
BJ63.33-N-tvulsitl.A.l-o.at
⑤5) and CTF ) @ 1- cuts

claim : if
uls.si/tulTiT-)zu(snT,sn-t)-u(suT,so-t )

T

Ts-÷
-

-
- -1: "

-
-
-

s
t

l



T

Ts
-

-
- -1: ¥ -

-
-

5?⃝¥t
i

ulsnt.sn-TI-ulsut.IT )

= (4-142-143) + (92-144-145)
- -

E (45143-145-147) + (4,1-12+44-146)

= uls ,5) t UCT ,F )



BJYEI.name ' we

minimum 1- out ,

then (snt ,
STT ) and ( sot , sot

)

are also ruin inuumc.tl
c-
cut

let k=u( Sis )=u(T.FI

then

h-tk-uls.si/-uCT,F )
by 3.33

zulsnt.sni-7-ulsut.IT )

I k th



BJG3.rs#N--lVubit1,Ail-=o,w)
let ✗ Sea ma✗ flow in

N

let U = { i / 7-⑤ it - path in
Ncx ) }

W = 1J I ICj.tl
- path is NCH /

u ñ

in W

¥¥
MFMC thin ⇒ Ulli 1 and CÑ in )

are min cuts



claim V- min cut ⑤51
we have UES and

WessJ

⑤ 0-+0
Nod if ✗ is a Max flow

and

4,51 is a win cut
this

5

1×1=+15,5 )
- ×""



Sufficient to show that

UES

supp.nu/ESthenUns--t0LUns-toassc-UnS)

NIH :

'

- no arc

?⃝ 5



f-factorpwblemforbiparhh6-sflowpwsumfmuotho.ve
¥✗f④= If6 ☐ ☐ yet%

.

%
: or no solution

✗ Y

No ;¥T÷¥É¥t
✗ Y

Easy : No ha , an④ - flow of value

If☒ 1 if and only if 6
has

✗c-✗

an f - factor



sclnijvw5.IE
) A tree T has £1 perfect matching

proof by induction

✗I / 1€ 2
✓ • •-

suppon claim
holds for trees with < n

vertices

and let T
have u vertices

Each leaf must be matched
to its parent

so if two leaves
have the same parent

then

is no solution .

otherwin we
have

g. 9 I I ✓
← TET minus leave .

① and their pants

By induction ,

T
'
ha , at most one perfect match.us

So T ha , at most one p.m .
☐
.



1 I has a p.m
8
Her T - u ha , exactly

one odd component

proof (without using Tutte )

" 11 .
.
. ;
or

/ ← in odd component
-

all vertices

in even

components
of G- u

P soppon
T- v has exactly

one
odd comp .

Vvev

• LVIII is even :

look at arbitrary o
and components of T

-o

one is odd so
T - o has an

odd # outta =D
1 VIII even

← odd comp

• no vertex is parent to 26
" " •¥ ← gut,

•
If T = •-o ok so apply induction

to T ! T- au '

when u
'
is a leaf and u is it , parent

• T
'
- u has exactly one odd comp

foe VI 't so

by induction
it has a p.m M

and M + au
' iiap.no/-T



sohu.jo#-.4G--lViE)TEVclaim-nGhasamatchiusMcoveriusT ( TEVCM) )
8
V-WEV :# odd components

of G - W with
*

all vertices in
T is at most IWI

☒•
① =

odd comp of
G-W

O = even comp
.to - w

T V -T

: each of 0 ,
- - Op needa pnvahverhx

in W

so must have ¥7

IP can 1 : ITI is even

Build G
'

:

☐ 3g a- N-TI

T V-T n - ITI

Easy to me that G' has perfect match,
① 6ha , matching covenant



Consider W 's v44 sich that odd 1W
' ) - 1W

'
/ is

maximised .

Here oddlw
' ) is # odd components in Giwl

If oddlw
' ) a- 1W 't then G

'
ha , p.m by Toth

so as some
odd (w

'
) > 1W 't

Then odd @
' I = 1W

' I -11 as 6 satisfies 1

and then is at
most one component in

G
'

[✗ v4 - w
'

] ( zero it
✗v4 C- w

' )

As G
' [✗ v4 -w

'] is connected
( or empty )

at least 1W
'
/ of the odd components

of 6
'
- w

'

are contained in
T

let W= Wh V and note
that if :O is an

odd component of G
'
- w
' with OET

then

0 is also an odd comp of
G-W

This and ☒ 1 implies that
we w

'
so why =p



By ¥1 atleast oneof
the odd components of G'- WI

internet , ✗ and Y
.

