
Tree-widthlniedernuirc.by#Definitiou1o.l-
A tree - decomposition of a graph

6--14 E) is a

pair ( 1k. / i c-II.T ) where
T is a tree

on vertices I ,
each ✗ e. ≤

✓ and the following
holds :

1
. ¥±✗i=V
2.

Have E 7- i c-I such
that u.ve Xi

3
.

Yi ,j,keI : if
•-•no path inT
i j h

then ✗ inXn≤ Xj

• The sits ✗ i. i c-
I are called the

basis of the decomposition .

• The width of ( hxilietl ,T)
is maxlxil - I
ieI

•

The tree -width of 6 ,

denoted tw(G) is
the

minimum width of a tree - decomposition
of 6

.



property 3. is called the consistency property

( very important in algorithmic
applications of tree

- decompositions )

Recall Theorem 4.8 it on chordal graphs G

• Here / ✗ i lie It
is the set of

maximal cliques

and the consistency property
holds as TEND

is a subtree of
T

•
The width of

this tree
- decomposition for

6

is w (G) - I and tw(G)
= wlo ) - l since :

( twlkn ) = n - I

print : suppose
twlkn ) an -1

and let ( ✗ i lieII.
T )

be a tree - decomposition
of 6 St Max /✗ it

< n

ieI

let ✗ ≤ 4 ✗ i lie It be a bag of
maximum sin

As 1×1 < n there is some
vertex 9- ◦thrust. g- &

✗

let 4--1 ✗ be a bag containing g- ( by property
! )

let p c-
✗ be such that p d- Y t.by maxima Iib

◦txt )
✗ ✗ note that we may

9000M

Now we have ?⃝-?⃝ ✗ and your neighbour
int

otherwin rename
✗ :

④-⊕_ .
_
. -⊕-?⃝

TEE



Y

-

hen

/ Iaby 3.
⇒ the edge pq violates

2 . as no bas
☐ .

Contains both p
and 9-

Note that tw (G)
≥tw( It ) for every

induced subgraph H of G as we can
obtain

a tree - decomposition of It from a
t.cl for 6

letting ✗ i' = ✗ in VCHI

Thus the tree - width of a
chordal 6

is at least
WCG ) - l and by Than 4.8 it

C- w ⑥ I ≤ w (6) -1
so tw @ I = WCG )

- I



Trees have tree - width 1 :

a
• ④ one bag per else ◦ 1-T

'

stood and T follows

④
the stuctonott

'

to \

µ s

1 a ②
f- •

1-1 I
④

This is the reason for
the definition of

tree - width
to be Max I ✗il

- l so
that

c- c-I

trees get tw (T ) - l .

Equivalent version of property
3
.

3
' Here V the set of bass Xi

with are ✗i

formasustruc.tt#f
G is called a partial k

- tree if tw(G) ≤
k



Exampbofatree-decomposih-oa.ee
-• - • f ?⃝
I

• 9 /É!
e

G
f w @ 1=3 -1=2

Definition 10.2 A tree -decomposition

¥iIT ) is nice if

1
.
Every node has

≤ 2 children

2. If node
i has 2 children j ,

6 then ✗ i=Xj=Xk

and i is
called a join node

3
.

If node i has only one child j
then either

(a) 1%1--1Xjltl and Xjc Xi
( introduce node) or

(b) Hit =/Xjl -1 and Xicxj
( forget node )



-

Given a tree - decomposition of 6lemma 10.3

with n nodes and
width k ,

we can find

a width K nice
tree - decomposition with

Ocu ) nodes

in time Ocn )

proof omitted
.

lemma Every bag ✗ in a
t.cl whom corresponding

vertex

TNT has degree at
least 2 is a vertex

- separator .

pn ⊕
consistency property '

④*

Every vev
- ✗

'

belongs
' U w

to a unique Tx ,
(only i"ᵗʰ◦ⁿʰ"/ Tx

,
Tx
,
Tx
,

Take a c- ✗
,

and we ✗<
and suppon

G-✗ has a

④ 1- path P .
let w be the first vertex on

P not in VIII
,
) ( in G)

and Gt w
' be its predecessor .

Then the edge W'w is not in any bas
of Tx

,

So by property I w
' must belong to a bag ◦ 1- some T✗jj≠i

but w' EV -✗ so this violates
consistency property .

