
Gomory-ltotrees-fmho-ymsechon8.co#
Definition 8.31 let G=(V. E) and it : E→ 112-1
-

A tree T is a Gomory - Ho tree for
6 if

•
VET )=v(G)

•

V-s.to V10) : Hst
) = min } u ( Joke)) / ee Elise) }

Here Pst is the unique
1- path in T and for

all ee ECT)

Ce
,

V - Ce are
the vertex sets of

the 2 connected componentsof

T - e ÷.

V -Ce
Ce

In G we denote by d (G) the set of edges

between Cemil V
- Ce

Jael

Go prove
that every & ,

a)

has a Gomory - Hu
tree

Consignee : V- ⑥µ) 7- list of n
- l cuts such that

V- pit c-
V one of then cut, is a minimum

lift - cut



Lemma 8.30 V-i.jp c- V61 we have dice > min hiijiju}
-

where ✗ ij
is the maximum

number of edge- disjoint 1- paths in 6

✗ I

pwot : consider a minimum
H - ut (✗F) list = u@(X))

if je ✗
then Kike tin

if je E
ther bij a- Tik ☐

Mainidea_:

•
choose arbitrary site V and

find a min 1- cut CA,B) is c-
= U (JCA)) )

• If Max 41A1,11311>-2 then may
assume 1131>-2

•
Contract A to a single

vertex and denote the resulting graph by
61A

•
Choon diobhut

vertices s
'

,t
' in B

c
Find a minimum Scott 1-cut is

61A

•
continue this process by always

choosing new vertices sit
'

that are not separated by any
of the cuts we

have found so far

÷⇐¥+%¥t÷É÷÷÷
The process ends

when each pair of
vertices is

separated by at least one of
the previously determined

cuts ( then is no non - contracted
out of sin >_2)

We shall prove
that then -1 cuts determined

give us a Gomooy - Autre
T



ikinobnrvahin_:Thevalueofaminimum⑤tY-mtin61n
t

istheoameaothevalueofaminimumls!t4-cutin
Lemma8.32- let 6=14 E) and u : E-11kt be given

let sit c-V and let (A ,
V-A) be a minimum (sit) - out wut u

let sit' c- V- A and let Glut
be obtained by contracting

Ain 6

Then
V- minimum ⑤ c-

' 1-cut (Kohat
,

Vik -3A) ) in 6
'

we have ( Kurt
,
V- Kurt) is a minimum

t
' ) - cutis 6

that is
, uoffkua ) ) = a

' ( Kuhrt) & /

PN It is sufficient to show that
then exist a min ⑤

t 't - out

¢-1 , V -A
' ) in@ ul such that

AEA
'
(contracting A will not

affect such a cut )

let ⑤ V-c) be an arbitrary minimum Csit4cutiu@ie1s.t sit
'eV-A

without loss of generality
we
have SEC so the picture is as in the diagram

below

as the capacity function
Ul ) is submodular ,

we get

is an@ti -cut

y- NOTA)) tuldlcllzuolancb-uldln-ocDAac.ir
-And

I UIJIA)) + uldAuc) )
/ £0

u@ctncDzu0ln-yAv.A⇒ uld (c) ) >_ uld (Avc)) so ctuc ,
V- Auc) is also

a min slit 't -cut in@a) ⇒ @ visas it -C-3AM is

a minuet in ④ u
'
) ☐

.



Gomory-ltua-sonth.cn
•

current T :
well

C) Initialize V47 =bV@11
,

ECT) -0

② 1 Choon
vertex ✗ c- VCT) such that 1×1>-2 a) a

vertexnet of 6. If no such ✗ go to G)

-

③ Choon sit c- ✗ with Stf :

For each connected component C of
T-✗

C

Overtax

contract Sc = UY into one vertex Elin 6) ⑧⇒ oft

YEVCC ) current T

Now the resulting graph
61 has V16 ' / = ✗ uloclcisawmp.mn/-ofT-X }

④ Find aminimums.tl - cut ACB
' ) in ⑤ in

' ) and set
a
,

A=(Usc)uA(nH,B= 1¥ , )u⑤^× ) .•B
'

Uce Al-✗ ☐ = A '-✗ • =B
'
-✗

El let vctl-LVT.tk/11u1lAnXHBnH}
• Yes }XiH c- ELT) site is incident to ✗ int do

:

If YEA then e !=}AnX,Y } else
e
' :=1BnXiY}

ECT ) :=E( (T) - e) + e
' and wle' ) :=wCe)

• ECT) : -- ECT) thanx ,BnX}
with w/Ant,Bn✗) = u

' /of, /A
'

) )

•
Go to ② 1 A'

B'
o • O_0 o

1A'n✗Bh✗
→④•?⃝-§¥→⑧ •

61 new -1
10-0

⑥ / Replace all the V47 by
the vwtexx

Replace all 13×4 .ly/)C-ElTlbglx,yl

Return T



EXamphofthealsonth.mu
b

cÑFÉ 1- = •

4a.c.d.e.fl.1blmin@stutcarseiiiEi.t-isi.xrx

1- = ut-③
Choon ✗ =\ a ,c , die , f) and

the pair @ c)

61--6 so no contraction .