← o
'

this contain , allot ✗ = V -T

Yuk-w
'

) FaoT 0 = odd comp

of 6
'
- w

'

104=141 -11kW 't tr
w

' l
= n- b- + n

- t -Str

components
inside T

= 21h- f) +
r - b ⇒ r - b odd

twltatbodd

⇒ rtbodd
← contradiction

on the other hand
£ is even so

rtata-b-r-b-2a.is
even ⇒ rtburm

Can 2 ITI is
odd Hen the picton is

the 0am

W-Ictah-eny-kn.tt ,
instead

of Y=kn-t-c.Thuow.at/04=lYl-lX-w4-r--n-t-il-n-t-b-ir--2Cn-t1+r-btl
⇒ r - b -11 odd

⇒ rtbtl odd
⇒ rtbeuen

But tis odd so rta-a-b-rtb-2a.is
odd

⇒ r -15
odd z



P¥÷!?sdmiwapp!
Given a net of jobs ]

and an acyclic digraph D (
called a DAG)

on
the jobs such

that •
→• in ☐⇐ job i must

be done

before josj can
be done

i j

From D= (J ,
A) we can build

an
undirected graph Gp=(I. Ep )

whine Ep = bijli , je]
and D has no jl-puthamdnoj.is -path }

So ij c- Ep ⇐ icmdj may
be scheduled atthe

same
time

let si.su ,
.
- Se be a schedule of the job , in ]

such that

• 1h je] 1 Sbi ) -- it 1<-2 ti
--1,2, - - it

• ij c- A ⇒ Sasso ,

Then than indices
i c- Ets to- which 1h je] / Sj ) -- i 1--2 torn

a matching in Gp so in Gp the
schedule s corresponds to

• of I. . I - - To of . . % and 1- = 171 -1mL

i I 2 3 C-

This shows that in particular
the schedule length t is

at least 171 - 1M$ / when we is a
maximum matches,

of Gp



partzlneochnjvvappl5.se#
claim : then exists a schedule s : J - o [E)

with 1- = 131 -1M • I

let Q be a minimum partition of ]
into

vertices and edsnot
6

,

that is
,

Q comes from

a maximum
matching M

* and the n paired
vertices

• • . . - • II. - if
YE y

let y be the source of
D

( in - degree = o )
D

• suppon g- c- Y
and g- is not

matched by M*

Then consider I
'

=] -19-1

By induction ]
'

can be scheduled
in time t

' when

C- 1=174 -V'(d) = ④ I - 1) - V16 ) = 131-881-1

so C- = IT I-86 ) as we can schedule g-
at time 1

.

soeveryvertoxinyc.su#-dndbyM*-f



to some 9-
'
c- Y

Then remove g- it
' and apply induction

" " ""
""

J
"

=] - b. g- , g- 4
has a schedule taking

time G-
"

when

C-
"
= IT

"

I -V16
" )

Her V16
"

) = 1m$ I - I = V (G)
- l so

C-
"
= 111-2 - (V81

- 1) = I ] I - I -V01 and by scheduling

9-9-
' at time I , we get

a
schedule of length

1- = t
"+1--131 -V61

Henawecanasoumthatweoyqc-Yis.ua/-dn~
Now choon yz

c- M such that y c- Y
and 2 has minimum heights

when height of ve D is the length of
a longest path ending is 2

:

Z let y
'
c-Y be the initial oerhx

y?⃝
→ •→ -

- •→ •

of a longest path from Y
to 2

Then ylty as yz c- Ep
0 I 2 h

let 21g ' be the matching edge
to - y ' in M

*

Then there is no path z
'
→2 by the choice

of 2

and then is no path zrsz since qlzl
c- M☒

sand

g-
'
→ z is a path in D.Thus 22

'
c- Ep

Yy
' c- Ep a>

both y and y
'
are minimal

Now let m
' be the matching M

'

=
M*-42,521) + lyy

'

,
2211

and finish a) above (⑥ I



rdrpooceooorscheclulingexampconweeklynotes

D

U

a

h
• •

\.bg✓
↳ •

•

@
C

f

g
✓

:

µ -4=3

no matching of sine Y : if ye,
turn it has to

contain fc and then da but now b has no

neighbour
b d

h
optimum schedule as

•
every schedule

take,

1 I •

a o
f É

%
• time at least

9 131-14×1=8-3--5



Pspwblemtlpass
Given D= (V , A) check if

it has a spanning

subdi graph Dl=(V.
All with dj , lol _- djicul

- I

let B
,
= (Viv

"

,
E) when iiv " c- E

if and only if
u-sve

A

Thun Bp has a perfect matching

④
D
' exists

we know how to check whether
B.

