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Abstract: The dicycle transversal number τ (D) of a digraph D is the
minimum size of a dicycle transversal of D, that is a set of vertices of
D, whose removal from D makes it acyclic. An arc a of a digraph D with
at least one cycle is a transversal arc if a is in every directed cycle of
D (making D − a acyclic). In [3] and [4], we completely characterized the
complexity of following problem: Given a digraph D, decide if there is a
dicycle B in D and a cycle C in its underlying undirected graph UG(D) such
that V (B) ∩ V (C) = ∅. It turns out that the problem is polynomially solvable
for digraphs with a constantly bounded number of transversal vertices
(including cases where τ (D)≥2). In the remaining case (allowing arbitrarily
many transversal vertices) the problem is NP-complete. In this article, we
classify the complexity of the arc-analog of this problem, where we ask for
a dicycle B and a cycle C that are arc-disjoint, but not necessarily vertex-
disjoint. We prove that the problem is polynomially solvable for strong
digraphs and for digraphs with a constantly bounded number of transversal
arcs (but possibly an unbounded number of transversal vertices). In the
remaining case (allowing arbitrarily many transversal arcs) the problem is
NP-complete. C© 2015 Wiley Periodicals, Inc. J. Graph Theory 83: 406–420, 2016

Keywords: cycle; dicycle; disjoint cycle problem; arc-disjoint cycle problem; mixed problem; cycle
transversal number; transversal arc

AMS classification: 05c38; 05c20; 05c85

1. INTRODUCTION

All graphs and digraphs are assumed to be finite, and they may contain loops or multiple
arcs or edges. Notation follows [1], and we recall the most relevant concepts here. In
order to distinguish between directed cycles in a digraph D and undirected cycles in its
underlying graph UG(D) we use the term dicycle for a directed cycle in D and cycle
for an undirected cycle in UG(D). Whenever we consider a (directed) path P containing
vertices a, b such that a precedes b on P, we denote by P[a, b] the subpath of P that starts
in a and ends in b. The same notation applies to dicycles. An (s, t)-path is a directed path
from s to t. A digraph is strongly connected (or just strong) if it contains an (s, t)-path
for all choices of vertices s, t.

The in-degree d−(v) (out-degree d+(v)) of a vertex v is the number of arcs of the
form xv (vy) and the degree d(v) of v is the sum of its in- and out-degrees. We denote by
δ(D) the minimum degree of a vertex in D.

A digraph D is acyclic if it does not contain a dicycle, and it is (arc-) intercyclic if
it does not contain two (arc-)disjoint dicycles. A dicycle transversal of D is a set S of
vertices of D whose removal makes D acyclic, and the dicycle transversal number τ (D)

is defined to be the size of a smallest dicycle transversal. If D is not acyclic but D − v
(D − a) is acyclic for some vertex v ∈ V (D) (arc a ∈ A(D)), then v (a) is a transversal
vertex (arc) of D. MCCUAIG characterized the intercyclic digraphs of minimal in- and
out-degree at least two in terms of their dicycle transversal number and designed a
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408 JOURNAL OF GRAPH THEORY

polynomial time algorithm that, for any digraph, either finds two disjoint cycles or a
structural certificate for being intercyclic [12].

Theorem 1. [12] There exists a polynomial time algorithm that decides whether a
given digraph is intercyclic and finds two disjoint cycles if it is not.

The undirected graphs without two disjoint cycles have been characterized by LOVÁSZ

[11], generalizing earlier statements of DIRAC for the 3-connected case [9]. The charac-
terization again implies a polynomial algorithm for finding such cycles if they exists, see
for example [7].

In [3, 4] we completely characterized the complexity of the following problem that
can be seen as lying in-between the two problems of two disjoint cycles in a graph and
two disjoint dicycles in a digraph.

Problem 1. Given a digraph D, decide if there is a dicycle B in D and a cycle C in
UG(D) with V (B) ∩ V (C) = ∅.

The results are as follows.

Theorem 2. [3] There is a polynomial algorithm for Problem 1 restricted to strong
digraphs. Furthermore, one can find the desired cycles in polynomial time if they exist
and in the case where τ (D) = 2 and no solution exists, a structural certificate for this
can be produced in polynomial time.

Theorem 3. [4] There is a polynomial time algorithm for Problem 1 restricted to
digraphs with a constantly bounded number of transversal vertices. The problem is
NP-complete for the class of all digraphs with τ (D) = 1.

In this article, we are concerned with the arc-disjoint version of Problem 1.

Problem 2. Given a digraph D, decide if there is a dicycle B in D and a cycle C in
UG(D) with A(B) ∩ A(C) = ∅.

