
MatroidIntersectionpwblem-G.vnmatroids M ,=( 5,7 ,) and Ma=(Sif )

Find I c- Lif such that
11--1>-11--11 V-IK-J.NL

Recall that ✗ =/ sign] ,) is
not always amoeboid

For example ,

let 13=14,4 ,
E) be a bipartite graph

and

let ]i=}ÉEE / deilok-IV-vc-Xc.ly i -4,2

Then Mi=( Eid ;) is a
matroid but I ,n2 does not satisfy

the exchange axiom :

"

•⇐ I'=3act I=}bc,adl
b
• •d

11-1>11-11 but cannot
add any

✗
I
✗
2 edge from Ito I

But we can solve maximum bipwhh
matching as

a matroid interaction problem
for the matroids Mum ,

above :

• independent in both Mi ,Mz
matching •

so muxhfmllmisamatduhs }
• a

¥ = maxhlIIIIEJ.it }
o



Another example of matroid
intersection : out -bronchus,

Given D= (V ,
A) and sell define

1=4 A
'

1 A' is a forest in UGCD ) / UG (D) is the underlying

undirected graph of
D

T
,
=) A

"
I d-aulok-IV-oc-V-sandd-n.is ) -01

•
We have seen

that M ,
-- ( A , ] , ) is a

matroid as it is

the circuit matroid
of UGCD )

• ME (Aif) is
a matroid as

]
,
satisfies the three

axioms 0 c- I
,
✗ Ed, aye

✗ ⇒ YET,
,

✗OYEZ ,

141=1×1+1

⇒ 7-gc-YHS.tl/-iyc-1

Now ma✗HIIIII c- 1^11 = n
- I

D ha , an out -branching
from s

independent
•
1=3 "

•→Is
• .

sets in
s
→⇒I, →→ In ]z

No cycle , in underlying graph
+ in degrees 1

and d-CEO



Recall that if M=(5,7 ) is a matroid and

✗ c- ] but ✗+etc ]
,
then then is a unique

circuit (minimal dependent
nt ) C in ✗ + e

For any ✗ c- ] and ees
let

• ( (Xp ) =p
if ✗ +ee ]

• CCX
,
e) = unique

circuit in ✗ + e if ✗ted ]

Below we follow Korte olvygen Section 13.5

lemma13.27-letm.IE ,
] ) be a matroid and

let ✗ c-J

suppon
that x.in ,

.
. ,✗s are

distinct elements of ✗
and

Yiik ,
- - y
,
are distinct elements

of E- ✗ such that

@ I ✗he C. (✗ in) for
k -412 , .

. .gs

④ I Xjctclxiyn ) for all j with Isjskes

Then ✗ - hx.in .
. .is) -1191,92 . - Ysl

E)

Ii ÷ I>
. -
%' .ae

. .
-
Is

0¥80CHIH • • • • • • Cais )
9 , 9L Yue Yu Ys



Pivot: we show by induction on r that ✗re
]

when ✗
r
= ✗ -44in

,
- -

,
✗
r } -1141 ,

- - -%)

r=o ok as Xp = ✗

suppon ✗
r - I

c- ]

if Xrytyr E)
then ✗

r
= (Xr - ityr ) - ✗re]

otherwise 7- unique
circuit c in Xrytyr

By 4) none of × , in ,
- - ,
✗ r- i

belong to C

so CIX.gr ) c- Xrytyr implying
c=C(Xiyr )

☐
.

÷÷÷:÷:÷i÷÷+:

a
start with 11--4

•
Augment ✗ by one element

at a time

until no new element can
be added

How to do this ?



Given current set ✗ c- 7^32 define a digraph G×=(E. A¥uA×ky

Here AI ' = } ✗→ y / ye E-✗ nxecfxiy )
-y l C

,
: circuit otm ,

Axel = by → ✗ ly c- E-✗ n ✗ c- Cathy ) -yl Ca : circuit
of Mz

This means
that

In A¥1 an arc ✗→y indicates
that by deleting ✗ we may

addytl

so that ✗+ y -✗
c- ]

,

In A¥ ' an arc y → ✗ indicate,
that by deleting ✗ we may

addytox

so that ✗+y-✗
E)
2

let s
✗
= bye E-✗ I ✗eye ] , ) bye E-✗ I ✗+gets }

If 5×-0 or T✗=0 then ✗ is ma-xim.at in 7^2

If y c- S×nT✗
then ✗ +ye ] , n] ,

so we
can
add

y directly
to ✗ .