☐
.



howerboondfortvee-widthuiacopsandwb.bg
¥:( on a graph 6--14E)

• One robber
is at a vertex r

c- ✓ and can

move to
another vertex along edge

, in E
at 00 speed

e
k cops

want to catch the robber

•

at each move cops can
move

to any vertex

of V l they fly
in helicopters and can

land at

any
vertex )

o
at each move

it l

it cops announce
to which oertcxnt

Vit ' wit ' / ≤ k

they will move
and bet they

move then

1 the robber moves
to a vertex which

is

reachable from r in
G-Vi

④ it Now the cops
move

to Vitt

from Vi and the helicopters

at time i⇒ all cops
an in helicopters to

robber can move any
when



The game continues
until the robber is

consist

The cops
win if they can put a cop on

the

verhx r occupied by
the robber

The robber wins if ⑤
he can continue

to escape

forever .

Observation in step it 1 ( cops occupy
Vi≤ V )

the robber can only move
within the connected

?⃝ ?⃝
component of G-Vi which contains

vertex

2 cops win
on a
tree

pwo step 1 : cops announce one
vertex %c- VCT) V' = bod

and robber Choon, r -1-00

Now let the edge
v0

,
be the first edge on Pvr

int

÷÷
To

,

step 2 cops announce
to put second cop

at 0, so V
? 300,41

robber must move to a
vertex of V(To,) -01

let 402 be first edge
on Perrin T

sty 3 Cops announce
V? 44,0<4 and

robbie must

move to a vertex of Tv,
- on



Eventually we have robber at a heat with a cop at

its parent • v0

}"
✓
L

:
"

go Up-1
• Up

\•r

how cops announce
to put the cop from up-1

to

the virtue r and
the robber is caught 1-

In fact we have :

Lemmy if tw(G)≤ k then
ktl cops

can win
the same against a robber .

Prot
let (hwtlte II.T)

best -d

of width K



• pick a non - leaf tot T and announce to
land

/ WE / cops
at V0 = Wt .

(we have enough as lwtl ≤ktl

?⃝
11 .

☐ D
T

,
Tr Tt

By Lemma Wt is a separator

Every connected component
K of G-WE satisfies

≤ U WE ' for some ie [
e)

.

tc-VLT.cl

The robber moves to
some

connected component Kr of
G-Wt

let ie Ees be the unique
index sit her ≤

Uwe '
E'c-VEI

Ot

① to robber vertex
in some

◦ 1- the

basis
i hen

Ti



In the next step :

take all the cops
in Wt -Wti and annua to

place then and perhaps some cops not
currently on Wf

(they are in helicopters ) on Wti -Wt (ok since Iwtikktl )

in G :

zwᵗWick

'?⃝_ Wti

The robber cannot move
out of Kr :

suppon then
was a path from a c- Kr - Wt to some ve V-Wt

which does not interact Wtnwti .

Then there is an edge u
'
v
'
in G with u

'
c- Wti-Wtando

'EV-Wt

However u' v
'
is not in any bas by

the consistency property :

u
' ¢ We-Wti and

o
' ¢ Wti-Wt

Wti Wt

So the robber must move
into a proper

subtree ofTi

and the cops are
one step dow to

catching

the nbbu .



The lxl -grid is the graph with
vertices

✓= 4 ii. j ) / i, je Ee]}
and else,

E- = } liij ) (ija) / I ≤ i ≤ e n
I ≤ j ≤ e- 11

v1 (ij ) litgj ) / I ≤ i ≤ e-In
1 ≤ j ≤ eg

Example 3×3 grid
-

↑:|
with deterrent enumeration /

• - o- o

◦ t V 4 5)
6

d-
• -

!
I 2 3

¥÷:¥÷:::÷÷"

i:÷÷÷!÷:☆☆Q
"

X
,

T = •→→

6 fell - 1)

T is actually a path



lower bound via cops and robbers :

we prove
that a robber can keep escaping

f- loops on an
exc _ grid .

This will imply

that twcexe -sie ) ≥ e- 1 .

In fact twlexe-sn.cl/=e
Cmon difficult )

observation : for every placement
of e- 1 cops on an

e. ✗ e-grid
the exist i , j c- Ee] s -

t no cop
j

in now i and no cop
i column I

i. . . .
÷
- - - -

:

when cops announce
their new positions ,

the robber determines i and j
and moves to

vertex it

Now cops move
and announce

their next positions

and robber find i
'

,
j
' with no cop in

now i
' and

no cop
in column j

'

The robber then move,
to vertex @

'

, j
'
) as follows

:

④j ,
•↳ '

• ④jl ) no cop in
Wwi before move so

I → ciij
' ) is free before cops

move

%↓ ji , no cop column j
' after move so

robber is fire to move to j
'
/