The motivation for studying this problem comes from our work on Problem 1 as well
as from several other recent articles dealing with mixed structures in digraphs, see for
example [2, 5]. Studying natural problems of this kind may provide more insight into
structural properties of directed graphs that may not become visible from studying only
the corresponding directed version of the problem. For instance, it is known that every 6-
connected graph is 2-linked, that is, it has disjoint (s1, t1)-, (s2, t2)-paths for every choice
of distinct vertices s1, s2, t1, t2 [14, 15], whereas there is no degree of strong connectivity
that guaranties that a digraph is 2-linked [17]. Thus it is natural to ask whether there is a
natural number k so that the underlying digraph of every k-strong digraph D satisfies that
for every choice of distinct vertices s1, s2, t1, t2 D contains disjoint (s1, t1)-, (s2, t2)-paths
P1, P2 with the additional property that P1 is a directed (s1, t1)-path in D, whereas P2

is not necessarily a directed path in D. Note that it was shown in [2] that deciding the
existence of such a pair P1, P2 in a given input digraph is NP-complete.

As it is the case for Problem 1, the corresponding undirected version in which we
seek two edge-disjoint cycles, and also the directed version where we seek arc-disjoint
dicycles are both polynomially solvable. For the former a good characterization exists
(see e.g. [7]). For the latter a polynomial algorithm follows from the fact that D has
a pair of arc-disjoint dicycles if and only if its line-digraph L(D) has a pair of vertex
disjoint dicycles and thus the algorithm by MCCUAIG solves the problem. Note that this
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ARC-DISJOINT DIRECTED AND UNDIRECTED CYCLES IN DIGRAPHS 409

transformation does not preserve equivalent instances of Problem 2, in fact it does not
even do so for undirected cycles as the line graph of a tree may contain arbitrarily many
(edge-)disjoint cycles.

We will prove the following characterization.

Theorem 4. Problem 2 is polynomially solvable for the class of strong digraphs and
for every class of nonstrong digraphs with a constantly bounded number of transversal
arcs. In the remaining case, when the digraphs may have arbitrarily many transversal
arcs, the problem is NP-complete.

The proof is partitioned into four parts. First we cover the case of strong digraphs,
then we show that for nonstrong digraphs, if we allow arbitrarily many transversal arcs,
Problem 2 is NP-complete. Then we show that if there is at least one transversal vertex and
we can bound the number of transversal arcs by some constant k, there is a polynomial
algorithm (whose running time depends on k). Finally, we prove that if there is no
transversal vertex, then the problem is again polynomially solvable.

2. THE CASE OF STRONG DIGRAPHS

Let D be a strongly connected instance of Problem 2. We may assume that D has no
vertex with in-degree and out-degree one, since such a vertex can be suppressed without
changing the problem (the new digraph is a yes-instance if and only if D is a yes-instance.
Hence below we always assume that δ(D) ≥ 3.

Lemma 5. Suppose D is a strongly connected no-instance of Problem 2 with minimum
degree at least three. If C is a dicycle in D, then every vertex v ∈ V (D) − V (C) has
d(v) = 3. In particular, if τ (D) ≥ 2, then UG(D) is a cubic graph.

Proof. Suppose v is a vertex of V (D) − V (C) with dD(v) ≥ 4. Because D is a
strongly connected no-instance D − A(C) must be a forest with all leaves in V (C). So
every arc going out of v is the initial arc of a (v,V (C))-path in D − A(C), every arc
entering v is the terminal arc of a unique (V (C), v)-path in D − A(C) and, no matter how
we choose these d(v) paths, they will be pairwise internally disjoint. Call these paths
between v and the cycle P1, . . . , Pd(v), such that their endpoints p1, . . . , pd(v) appear in
this order on C. Since D is strongly connected, at least one of these paths must be a
(v,V (C))-path and at least one must be a (V (C), v)-path. Rotate the labeling of the paths
until P1 is a (v,V (C))-path and P2 is a (V (C), v)-path. Since no pi is an internal vertex
of C[p1, p2] the dicycle vP1C[p1, p2]P2v is arc-disjoint from the cycle vP3C[p3, p4]P4v,
contradicting that D is a no-instance for Problem 2. Thus we must have d(v) = 3 for
all v ∈ V (D) − V (C). The last assertion of the lemma follows from the fact that if
τ (D) ≥ 2, then D − v has a dicycle for every v and thus the argument above implies that
d(v) = 3. �

Lemma 6. Let D be a strong digraph with τ (D) = 1 and k transversal vertices. In
polynomial time we can either decide that D is a yes-instance of Problem 2 and produce
the desired cycles or reduce D to a collection H of at most k smaller strong digraphs
so that D is a yes-instance of Problem 2 if and only if at least one digraph in H is a
yes-instance of Problem 1.

