
Matmidsandgoeedyalgonthms
Recall minimum spanning

trees and Kruskal 's

algorithm .

Let G = (V
,
E

,
W ) when w : E-SIR

,

( wcelzo KeeE)

be given and
let W = max } waste c-E }

If we set W' (e) = W - w (e)
then for any spanning

( n =/ v1 )
tree Tot G we

have

w
' (T) = d- 1) W

- WIT )

Hence T is a minimum spanning
tree wrt w

A
T is a maximum weigh spanning

free wit w
'

From now on we look only at the
maximization

version ( maximum weigh spanning
trees )

Goeedyals-onthmf-M.li
F-← 0

while E -40

Let uv c- E have maximum
weight

EEE - uv

If u and ✓ are not connected
via F

Fe Ftuv

end



Theorems The greedy algorithm finds a maximum

weight spanning
tree in G- (V , E , w )

pro let Tg be the greedy spanning
tree

and suppon wlts) < w(Topf)
when Topt

is a max weight sp T of G .

let ei.es , . .
- en- i be the edges

that

we add when Tg is
constricted (in that

order) .

Choon 1-
*
max

weight spit andjs.tlei.cz
,
. . .ej / c-

ECT 't ) and no max
weight €1

Spt contains all the edges { e ,

-
- - e je, I

9-
•

T.ee/TgT*+ej+,
contains a cycle C ejtc.gg

At least one edge of
C is not in Tg as this is a

tree

let e be such an edge .

Then ee E- 39 , ez ,
. . ej , eject so wcejti)> w (e)

since the greedy algorithm chon ejt ,
in step jtl

Now WE't ) Z w ( 1-
*
- et e je , )z WIT

't ) so

1-
'

= 1-
*
-eteje ,

is a ma✗ weight spit
which violates# If

☐
.



Definition let s be a finite set
and

F. C- 2s a collection of
subsets of S .

Then the pair

M = ( S
,
f) is a

matroid if the Allowing
holds

4) c- F

② 1 If ✗
c- f and YEX then

Yef

③ 1 if ✗ ie f
and 1-11=1×1+1 then

7- y c-Y
-X set ✗ + y

c- f

② I says that
F is hereditary

A set 2 set 2¢ f is
dependent

Ant ✗ s . t ✗ c- f is independent

*
¥÷¥÷:÷÷-
f- = SEE El E

' induces a forest in
G)

This is called the cycle matroid
of 6

BU s finite subnt of a
vector space

✓

say that hx
, ii. xu } c- fiff

the

vector ✗
, ,
E. . ✗u an

linearity independent



property (3) of Matroids easily implies the following

property which is called the exchange property

341 if ✗ it c- f and

141--1×1 -1k for some keel
then there are

elements y.is, - - yue
Y -X such

that

✗ 1- y
,
C- F

,

✗ +yityzcf
,
. .

- -

,
✗ +9

,
-1
. - +guff

A ban of a matroid
M =/ 5.F) is a maximal

independent net B ,

that is B. c- 7- but

Btw ¢7 it was -13

Corollary
All the ban , of a matroid

have the same size

How do we check whether
✗ c- f ?

We assume M -

- Is , f) is given a ,
s together

with

an oracle it
✗→

→ yes if ✗ c- f

no if ✗elf



civcuitsofmatwies
A circuit of a matroid

M = Is
. f) is a

minimally dependent subset of s :

Z is a circuit of M ⇐ s Zctf and 2-a c- f
Fae 2

Proposition let M=§ ,
f) be a matroid

If ✗ c- f but ✗ + y ¢-7 then
then is a

Unique circuit
c contained

in ✗+ y

pnof- :

✗ + y is dependent
so it contains

at least one
circuit

let c =3 a c- ✗
+ y l ✗ +y.ae f }

claim: C is a circuit
of m

print : As C-as ✗ + y - a c- f ta c-
C

implying that
c-a c- F we just

need to

show that clef .

suppose C. c- f. Then by @
'

1 we can add

elements from X - C to C
until we have a

set Y c- f with Y c- f and 141--1×1 .

But

then Y= ✗ + y - d for
some d and CEY

implying that dec I



We proved that C is a circuit so
it

only remains to prove
that C is

the knife circuit
in ✗ ey .

