


AIgonthmsforfmdingminco.tt#
Thin 3. to 1306 = 9 . I in Ahuja
-

Afeasible flow x in -

N - hiAdie ,bi )

is optimal (min
a,
t ) if

and only

if NCH ha , no
nesahvccyeh .

This leads to

Cychcanalhusnthm
I
.

Find a feasible flow x
in N ( stop ifno such )

2 .

while N Cx) has a
negative cycle w

let s be capacity of
W

X ← x⑦ SCW)

3
.

Return x



Theorem 3. 10.2
-

If l , U ,

C and b are all
integer valued

Then the cycle
cancelling algorithms

finds an optimal flow
x in time

0 (n m2 CU ) when
C - mg.

Koil

U = Max uoj
iejtA

. Max poor
ble cost of a flow in N

is men

. min por
ish cost of a flow in N

is
-
MCU

MCU
& decrease by

at least I

} ←*
t
- s

- Icu



" ( Uf decrease by at least I
} 4¥

t
- s

-Tcu

OC mcu ) iterations Haiti:next

time to check for
negative ayah

and find one if
it exists Unm)

by Bollmann
-

Ford
.

Total complexity
0@ m ) .

O (mcu)

= Olnmhcu )



Theorem 3. 10.3 Integrality theorem
- for min coat flows

If l , a ,
b
,
c are

all integer valued

then I an
integer valued optimal flow

X

The . mean cost of a cycle W

is cat
"Est" if --

-I
IALWH

Theory if the cycle cancelling
algorithm

always augments
maxima ly along

a cycle of minimum
mean cost

then if runs in time
0443 login )

even if some are,
have irrational

data ( e. a ore )



Theorem 3. 10.5 43uldup theorem )
-

let x be an optimal flow
with respect to

b = by land esxeu ?

If P is a shortest @ g) - path
in NH)

and as
SCP)

Then the flow
x' = X ④ KP ,

is optimal wort
the balance functions

with s
'

@ i. f : it.but - a if uof

Proof : It suffice, to show
that

NCH ) has no negative cycle



Suppon W negative cycle in NH)

Recall that each arc
in NCH )

is either also in
NH ) or

it is opposite to an
arc i - sj in NE)

and then P contains the
arc i -sj

consider the
multi digraph H

defined by H -- ( V
,
A ) when

E :
w

p N.
⇐

c-

Cancel out
keep

both

Hthfpl is eulerian



Http is eulerian

←q

t r Q
p

& -20-1 @→ a → a → o - I e -1 o -3 o -7 co of

t :/.÷
Hence It dewmpon , into

a
I - path P

'

and some arc
- disjoint cycle

Wi ,
Wz , -

- - Wh ( by
BIG ex 3.8 )

• Each Wi is a cycle
in NCx)



Cost of opposite arc , canal
out

( cij =
- cji )

so as CCW ) so

c@ I > CCP) t ccw )
k

= Cd
'
'

It 2- ccwi)
a- I

z c@
'

l

as each c (Wi ) to by optimality of X
q y P was a

Thai CPU > cell 1 shortest

④ft
- path



BIG exercise 3.49 and

Ahuja pan 40 :

we can always
modify a network

N -

- (VIA ,
tombac )

with cijco

for some arc ij
EA to a network

N
'
- (v. A

'

,
to ii. b'd )

so that given an optimal flow
Xl

ch N
'
we can

obtain an optimal flow

x in N

Reverse are with cijso
:

÷
"

→

"

o

"

jinni
(o U'

ji -
-

uij

Xij - Uij
- Xi's ← xij



Con Rfulna we may as>own

-

that cijzo Vij
EA

Then x=o is optimal ( maimowstautiow.
Since N (x ) - N ha , no

with bxlv ) -our

negative cycle

For a given optimal flow
X and

N -

- CV
,
A.to ,

u
,
b
,
c ) set

Ux -- lol bxlok ball

Z×= hvlbxlol > bell

note U×= ⇐ 2×-6

and then X is feasible
and

optimal flow in N



For a given optimal x :

bxlvkb@ I 6×61--56 : bxlv) >bet

UX shortest@
the
" 2x



Buildopalsothm:

I
. Xijeo V-ij.CA ;

'Find Ux ,2×

2
.

If Ux=0 go
to 8

.

3 .

If It @ Rx) -path in
NCX) Soto 9 .

Y .

Choose petty
,
9- C- 2x sit

NCX) has

a @ft - path

5
.

Find ashorhite.fi - path Pi ,
Nc,

G
.

E C- min 1847,847 - ftp.bxtft-blftf

7-
.

x ← +⑦ EP ;
Find new Ux ,2×
and go to 2

8
.

Return x

9 . Return
'
no feasible solution !



Theorem3.to#
let N = (V. ARE o , uh ,c) have

integer data and cijzo Vij
C- A

Then the buildup algorithm
constants

an
minimum cost flow in N

or
determine, that no feasible

flow

exists in N .

The running time is Ofinmm
)

when M - max Ho ) (
GEV

• No vertex has its balance
increased

more
than M times .

•

To Find new shortest path tube ,

OC nm )

.
At most n .M augmentation steps
⇒ Ocnhmm )



why does then exist a

@x ,
2x) - path in NH) if

N has a feasible flow ?

Supp on y
is feasible in NEHA ,

hid

by Lv) -- bei
tu

y = X④
X
" x

"

flow in
NG)

book by Lv ) -
- bxwltb.at)

For petty : b
, Cp )
so

f- C- 2x : built ) so



book by Lv ) -
- bxwltbx.lv)

For petty : b
, Cp )
so

f- C- 2x : built ) so

✓ ¢U×o2× : 8×461=0

Decompose x
" into path tach flows

all path , start
in Ux and end,

+

in 2x

In particular Ia@*2×1
- path ! !

in NH