So assume s×nT✗=¢
Cky ) E-✗

✗

✗

¥±¥



lemmal3.tn#SopponXET,n)z and that ,

P = %→x,→y,→xh→yz→ . - →✗s→ys

is a shortest ⇐ ,T× ) - path in G✗=( E. A¥uAI )

Then ✗
'

=/ ✗ +3% ,y , ,
. . ,ys1 ) - IX. is, - Asl is in Tink @ 1

( note that 1×4=1×1+1 )

Root we show that ✗+yo ,

×
, ,xa ,

. -✗
s
and g. in

- - y,
satisfy

the conditions of lemma
13.27 wrtm , •

This will imply that ✗
'
c- ]

,

e ✗ + yo c- ]
,
as yo c- SX

• & ) holds as xj → yj c- A¥ to - j -4,2--5

•
To see that ⑤ 1 holds

,

assume that ✗je c ,
(Kyw) for

some 1€ jokes .
Then Xj→y , c- Af implying

that P is not a shortest @×,T× )
- path ,

contradiction

similarly we can show that ✗
'
c- I, by showing

that

✗+ ys ,
✗
'iii. . - X's and y

'

, ,yL ,
.
- is ; with ✗

'

i-xs-i-yyf-ys.ci

Satisfy the condition of lemma 13.27 wrtmz .

• ✗ tyg E)< as YSETX

• (a) holds as y
,
→ ✗je ,

c- AF for j_- 0,1 , . . - is - l

e
To see that ⑤ 1 holds

,
assume that ✗

'

pc-CIX.HR )

for some per then the arc ys-r-SXs.ph
Contradicts that P is shorter

0-7 @→ o o
cÉ•

- ⇒ •

Ys- r ✗ s - r -11 ✗ s - pti Ys



propooition13.tn#LetMi--(E,Ji)i--1i2bematoib
and

let ri ,
c- 1,2 be

their rank functions .
Then

FFEJ ,nJ, and
V-QEE : 11=1 er, (Q ) + ICE

-Q )

E-Q
P

FNQE ]
,
so IFNQ /Er, (Q )FHE-QIT-nlE-Q.IE]
,
so f-NIE-QUELLE -04

Face Q

If F

11--1=1 FNQHIFNECQ) / Er,@ 1-1%11=-04
☐
.

Lemma 13.30 ✗ E)in ]z has maximum
size

- *
Cox has

no#Tx) - path

Prot µ follow > from lemma 13.28

II let R= hec-EII-pathfomsxtoein.gl
Then 5×112 and RnT✗=0

We claim that r , /
✗-121--1×-121 and ralr)=lXnR1

If this holds we can take Q=E
-Rand set

1×1=1×-121+1 ✗nRl=r, 1×-121-1%1121

= r
, (Q1 + ra (

E-Q1 so 1×1 is maximum

by prop 13.29



• Soppon r
,
( E - R) > 1×-121 then 7- ye (E-RI -✗

such that ☒ - Pity c- ]
, R

±
But ✗ +y ¢-3 ,

as yds✗ER

( yet - R ) -✗ a- E -X) •÷TNow C. IX. y)n(✗nR1 -1-0 as

✗ 4AM ) E-✗☒- Rltye ] , .
But then then is

an
arc ✗ → y in Af from R toy

implying that y
c- R contradiction (a) yet

-R ) - ✗ )

• soppon rack
) > IXNRI

Then 7- y
'
c- R - ✗ S.t. Xnrty

'
c- I

R

But ✗+y
'd ]
,
as RnT×=0

Then Cathy
' )nX-12=10

as ☒ nR)ty'eJ , ;?⃝
Now then is an arc y

' -3×1
✗
I
E-✗

↳ IX.yy
from R to E-R y

we have shown that

r.IE -121--1×-121 and KIR)=lXnR /


