


Ahuja 8.4 Flows in planar
undirected networks

G- CV ,E) is planar if we can

draw it in the plane
with no

edge crossings !#
•

•

f =# face,

✓€6) me# edge,
• do

n = # vertices

oil
•
-•

Euler 's formula : f em - n -12

'
check

' 9=16-9+2



property 8.7 me 3N (mssu -6 always )
-

p : sup pon m
> 3h

• Each cycle has at
least 3 edge,

so 3ft 2M

• 2 = n -Mtf by formula

so if m ? 3N we get n E MT and

2=4 - m tf

EY -m

+23=0I
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GD planar
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Cycle in dual ← Yate, wtf

" "



Transforming mins.tt - cut problem
into

a shortest path problem :
f*
•

additional edge

set cost of edge It in dual

equal to the capacity of
the edge in

G which itcwsns :

:/÷genii
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Fletch this edge from the dual of
Gtst

Now then is a l - I correspondence
between ⑤ tt

- cuts in G and

⇐Et ) - paths in G
" and

K

u ( sis ) - dPs¥*)

when Pfe is the sett -path in
GD

that corresponds to the cut ⑤5)



exposing.
÷ :*

*
.Lead :
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-
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-
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Each ET - path in red corresponds

to an⑤H -

out in 6

Conclusion : we can find a
minimum

⇐ I - cut in time
Olnlosntmlosn ) - Olnlosn )

via Dijkstra in Dual .



obtains a max flow via .

distance labels in the dual ( G* )
GELVFE" )

dlj* ) - lens thot shortest jet - patina

④ I d I E d t Cixjx Vi*j*EE*

let xij -- d I - d I Vii c- E

when i*j* is the
dual edge crossing ij

• j right

info iihmtii.im
i to j in 6

• ik

Xij =D I - d I

E d Itcixjx - d I

= Cigs = Ui ; ← by
det of coasts in



Hence x is feasible and we have

Xij = - Xji
- y

• j* . j

i#i
•

in

xijsdl -dict xji -
- dict -dem

we interpret Xi; so as Xji
> °

and think of ij
oriented a ' Itg.

This way
the resulting flow is never

negative and o Exij E Uij
holds



checking that 8×67--0 for it sit :

Connor the cut C,

N - i )

-
-

i
The edges in GX corresponding

to the edges

incident with i form
a cycle Wx

so O = Z@ljD.d I

ixjEW*

= Exij
if EE

= bxci )



Thus x is an I -flow .

Maximum :

let P
"
be a shortest ET . path in 6

"

Then d I - d I = cixjx = Uij VigneEAM

s t' 5

⇐

-

i

* )

SK

Each arc i j aan, the
cut has

Xijid I - dci'Y=Ci=Uij

SO ⑤5) is a min out and X is a mat flow

theorems A maximum @ti - flow in

a planar network can be found
on
him

0 (n loss ) when sand fare on the boundary