Journal of Graph Theory DOI 10.1002/jgt
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Proof. By Lemma 5, in polynomial time, we can either determine that D is a yes-
instance or conclude that every vertex v that is not a dicycle transversal has d(v) = 3 (as
D − v contains a dicycle). Let k > 0 be the number of dicycle transversals. By definition
of a transversal vertex, every dicycle contains all transversal vertices. Furthermore, these
transversal vertices occur in the same order on all dicycles. This is clear if k ≤ 2 and if
k ≥ 3 and there are three transversal vertices x, y, z occurring in the order x, y, z, x on one
dicycle and x, z, y, x on another dicycle, then x, y are in the same strong component of
D − z, contradicting that z is on every dicycle. Let x be an arbitrary transversal vertex and
let x, x1, . . . , xk−1 be the order in which the transversal vertices occur on C (and every
other dicycle). Split x into two vertices x0 and xk by letting all arcs entering (leaving) x
enter xk (leave x0). The resulting digraph Da is acyclic and we may assume that Da does
not contain a pair of arc-disjoint (x0, xk)-paths since such a pair easily yields a solution
back in D. Thus we have that D is a yes-instance of Problem 2 if and only if Da contains
an (x0, xk)-path that is arc-disjoint from some cycle in UG(Da). As each xi is a dicycle
transversal of D and Da is acyclic, there is no (xi, x j)-path with j 	= i in Da − xi+1 for
any i ∈ {0, . . . , k − 1}.

For i ∈ {1, . . . , k} let Bi denote the set of vertices z such that there is an (xi−1, z)-path,
but no (xi, z)-path of length at least one in Da. For simplicity we also use Bi to denote
the subdigraph Da〈Bi〉 of Da induced by Bi. A vertex z is an internal vertex of Bi if
z ∈ Bi − {xi−1, xi}. By the remark above, every vertex of V − {x0, x1, . . . , xk−1} is an
internal vertex of a unique Bi. Furthermore, there is no arc from Bi − {xi} to Bj when
j 	= i. Since D is strongly connected every vertex of Bi can reach xi via a directed path
inside Bi. By MENGER’s Theorem, every Bi that is not just the set {xi−1, xi} contains two
internally disjoint (xi−1, xi)-paths. For each of those we fix two such paths Pi,1, Pi,2. We
may assume that Pi,1, Pi,2 and are induced paths in Da since otherwise D is clearly a
yes-instance. Similarly, we may assume that there is no Bj containing three arc-disjoint
(x j−1, x j)-paths.

If every Bi, i ∈ {1, . . . , k} does contain two internally disjoint (xi−1, xi)-paths we also
have a yes, since then Da contains two arc-disjoint (x0, xk)-paths, implying that D contains
two arc-disjoint dicycles.

Note that if Bi contains any internal vertices (namely Bi is not just the arc xi−1xi),
then it contains two internally disjoint (xi−1, xi)-paths, because no internal vertex of Bi

is a transversal vertex. By Lemma 5, all internal vertices must have degree 3 (these
are not transversal vertices). Furthermore they must all belong to either Pi,1 or Pi,2:
Suppose z ∈ Bi − V (Pi,1) ∪ V (Pi,2). As d(z) = 3 we see that UG(Bi) contains two paths
P, Q starting in z and both ending in vertices on Pi, j while avoiding all vertices of
Pi,3− j − {xi−1, xi} for j = 1 or j = 2. Now any undirected cycle contained in the union
of P, Q, Pi, j is arc-disjoint from Pi,3− j and hence D is a yes-instance.

By the information collected so far we have that Pi,1, Pi,2 are induced paths, every
internal vertex z belongs to some Pi,r, has d(z) = 3 and its unique neighbour (out- or
in-neighbour) outside Pi,r is on Pi,3−r, r ∈ [2]. Furthermore, Da does not contain a pair of
arc-disjoint (x0, xk)-paths and each xi is a cut-vertex of UG(Da) for i ∈ {1, . . . , k − 1}.
Now it follows that D is a yes-instance if only if there is some i ∈ {1, . . . , k} such that
the strong digraph Di which we obtain from Bi by adding the arc xixi−1 is a yes-instance
of Problem 1. Thus we can decide whether D is a yes-instance of Problem 2 by making
at most k ∈ O(n) calls to the polynomial algorithm for strongly connected instances of
Problem 1. �

Journal of Graph Theory DOI 10.1002/jgt
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ARC-DISJOINT DIRECTED AND UNDIRECTED CYCLES IN DIGRAPHS 411

Theorem 7. Problem 2 is polynomially solvable for strong digraphs. Furthermore, if
D is a yes-instance, then a solution can be produced in polynomial time.

