
p.IE?::Y:::::::::::i:no-.n,
We consider multi graphs = parallel edges are

allowed

←

6
6 with

weights

corresponding
to # edges

Definition an ordering v
, .ua , . . - rn

of the verhte

of 6=14 E) is
called a Max -back ordering

of

it satisfies

dlviiri.ci) >_d(Viii;) f-
all i ,j

with lsiajen

Here Vi = 19,02 ,
.

. -Nil and dlviirj )
is the

number of edges with one
end in Vi and

the

other in vj€i÷÷÷÷÷÷
"

A Max back ordering can
be

constructed in time olntm )

Easy to do in Olutmlogn)
via heaps



EXamp.ly
do

¥÷÷¥:
d

select v , arbitrary .
In this case a

pick b as v2 ( could
have taken d):¥É

;;É÷÷ pick easy

;g;-÷df pick can cry

pick das v5 land f-
as%)

•
:

Final

ordains÷T÷÷÷



continousorden.us#Definitiou-AuordenhsYirn.--
on is continues

if it satisfies

⑤ 1 The connected components
of G occurs

as intervals in the
ordering

• • - -
- • • • • .

-
- • • • - - • • - - - •

etc

Cz Cy
C
, Cz

④ ) Every vertex
of a connected component

C

has an edge to a
lowered numbered

vertex in C

except for the
vertex with

the lowest number
C

• -
-
- -

••#•
• . -

- •

Eaoyi-ifv.is . - - un is continuous
and dlonl >0

then on and on - ,
are in the same

connected

component of 6 .



-

Every max - back ordering is
continuo,Lemma 2

pw suppose it
does not hold for the

m.b.co . 0,102 ,
-
- un of 6 .

Then 6 has at least 2
connected components

and there is a sect
i c- En] and a componentC

such that viii.he
C for some 6>-2 ,

but vi+i¢c

• • • C = •
C' = •

vi. Viti With

By the choice of
i

,

C
'
ha , no vertex in

0
, is ,

- - ri so dlviiriei) -0

However Vj and own are
connected by a path

in C so dlviirj ) > o for some jehiel , - - .nl

Now dlviii.ci) < dlviirj ) →← as

V
, is

- - -Un is a m .
b.0

.

This show , that Ci ) hold, for every

Max -
back ordering .



) : Sopp on C = } ok ,ohh , .
. . ve ) is a component

and that vie , c- C
has no edge to a lower

numbered vertex in C.

it I =/ l as C is connected (all edges
incident

to we go
to lower vertices )

Now d (viii.+11=0 by every path from

we took in
C contains an edge from some

uj
to Vi when jz it 2 .

oiti %

Now dlviiriei) < dlviirj ) →
← .

This concludes the proof of
land

the lemma .

0



Definition letd-Y.ua , . . - ion be a m.b.o.co/-G--lviEl

The Max - back forest F=F(d) corresponding
tod

is given by F- = ( V
,
E

' ) when

EL-hviojljxiavivjc-Eadlvi.ir;) -0 }

So for each vertex rains .

. - on we
take

the furthest edge
back ( if any )

÷É÷÷
a b e c d f

or
For )

IÉI In -1 as a- ledge for each 0th
-
- on

El is acyclic : if cycle D
thin

•
e ←

max # vertex

in D



Note: IE
' / = IVI - # components of 6

(only first vertex of
each component has no edge

in EY

⇒ E
' contains a spanning

tree of each

connected component of
6
.

Lemma3_ Let o , is
. - on

beam.

b. 0 .

and let F be the corresponding
m

.

b. f.

Then 0
, is ,

- . .vn is also a
m .

b- 0 .

of

G
'
= G - E

'

Poot : suppon
not

.

Then Ii , j itkj
sit

In G
'
:

; dfviii-ukdotvii.it
vi.

