Tx*)

hasa cycle W s . t all arcs of
w have reduced cost

- o

(as CCW ) = Ecw) Io
VW as ctijzo )

•
So we just need

to check for a directed cycle in

the oobdisrcph Do- CV , Ao )
when Ao

-

- bij Icij - ol

e
This take , Olney ) = 0cm )

(amount men )

when IT is already given
if not

then we need to find IT (= -d ) as above and

then it bakes him Ocnlosutm )



Ahuja 14.15
-

Claim x* is optimal rot to convex cost flow pros

⑨
NW) ( defined in section 149 )

has no negative cycle .

I : tf W is negative cycle in NCH )
-

then Cx ccxx when

X = X Iw ) .W contracting opt of#

④ : A worm NCH ) ha , no negative cycle
and let xbefasiieiu N

- ( so teh )

Then I cycle, W , ,W< . - - Wu
in NC such that X=x*⑦ZfCwitW

Thus C I - C I = cm*, (IS @ it .Wi) coat in NH)
i

CK)
(*x )

CHI - c I = ELI ijlxij )- cijlxif )) - [ [Cijlxij ) -Cijlxij ))
filxijsx I hijlxigcxijt

For each arc contributing
to (*I Xi,

-Xcj is at

least as large as Slwp ) for all Wp
sit ije Wp

so the contribution from the co , tot up to such an arc ij

is at most gcw p ) .
)

xij -xij



For an arc ij contributing
to heal

the difference Xij - xij is
at least as turn

as 81Wg ) for each Wq such that
the arc ji EWf

so contribution from Wf to oj is
at most

5(Wg) .
xij - Xij

In both cans
,

the coot paid for ij on Wp orWf

is less than or equal to 8(Wp ) ( hug)) units

of the difference lxij -xijl

Conclusion

CEI - CCM I -28CWp) dwp)

Z o as NUM ) has no negative cycle
.



Xi
,
> xijoeixijxij

I it.

* ÷
.
. -
- -

-
-
-
- .
. . .
.

P:{ It
"""""

Xig I

contribution from Wp&
. - -

-
- -
-
- -
-
-
-
-
-
- -

I Xijeslwp) Xij tocostotij

(*x) Xij >Xoj

✓
olwp) .
"t%'T

go xijhroj/ : Down . i"
' '

= Cijlxijslwp)) - Ciglxij )¥'

g

" i <
ocwp, .

I

xij
i .

-

xijhroj#
I

'

•

xijclwp) Xij



Ahujal4.tt capacity scahusalsonthm
claim if cijzotije NARD)

then one of Cgt ,cjE most
be non - msah-ueisNK.is)
•

cijlxijeb)

#edzCijltg-A)
° sloped ,

light) support
cij.CI#itLiD-hTiIttTd1 soD

cjit , Cijlxij -D ) - Cighij) - Ig ,-5<0
#

If
d ( cigttcjit) = Ciglxigtblecijlxi,-b )

- Lcijlxij) so

I cijlxigltbdztcigcxig ) - Ba , - 2. ajltig
) so

H blah-dit so

impossible as Cig ( ) is
a convex foucher

so died ,