☐
has

a perfect matching via flows



pspnblemtop303-G-C.VE) and w : V -22-1

Find matching
M such that WIM)= Eww )

is maximized

OEVCMJ

claim The greedy algorithm finds
a maximum weisktmatob.us

(a) Greedy algorithm :

g

✗ ← ¢ ;
V'←Vimeo

while V
'
-1-0

let ve V' have maxweisht

V'← V'- v

CII If
it is matched by M

✗←✗ to
Elm

if 7- M-alternating path Qfomvfosomeo
"

with wlu" )< Wbu ) :
⇐ I

n m
. M ←MDQ

•→-no
-•

✗← ✗+0 v
v "&✗

Else

if 7- an Mausmnhus path Pfomvtosomeo
'(¢t)

/ me MAP

✗← ✗ to Jono
- no-one -8,¢✗

end

Return ✗ im



We want to prove
that M = MX is a ma ✗ weight matching

order the element
of ✗ as o , is ,

- - -01×1 in
the order

they an added .

Claims I optimum
weisht matching Mt which cover

all

of ✗
.

soppon
not and let mi

beckom sit 4.a - - u;) E

is matched by M
* by to , is. .

- vj.ee) is
not matched by

any optimal
matching .

Consider My ☐ wit : The optimality of
Mi and the fact

that all vertices
have pooihveweioht , implies

that

M✗bM☒ has an alternating path Q starting in Oja and

Mikus is some vertex
or not matched by Mx

:

mi
IEEE Io-o

o

ojtl Q

If wlirkwlojtl ) then
wLm*dQ1= wcwi)

and M
'
_- M
*
Ace matches allot 39,04 . - Uja )

contradiction

Hence we must have w(v7> wlvju )



consider the otept when we
extract ofwmv

'

if some verbs
of Q - vj+,

is not in ✗

at that time we would have
added

o to ✗
via one of II.CII ,

1

so we
have at step C-

MX MR Mx Mx Mx MK

Q : o_0-o_O- o_0
-o

o

Titi I I ¥ I ¥

This implies that
we should

have

added u
to ✗ in > to t

as the current ✗
contain , all

oerhtx of Q
-Kj-11,01 so one of

II.④ I I will apply 2g

see next page
!



Either first edge of Qfnmv

not in
Mat stgnt

i. • -
- -

-1m€ v

o - - --
--

path
uwdto " b.

sadds
after
skit

wlr)>wls) and
wco ) >wcr )

⇒ ⑤I applies
to atotept

I
wlrkwlv ) first eds.co/-Qfomv

which is not inulatstyt• -

-1m¥
.-
-→

t.in
-

-

-

• d- X

can be used in I



Soppon
M* is optimum weight and

✓ (1) C Vlm in M
✗
am

't then is either

a
Qa

o_0

④ •→- ooo
--→

→

→of a d- Vlmx)=✗
"

QB
④ I--o--

-

dono
o

i¢X
To/

•

•-

✓

Again
consider the step

C- when u is removed from
V1

and we can argue
a >
before that all

vertices of

Qa
- v and all

vertices of QB-yo.ci }
an in

✗ after ster
t - 1. This implies

that we

could have added
u using

either to .☒

contradiction .

Hence ME Mx and Mx
is optimum .

1
.



(b) say that UEV is independent if G has

a matching that covers
U and let

M be the independent subnbot V

suppon I ,J
c- M with 151--11-1+1

and let My cover
J and MI cover
I

If MI covers some
✗ c-J -I then It✗ c- M

(Using MI again ) .
So assume MI

covers no

vertexof J -I.

MI = -

My = o_0¥É←
, + a. • ✓ em,

stud -I

and v¢V(Me) thenI V - Iu)

Itu good via MI+u✓

Consider MIAM, as 1mg I > IMII

this graph contains an MI
alternating path a) follow,

PJ•-•-•→→-•-•-• ← not in I ( unmatched by MI )
jet -I

MIAP covers I -1J



@ 1 Let Uie
'
c- WEV be maximal

independent subnbot W

( so U
,
U' c- M and an matched by My resp

. Mui )

suppon IU 't > IUI

Then as in 41 we can find some n' c- U
'

5.t Uta
'
c- M

.

But Utui c-W z
mascot

U

@ I skipped