This implies that
dollviii. 1>-1

so we
also have dglviirj ) >_ 1

As 0
, is - - un is an m.b.co

.

of 6 we
have

dglviiri-DS-dlvo.ir;) >_ (
and then

dcilviiri-D-dolviii-D-l-Zdolvi.ir;) -1 =doij) }



Recall that we denote by
✗ (✗ is ) the

local edge - connectivity
between ✗ andy

By Menger 's theorem
we have

✗ Cny) = Minh
dlxllxc-X.gov-✗ {

Thcorem4- For every m .
b. 0

. 4,02 .
- - son of 6

we have Hon - i.on )=dGn )

PN clearly Hon -iirn) Eden )

If darn )=o then is
nothing to prove

do

assume
that Icon )=k > 0

let F
,

be the max -
back to - rest of 6 wrtv.ir

. - on

By lemma ]
0

, is - - on
is also a m.b.co of G

- E
,

when E
,
-- ECF

, )

Now let 61--6,62=6
- E

,

and Gi = G- U Ej
jci

when F. is a m.b.to/-Gj--G-UEjandEj--E(Fj )qaj

in the same component of

This implies that on - ,
and on an in

the same

tree of Fi for iii. 2- - h so ✗Conifa )Ek☐ .



Determining the edge - connectivity via
m.b.co

.
's

-

Let wand w be distinct vertices of
G- thefthen we denote

by Gaw the graph obtained
by identifying uandw

u w U•W keep all edges
• -

- - - - • except loops

£44k %Ñ at aw

0

in 6

The edge -connectivity of
6

,

denoted a) (G) is

* I
✗ (G) = min }

thin IX.yeV. ✗ty }

Theorem5_ let G=(v ,E) be a
multisraph with n >_ 3

vertices
,

then for every pair of
distinct vertices u ,veV

✗ (G) = minty ✗ (un ) ,
✗ 16
" ) )

Poot : ✗ (G) a- ✗ ( un
) clear from * I

✗ (G) I ✗ (
GW ) clear as

GW has fewer cuts

I

Assume ✗ (G) = dlx ) ?⃝☒
dad

if ☒ nhuw 41--1 then ✗Lumsden = Not

if not then ✗ 16"YsdLH = Hol .



Algorithm for finding Not

lfn-t.lt =L return
dlo ) v arbitrary

← 00
,
GoC- G

,

ie o

Repeat
let 0

, is -
-
- on - i be a

m.b.co of Gi

k ← min 3k , dq.lk - i))

Git ,← Gain
- i- ion -i

i.← it 1

Until i _- n -2

Return K

Theorem 5 → output is k=HG /

Running time Ocn ) . time for m.b.co

so 0 ( n (ntm) )



Finding the edge- connectivity of our example

•aÉ# a. b. e.c.d. fiiamio

and d(f) = 8 so lies

and I ,f identified

d (b) = 11 > K so K unchanged

• eaves identified

dlc)=9 > K so K unchanged

es and c
identified

d@51=9 > K so Konohansed

df and ceb
identified:ÉÉ

www.vk "
""

•aT%det

Return ✗ (G) = 6



sparsecertifr.ca/-esforedge-connec1ivityLemma7
-

suppon ✗ (G) = K and N -4,02 ,
. . on is a m

-
boots

let Fi be the
max - back forest of

Gi = G - U Elf;) and
all Fi's an wrt

R

jai n
Then H=( V

,
VEE;) ) is k

- edge - connected

E- I

pn
suppon NHK

k and let SEV

be such that dlskkIt

0€
s i :¥ 5



As ✗ (G) =k there is at
least one else

www.thvesioc-5 and ow ¢ ECH )

?⃝¥
" "

edges in A

VW c- ECGI - ECH )

as each Fi is maximal ( spit
in each componentof Gi )

wand w are in
the same connected component of Fj

for 0=1,2, - -

,
k

①
How)zk →←
It

Algorithm to construct It :

Find a m.b.co . D= oiirhi . - in

For each i = 2,3 ,
- .

,
n take the

min 1k
,
dlvi - i.oil } furthest

edge, back

from oi



How to do this efficiently :

First find m.b.co Yik ,
- - on

scan forward →

Vi

••_IT •

vj
already processed
oi\

p
if dlviirj )=r<k
add min 3h -r , dloitiij )}
edges from oj to via

corollary
Every graph

6 with ✗ (G) =L has

a spanning subgraph lts.tk
It)=k and

E- (A) a- kln-4



G :⇒÷÷
We found ✗ (G) = 6 so we get

6 m .
b. f- 's i

÷÷.
pf

:-. ÷



Resulting spanning G- edge - connected

subgraph It :

.ir#--:A:--
a b e c d f

IELH) ) = 6-18 -16-13+2--25<30--6.4-1)