Sopron D c- Xey is another
circuit

Then the picton is
✗

QQ
By minimality of

circuits CID

so -72 C-
C - D ( and 7- we D-c)

By definition
of c the nt

✗ + y - z c- f-
but

Ds ✗ + y -2
contradicts (2)

in the definition of matroids ☐
.



t.EE?::::::::::ii-iem=...
is given in form of an

oracle d-

such that

yes⇐ xef

A → c c- X
,

C circuit

p
cisacer-h.cat that

Greedyalson.tk#: ✗elf

input : a matroid
M=(Sif ) and w :S→

Rebel

output : a maximum
weisb ban of M

13<-0
,
s
'
es

while s ' -4¢ do

let ✗ c- S
' have WE lzwly ) V-yes

'

s
'
← s

'
- ✗

if B.+✗ c- f- then BE Btx

end

output B



theorem The greedy algorithm outputs a maximum

weight ban of
M

.

Root let Bg denote the output and let

B* be an optimum ban (
WIRE ) > WLB ) V- base B)

let ei.ee ,
- - . ek be the

elements added to B

by the algorithm
in that order .

let je Ek] be
maximum sit . 14,4 , . - fjl c- B.

☒ for

some optimum ban .

If j=k we are done
( Bg is optimal )

so assume jak

Then 13¥ eje ,
contains a circuit C .

C 4- Bg as C is dependent so 1-ee
13*-13
,

s . fee
CnB*

C

By the proposition ,
C is the unique

circuit①*•ej
in B*+ej+ , so D= B.

*
+ejtl -e is a

ban
en .

.

'

'

B
,

B
'
is optimal so w (Bt ) zw (B) ⇒ wcek-wcej.ci) @ I

Recall that he
, ,ez, .

. . ,ej1EBgnB* and A-79,4 ,
. . ,ej,e|EB'

so A is independent and hence e is a possible choice for

the greedy algorithm
in step jtl .

This implies that wlej
-412W (e) so by @ 1 we have

wlet-wlej.ci )

and w (B) = wlB* ) , contradicting
the choice of Bt as

19,4 ,
. - , ejects B ☐

.



Alternahvedetinili.no/-amatoid-Detk.2inPs1Definilion-The subnet system M -- IE
, F) is a matroid

Fat
The greedy algorithm

finds an

optimum ban for every non
-negative

weight function co : E → Riko

Theooem12.s-inPS-lefm.IE/f1beasubnl- system

41 m is a matroid

I
② V- Ip ,Ip+ , c-F :ftp.l-p-IIp-u/-l7-ec-Ip+iIpiIptec-F
I
(3) If AEE and

I ,I
'
are

maximal independent subnet> of
A

then III = II
' I



print

¥27:

suppose Ip ,Ip+ , c-F : ftp.l-p-lt-p-ul-l
but He c- Ipe ,

- Ip i Ipte c- F Ip IF"

let w @ , =/
P -12 if e. c- Ip
Ptl if @ c- Ipt , - Ip
""

Q

o otherwin

Then w(Ip) =p . (p-12 ) < Lp -111?-w(Ipei )

but G. A Choon, Ip plus some
oweisht

element →← that 6. A.
works 1- - w .

2¥13) Sopron I , I
'
are maximal independent

subsets of A but II 't > III

Then let I"sI
'
have II

"

1=11--1+1

and apply ② 1 to get that I isuot

a maximal subset of A I



(3)⇒ Suppose ③ 1 holds but then is some non - negative w

such that the
G. A. does not find an optimal ban .

let I = }e , .cz , -
-

e
, } be the greedy solution

where wle , ) zwcez)z . . -
zwicei ) and

J = bei , ed . .
. ej. } be an

optimal solution
when

wleilzwlg.bz .
- -
z wlej ) .

Then w(J ) > w(I) by
the assomption above

I is maximal by constriction
( via G.A.) and

we can
assume

J is also maximal
( by adding zero or more

weight zero elements )

By (3) we have 0--11-1--151

Itsoffice , to prove
the following claim

claim wlemjzwce 'm ) for all m -4,2 , - - ,
i

-

proof of claim : wle , )zw(e ;) as G. A chore e ,

soppon
7-Mei s.tw(g) zwce;) for j=

1,2, - - in
- l

but wcem ) < w( e 'm )

let A = }eeElwK1±w(e'm )
then

2=44,4 , . .fm - 1) c- A and Z is a

maximal subntot A Las G. Action em d- A)

But 21--34
,
ed .

. ,e 'm ) EA so it is

contained in some maximal subset
2
" of A

However now 121<12
"
I → c- (3) ☐

.



Further definition, and remarks
-

Let m = ( E , f) be a
matroid

The rank of A c- E. den .he
r (A)

is r (A) = max } 1×11 ✗ c- A and ✗ c-f)

The rank of m is the size
of a

ban of M ( recall that they
all have

the same size )

The set of loans of M is

Blm ) = } BIB is a
knot m }

Note that 7=4×1 ✗ SB to - some BEBCM ) }

So M=( Eifl is uniquely
determined by

its ntot bans .