Proof. Let D be a strongly connected instance of Problem 2. If τ (D) = 1 we can use
the polynomial algorithm that is implicit from the proof of Lemma 6 (possibly followed
by at most k ≤ n calls of the polynomial algorithm for strong instances of Problem 1),
so we may assume that τ (D) ≥ 2. Now it follows from the proof of Lemma 5 that, in
polynomial time, we can either produce a solution or conclude that UG(D) is a cubic
graph (if UG(D) is not cubic, then we take a cycle C, a vertex v ∈ V − C, with d(v) ≥ 4
and build an undirected cycle disjoint from C with some of the four paths between v
and C). In the case of UG(D) being a cubic graph, cycles that are edge-disjoint are
also vertex-disjoint, implying that D is a yes-instance of Problem 2 if and only if it is a
yes-instance of Problem 11. Thus we can apply the polynomial algorithm for Problem 1
to decide whether or not D is a yes-instance and produce a solution in polynomial time
when one exists. �

3. THE CASE OF NONSTRONG DIGRAPHS

In this section, we treat the case when D is a nonstrong digraph. Clearly, if D is acyclic,
it is a no-instance. Hence, given that we can check in linear time whether D is acyclic,
we assume below D is not acyclic.

Since a digraph with at least two nontrivial strong components of size greater than
one has two disjoint dicycles and the dicyle transversal number of any digraph D is the
sum of the dicycle transversal numbers of its strong components, we may assume that D
has precisely one nontrivial strong component D′ that is a no-instance of Problem 2 and
since every digraph D with τ (D) ≥ 3 is a yes-instance of Problem 1 [4] and hence also
of Problem 2 we can assume that τ (D′) ∈ {1, 2}.

If UG(D − V (D′)) contains a cycle, D is clearly a yes-instance of Problem 1 and
hence of Problem 2, so we may assume that UG(D − V (D′)) is a forest. Furthermore,
since no dicycle can use a vertex outside of D′, D is a yes-instance if and only if
it has a solution B,C where B is a dicycle in D′ and the intersection of C with any
connected component of UG(D − V (D′)) is a path. Hence, by contracting each connected
component of UG(D − V (D′)) to a single vertex and possibly reorienting some arcs, we
may assume that V (D) − V (D′) is an independent set of vertices y1, y2, . . . , yp and that
every arc with exactly one end in V (D′) enters V (D′).

3.1. Digraphs with vertex transversal number one

We start by showing that if we do not restrict the class of digraphs further than we just
did above, then Problem 2 is NP-complete. As it was the case in our proof in [4] of the
NP-completeness of Problem 1, in order to prove the NP-completeness of Problem 2 we
first consider a problem for undirected graphs and then show how to reduce a restricted
(but still NP-complete) variant of this to Problem 2 in polynomial time.

1Note that it was shown in [3] that if τ (D) > 2, then D is a yes-instance of Problem 1
and hence also of Problem 2.

Journal of Graph Theory DOI 10.1002/jgt
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Problem 3. Given an undirected graph G and a collection A of disjoint subsets
each consisting of two vertices of G, decide if there exists a cycle C in G such that
|X − V (C)| ≥ 1 for all X ∈ A.

We say that a cycle C in G is legal with respect to A if X 	⊆ V (C) holds for all X ∈ A.

Theorem 8. Problem 3 is NP-complete.

Proof. Given an instance (G, k) of the independent set problem (i.e. the problem of
deciding whether G contains an independent set of size k), we construct an equivalent
instance (G′,A) of Problem 3 as follows:
Fix an ordering v1, ..., vn

2 of V (G) and initialize A = ∅. For every i ∈ {1, . . . , n} we
create a vertex xi of G′ and an (xi, xi+1)-path Pi on dG(vi) + 3 vertices.

Let us say that we block a pair of paths P, Q, when we add to A a set {p, q} such
that p (q) is an internal vertex of P (Q) that does not belong to any of the sets in A
(constructed up to that moment). Likewise we block a pair P, u of a path P and a vertex
u, when we add to A a set {p, u} such that p is an internal vertex of P so that neither p
nor u belongs to any of the sets currently in A. For every edge viv j ∈ E(G), we block the
pair Pi, Pj. For every i we create a vertex ui and the edge xiui and block the pair Pi, ui.
Note that the paths Pi, i ∈ {1, . . . , n} are long enough to permit all these disjoint blocks.

Furthermore we create a set W of n − k new vertices w1, ..., wn−k and for every
1 ≤ i ≤ n, 1 ≤ j ≤ n − k we add a (ui, wj)-path Ui j and a (wj, xi)-path Xi j, both of
length 2n(n − k). Now we block all possible pairs among the set {Ui j, Xi j|1 ≤ i ≤ n, 1 ≤
j ≤ n − k} except the pairs of the kind Ui j, Xi+1 j. Again the paths are long enough to
permit all these disjoint blocks. This concludes the description of the instance (G′,A)

(see Figure 1). By construction it has size polynomial in |V (G)| and we can construct it
in polynomial time.

xi
xi+1

w1 w2 wn−k
W

ui

Pi

Ui,1

Ui,n−k

Xi,1

Xi,n−k

FIGURE 1. The choice gadget G′ related to vertex vi of G and its paths to W .
Blocker pairs indicated by dashed edges. Note that blockers concerning other

parts of the graph have been omitted.