Minimum la , c) cut
has sin 5

e.stair ,dlicieif } new T = 5-④5-⑤

Choon ✗ = { a. d) and
contract Kieft : new f-

boo % minimum kill - out has sins: hah
,

} b.direct }
is minuet ⑤g-⑥

Choon ✗ = sqe.FI and
contract laird } 16

②

heh
,
} Cif , Vase)

min@e) - cut

%•
nowt ②6-

5-⑨
Tao

contract

-

hair ,dl

vase • f 41,4 oabd ,
qdl mind ,

-11 - cut

Final T ②G-②5-
e 5 51 Tao

④



Correctnesoofthasoithm :

llmma8.33_ Each time step (4) ends we have

@ 1 AUB = ✓
(G) and ⑧ 1 ( A ,

B) is a minimum ⑤
t ) - cut in @out

Pwot (a) is clear

② I clearly holds after
the first execution of (4)

as
61=6

We now show
that ② 1 is preserved in each

iteration of@ I
go ,

let C
, .ca ,

.
.cn be the connected components

of T-✗ Oc,

cn

Consider contracting
C
, ,
Cz . - Cu

one by one :

For 0--0,112 . - k the 6€ ,u;) arvin from
⑤ u / by contracting

each of sense,,
- -

, sci to a single
vertexvcjfo-jeEiJThuo@u.uu) is (Glu

' ) after executing
(3) in the algorithm

claim it minimum 1- cut Ali , V64.1 -Ai)
in ⑤ iei ) :

i- i ,
V16 i- il - Ai- 1) is a

minimum I - cut in ⇐ i. iii. , )

where Ai- , = {
Ali - Yi)u Sci if vcie Ai

Ai if rcict Ai

Applying the claim in
the order kik -1 ,

- - - fil

proves ② I



pw.to/-theclaim:let(Ai.VCGi1-Ai) be a minimum ⑤tl- cut in G. ui)
since we assumed that ④

1 holds for the previous
iteration, ( induction

⇐cj , V@1- Sci )
is a minimum ④til - cut to

- some si c- Sci and to d- Sci

we have site ✓② 1 - Sei s-
lemma 8.32 implies that

(Ai-1
,
V4 i. , ) - Ai- 1) is a minimum

1- cut in @i. iii. , )

Here 6€ ,
,
hi- 1) play , the robot @

a) in lemma 8.32 and

5=5
,

C- ' = 6-
.

lemma8.34- At any time during
the execution of thealgorithm

until ② 1 is reached
the following invariant @ 1+1*1 holds

:

② 1 Yee ECT) w (e) = u ( 5,1 V2 ) ) where ?⃝e-④
ZEG T

¥1 V-e=hP,Q} c- ECT)
7- PEP

,
9- c- Q such that tpq=w(e)

pooot The invariant trivially
holds when the algorithm starts as ECT) -01

Assume the invariant hold ,
in the first it iterations of (a)

- (5) and

consider now a vertex ✗ of T chorus in step (a) in the i
' th iteration

and let s
,
-6

,

A :B'
,

A
,
B be as in steps (31+14)

Only edges incident
to ✗ are affected in step (5)

The new edge from An ✗ to Bnx is set correctly
as se

Ant
,

C- c-Bnx

and list = w (e) .

So look at some edge E- 1×141 and assume
w.to -s

that it became an edge An✗ -y (argument for Bnx
- Yamatoson )



Since ⑥1.⑦ I hold for e before iteration i we see that

@ I still holds for
e' = (Ant , Y) as wle

' )=wce)=u§z ) )
It remains to prove

that ¥1 holds fore
'
:

let p c- ✗
,
9-c- Y have Xp g- = w (e) ( they

exist as ④ hold, after

iteration i - i 1

If pe An ✗ wear
done as g- C- Y and e moved toe

'

¥
So assume p c- Bnx

: ?⃝ -

Y Anx Bnx

If Xsq=Xpq we are done a) then we have

tsq-kpq-wlej-u.ee
' ) ( w (d) is set to

wle) instep⑤ 1)

So we want to prove Xsq=Xpq
Lemma 8.30 gives : ✗ sq ?

min } list itpipf}

By lemma 8.3381 ALIBI is a min ⑤
t) - cut and

s
, 9- C-
A so ✗ sq

does not change when we
contact B

( by lemma 8.32 )
we also have tip c- B so ✗ sq

does not change if

we add an edge C- - p with
co capacity .

This show , that

is g- 2min } 1st , Ypg ) @ I



Is c- Zipf since (A ,
B) is also a Cpg 1- cat

wle ) is the capacity of a cut separating ✗
and Y

and thus separating sand 9- (a) s c- ✗
, 9-c-Y)

This show , that is g- Ewce)
-

- Xpg-

so ⑥ 1 implies that isg- = Ypg proving
that ④ I

hold, for e
' after iteration i. ☐

.

Theorem8. The algorithm
is correct and it

finds a Gocnoz - Ho
tree in polynomial

time

Root : clear
that the algorithm

is polynomial

( running time
bounded by time to

- C- 11 max flow
calculations )

let 1- be the output of
the algorithm .

Clearly VCT ) -- ✓

let s.EE V and
let Pst be the unique

(sit 1- path isT

He c- El Pst) let Ce ,
V - Ce be the connected components of

T- e

Each of key - (e) is
an ⑤t)- cut

so we have

④ 1

list a- min
bald kettle

c- Put }

On the other
hand

, applying lemma
8.30 repeatedly Sivas

1*0 )
XstZminhXowI@iwIeElPs.t )}

Apply lemma 8.34 to
the situation just be step @

1 is executed

C④) implies
that list > minhulclce)) / e c- Pst }

Now is / implies that ist = min } u (oke )) / e c- Put } ☐
.