We claim that every legal cycle in G′ traverses x1, ..., xn in this order and then returns
to x1. Indeed if wj ∈ W is a vertex of a legal cycle, this cycle contains Ui j and Xi+1 j, for

2Throughout the proof, the indices i are meant cyclically “modulo” n, so that
n + 1 = 1.

Journal of Graph Theory DOI 10.1002/jgt
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ARC-DISJOINT DIRECTED AND UNDIRECTED CYCLES IN DIGRAPHS 413

some i. So a legal cycle containing xi must continue towards xi+1 either using Pi or the
path xiuiUi jXi+1 j, for some j (but it cannot use both of them, since Pi, {ui} is blocked).

Now assume (G′,A) has legal cycle C. By construction of G′ and the fact that C is
legal, the set I := {vi|V (Pi) ⊂ V (C)} is independent in G. Moreover |I| ≥ k, since C can
intersect W in at most n − k vertices, implying that V (Pi) ⊂ C for at least k different
values of i.

Vice-versa if G has an independent set I of size k, we form a legal cycle by joining, for
every i ∈ {1, . . . , n}, xi with xi+1 via the path Pi, if vi ∈ I and via the path xiUi jw jXi+1 j, oth-
erwise. Here j = j(i) is determined by any injective mapping from {i ∈ {1, . . . , n}|vi /∈ I}
to {1, . . . , n − k}. Since |V (G) − I| = n − k such an injective mapping exists (it is in fact
bijective) and the cycle we form is legal. �
Theorem 9. Problem 3 restricted to instances (G,A) where G = (U,W, E ) is a
bipartite graph with partite sets U,W and W = ⋃

X∈A X is still NP-complete

Proof. We prove this by turning a general instance (G,A) of Problem 3 into an
equivalent restricted bipartite instance H satisfying the above condition on the structure
of A.

Let W = ⋃
X∈A X and notice that if there exists a cycle C such that V (C) ∩ W = ∅,

then G is a yes-instance and we can replace G with an arbitrary yes-instance H satisfying
the condition in the statement of the theorem3. So we can assume that G − W induces a
forest and thus contracting every edge between the vertices in G − W will only shorten a
possible solution cycle. To get rid of the edges between vertices in W first observe that an
edge e whose end vertices form a set in A can never be in any legal cycle, so we can safely
delete it. We subdivide the remaining edges in W . Now our graph H is bipartite with the
two partitions being W = ⋃

X∈A X and U = V (H) − W . And the restricted instance H
has a legal cycle if and only if the general instance had one. Clearly this transformation
can be performed in polynomial time. �
Theorem 10. Problem 2 is NP-complete.

Proof. We prove this by reducing from an instance (G = (U,W, E ),A) of Problem 3
restricted to bipartite graphs where W = ⋃

X∈A X .
We get an equivalent instance of Problem 2 by constructing a digraph D as follows.

Let A = {{p1, q1}, {p2, q2}, . . . , {pk, qk}} and replace every pi (qi) in G by a path Pi =
ui,1ui,2 . . . ui,dG(pi) (Qi = vi,1vi,2 . . . vi,dG(qi)) such that the path has one vertex for each
neighbor of pi (qi) and the jth such vertex is adjacent to the jth neighbor of pi (qi) in G.
This makes sure all internal vertices of Pi (Qi) have underlying degree 3. Orient all edges
from U to W , this makes sure that no dicycle can enter U , and orient all paths Pi and
Qi as directed paths from ui,1 to ui,dG(pi) respectively, from vi,1 to vi,dG(qi). Add vertices
s1, . . . , sk and t1, . . . , tk to V and add the following arcs for each i ∈ {1, . . . , k} : the arcs
siui,1, sivi,1 from si to the first vertices of Pi and Qi, the arcs ui,dG(pi)ti, vi,dG(qi)ti from the
last vertices of Pi and Qi to ti, the arcs tisi+1, i ∈ [k − 1] and finally the arc tks1. Call the
resulting digraph D (see Figure 2).

If there exists a legal cycle C in G we can construct the corresponding undirected cycle
C1 in D by keeping the edges of C and adding the relevant internal arcs of the paths Pi

3For instance let H be K2,4 and let A consist of two disjoint sets that partition the
larger side of the bipartition.

Journal of Graph Theory DOI 10.1002/jgt
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414 JOURNAL OF GRAPH THEORY

and Qi. Since C was legal we know that V (C1) ∩ V (Pi) = ∅ or V (C1) ∩ V (Qi) = ∅ for
all i ∈ {1, . . . , k}, so we can still create a dicycle C2 that is disjoint from C1 by using, for
i ∈ {1, . . . , k}, the path Pi if V (C1) ∩ V (Pi) = ∅ and the path Qi otherwise and adding all
arcs tisi+1, i ∈ [k − 1] and the arc tks1.

pi

qi

U
W

si

ti

Pi

Qi

U
W

FIGURE 2. A piece of the construction of D. A set {pi , qi} ∈ A on the left gets
blown up into paths Pi and Qi on the right, so that every vertex has underlying

degree 3. Then we orient each of Pi , OQi as directed paths from si to ti .

Conversely, if there exists an undirected cycle C1 arc-disjoint from a dicycle C2 in
D we know that V (C2) ∩ U = ∅ and since every vertex in V (D) − U has underlying
degree 3 we observe that C1 and C2 are vertex-disjoint. From the construction of D, ti is
the only out-neighbor of the set (V (Pi) ∪ V (Qi)) − ti, which itself does not contain any
dicycle. It follows that the only possible type of dicycle in D must be one that traverses
s1, t1, s2, t2, . . . , sk, tk in that order and contains either Pi or Qi for all i ∈ {1, . . . , k}. This
implies that for every i ∈ [k] we have si, ti /∈ C1 and that V (Pi) 	⊂ V (C1) or V (Qi) 	⊂
V (C1). So the cycle C in G that uses the edges corresponding to arcs of C1 going from U
to W is legal since V (Pi) 	⊂ V (C1) or V (Qi) 	⊂ V (C1) implies pi /∈ V (C) or qi /∈ V (C).�

3.2 Nonstrong digraphs with τ(D) = 1 and a bounded number

of transversal arcs

In this section, we will consider Problem 2 on nonstrong digraphs D with τ (D) = 1 and
a bounded number of transversal arcs. As Theorem 7 provides a polynomial algorithm
that decides the problem for strong digraphs we assume here that there is exactly one
nontrivial strong component D′ and that D′ itself is a no-instance of Problem 2.

Suppose that D has k transversal arcs (they are all arcs of D′, in fact) and let them be
called u1v1, . . . , ukvk according to the order in which they appear on every dicycle of D.
Since these are the only transversal arcs, we know, by Menger’s theorem, that between
every pair vi, ui+1 with vi 	= ui+1 there must exist at least two arc-disjoint (vi, ui+1)-paths
in D′. On the other hand if there are more than two we can combine two of these into
an undirected cycle while still being able to use the remaining path to construct an arc-
disjoint directed cycle, thus contradicting that D′ was a no-instance. So if, for each i with
vi 	= ui+1, we consider a maximum collection of arc-disjoint (vi, ui+1)-paths there are
exactly two paths in each of these collections. There may be many different such pairs
so for each i ∈ [k] with vi 	= ui+1 we fix two such paths Pi and Qi

4.

4Note that Pi and Qi may share internal vertices and these are all transversal
vertices of D.

Journal of Graph Theory DOI 10.1002/jgt
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ARC-DISJOINT DIRECTED AND UNDIRECTED CYCLES IN DIGRAPHS 415

A (p, q)-path W , where p ∈ Pi and q ∈ Qi for some i ∈ {1, . . . , k}, is called a (p, q)-
switch if it is internally disjoint from V (Pi) ∪ V (Qi). Notice that all switches are paths in
D′ and that a switch may consist of just one vertex, if Pi and Qi share an internal vertex a,
this vertex forms an (a, a)-switch. If for any p ∈ V (Pi) there are two different switches
to Qi, ending in q and q′ respectively, then these paths can be combined with part of Qi

into an undirected cycle arc-disjoint from Pi, contradicting the assumption that D′ was a
no-instance. Similarly, a (p, q)-switch and a (p′, q)-switch with p, p′ on Pi and q on Qi

would lead to a contradiction. The same observation applies to switches that start on Qi

and terminate in Pi. So for every p ∈ V (Pi) (q ∈ V (Qi)) there exists at most one choice
of switch between p and Qi (Pi and q) with either its tail or head being p (q) or the switch
is the vertex p ∈ V (Pi) ∩ V (Qi) (q ∈ V (Pi) ∩ V (Qi)).

We say a directed cycle C switches paths between vi and ui+1 if C contains an (x, y)-
switch with x, y ∈ V (Pi) ∪ V (Qi) − {vi, ui+1}.
Lemma 11. Suppose D is a yes-instance of Problem 2 and let C,C′ be a solution such
that C switches a minimum number of times in total between all pairs vi and ui+1 for
i ∈ {1, . . . , k}. Then for any h ∈ {1, . . . , k} C switches at most once between vh and uh+1.

Proof. Assume, by contradiction, that C switches at least twice between vh and uh+1.
Now redefine C′ to be an undirected cycle in D \ A(C) that minimizes |A(C′) \ (A(Ph) ∪
A(Qh))|. �
Claim 1. For any choice of distinct vertices a, b ∈ V (C) ∩ V (Ph) such that A(Ph[a, b])
∩ A(C) = ∅, the set A(Ph[a, b]) ∩ A(C′) is connected and non-empty.

Proof of Claim. Suppose that A(Ph[a, b]) ∩ A(C′) = ∅. Then replacing C[a, b] with
Ph[a, b] in C yields a solution with fewer switches contradicting minimality of C. At the
same time if A(Ph[a, b]) ∩ A(C′) has two connected components R1, R2, (see Figure 3 left
side) then any (R1, R2)-path in C′ together with Ph[a, b] contains an undirected cycle C′′

arc-disjoint from C with fewer arcs in A(C′′) \ (A(Ph) ∪ A(Qh)) than C′, contradiction.
This proves the claim. �

Note that the claim also holds for Qh instead of Ph.

vh

uh+1

b

R1 R2a

vh
uh+1

R

a1

b1 a2

b2

x y

FIGURE 3. The dashed lines indicate the directed cycle C while dotted lines
indicate the undirected cycle C ′. On the left A(Ph[a, b]) ∩ A(C ′) has two

components which the fat path connects, allowing for a “shorter” undirected
cycle. On the right the two switches can be avoided by using RQ[x, y ] as the

undirected cycle.
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416 JOURNAL OF GRAPH THEORY

Without loss of generality we can assume that the first two switches of C after vh (and
by assumption before uh+1) are an (a1, b1)-switch and an (a2, b2)-switch, where a1, b2 ∈
V (Ph) and b1, a2 ∈ V (Qh). By the claim Ph[a1, b2], Qh[vh, b1] and Qh[a2, uh+1] all have
a nonempty intersection with C′ and A(Ph[a1, b2]) ∩ A(C′) must be connected (see Fig. 3
right side). Furthermore C′ must contain two disjoint (V (Qh[vh, b1]),V (Qh[a2, uh+1]))-
paths, one of which does not intersect Ph[a1, b2]. Let us call this path R and its endpoints
x and y. Then R together with Qh[x, y] contains an undirected cycle arc-disjoint from the
directed cycle obtained from C by replacing C[a1, b2] with Ph[a1, b2] and this dicycle has
fewer switches than C, contradiction. �
Theorem 12. Problem 2 can be solved in polynomial time on digraphs with τ (D) = 1
and a bounded number of transversal arcs.

Proof. Consider a solution C,C′ as in Lemma 11. Recall that C must contain
the arc uivi plus a (vi, ui+1)-path for i = 1, ..., k in this order. There are at most 2 +
min(|V (Pi)|, |V (Qi)|) such (vi, ui+1)-paths that can be part of C, namely Pi, Qi or a path
that contains one switch between these two and the switches are completely determined
by either of their endpoints. It follows that there are at most O(nk) minimum switching
directed cycles.

We consider the following algorithm for Problem 2: for every choice of a minimum
switching directed cycle C, remove the arcs of the cycle from the digraph and look for
an undirected cycle in the remaining digraph. If a solution is found output YES, if no
solution is found after all possible choices of minimum switching directed cycles have
been checked, output NO. The correctness of the algorithm follows from Lemma 11 and
the running time is O(nk+2). �

3.3 Nonstrong digraphs with τ(D) = 2

In this section we complete the proof of Theorem 4 by showing that Problem 2 is poly-
nomially solvable for digraphs with transversal number 2 (and hence with no transversal
arcs). We will use the polynomial algorithm for Problem 1 for digraphs with τ (D) = 2
as a subroutine. To do so, we need to describe a class of digraphs that are called vaults
in [3]. Let � ≥ 5 be odd, let P0, . . . , P�−1 be disjoint nonempty paths such that for each
i ∈ {0, . . . , � − 1}, Pi is an (ai, di)-path and bi, ci are vertices of Pi such that either bici

is an arc on Pi or bi = ci ∈ {ai, di}. Suppose that D is obtained from the disjoint union of
the paths Pi, i ∈ {1, 2, . . . , � − 1} by

(i) adding at least one arc from some vertex in Pi[ci, di] to some vertex from
Pi+1[ai+1, bi+1] (multiarcs may occur), and

(ii) adding a single arc from di to ai+2, for all i ∈ {0, . . . , � − 1},
where the indices are taken modulo �. Any digraph of such a form is called a vault,

and the Pi are called its walls. We say that the vault D has a niche, if there exist arcs
pq, rs from some Pi to Pi+1 such that p occurs before r on Pi and q occurs after s on Pi+1.
In that case,

Pi[ai, p]Pi+1[q, di+1]Pi+3[ai+3, di+3] . . . Pi−2[ai−2, di−2]ai

is a dicycle of D, disjoint from the cycle of UG(D) constituted by the path

Pi[r, di]Pi+2[ai+2, di+2]Pi+4[ai+4, di+4] . . . Pi−1[ai−1, di−1]Pi+1[ai+1, s]

Journal of Graph Theory DOI 10.1002/jgt
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ARC-DISJOINT DIRECTED AND UNDIRECTED CYCLES IN DIGRAPHS 417

FIGURE 4. A typical vault. The five central arcs must have multiplicity 1 and are
the only arcs from Pi to Pi+2.

and the arc rs. Figure 4 shows a vault with � = 5, where all paths Pi[ai, bi] or Pi[ci, di]
have seven vertices; the gray areas indicate the set of arcs connecting Pi[ci, di] to
Pi+1[ai+1, bi+1], a niche would correspond to a pair of arcs that can be drawn with-
out crossing in such an area. Vaults are strong digraphs as they have a spanning dicycle.
They may contain vertices of both in- and out-degree 1, but, as such vertices occur only
as internal vertices of the Pi, we deduce that every vault D is a subdivision of a vault D̃
without vertices of in- and out-degree 1, where D̃ has a niche if and only if D has.

Now, we are ready to state the result from [3] which we shall use.

Theorem 13. [3] Let D = (V, A) be a strong digraph with τ (D) = 2. In polynomial
time we can either find a cycle B in D and a cycle C in UG(D) with V (B) ∩ V (C) = ∅
or show that D has no such cycles in which case D satisfies one of the following.

(i) D has a at most O(|V |6) distinct dicycles.
(ii) D is a subdivision of a vault without a niche.

Furthermore, if D satisfies one of (i)-(ii), we can produce a certificate for this in polyno-
mial time including all the distinct dicycles in D if case (i) occurs. �

We also need the following lemma that is easy to establish.

Lemma 14. [4] Let D be a vault with � ≥ 5 walls. Then the following holds.

(i) D contains a dicycle that avoids all vertices of any given wall Pi.
(ii) For every choice of vertices x, x′ such that x and x′ belong to different and non-

consecutive walls Pi and Pi+2r, where r > 0, D contains a dicycle that is disjoint
from the (x, x′)-path Pi[x, di]Pi+2 . . . Pi+2r−2Pi+2r[ai+2r, x′].

Journal of Graph Theory DOI 10.1002/jgt
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418 JOURNAL OF GRAPH THEORY

Concluding the proof of Theorem 4. We are now ready to prove the characterization
given in Theorem 4: By Theorem 7, Problem 2 is polynomial for strong digraphs, by
Theorem 10 it is NP-complete when the number of transversal arcs is arbitrary and
by Theorem 12 it is polynomial when the number of transversal arcs is positive and
bounded. When there is no transversal arc, if τ (D) 	= 2, then either D has no dicycle or
τ (D) ≥ 3 and D is a yes-instance5, so we are left with the case of nonstrong digraphs
with τ (D) = 2.

Since we are only interested in a polynomial algorithm and are not concerned about
obtaining the most efficient algorithm, it suffices to show how to handle the case (ii)
of Theorem 13. By Lemma 5 we may assume that D′ is a subdivision of a cubic vault
S with an odd number � > 3 of walls without niches. Recall that, by the argument in
the beginning of this section, D − V (D′) consists of one or more isolated vertices. If
any such vertex v has three or more neighbors in V (D′), then either v has two neigh-
bors on the same wall or two neighbors u, w on nonconsecutive walls. In both cases
Lemma 14 would imply that D is a yes-instance, so, by the remark in the beginning of
the section, we may assume that every vertex of V (D) − V (D′) has out-degree 2 and
in-degree zero. By Lemma 14(i), each such vertex z is attached to distinct out-neighbors
x, x′ in V (D′). Fix such a triple z, x, x′. If x, x′ belong to the same wall or to noncon-
secutive walls then, by Lemma 14, we conclude that D is a yes-instance. So we may
assume that x, x′ are on consecutive walls Pi, Pi+1, respectively. These walls contain the
subpaths Pi[ai, bi], Pi[ci, di] and Pi+1[ai+1, bi+1], Pi+1[ci+1, di+1], respectively. Since the
vault has no niche, the connections between the two walls corresponding to the (possi-
bly subdivided) arcs connecting them in the vault are as follows: If ri,1, ..., ri,k denote
the principal vertices (i.e. the nonsubdivision vertices) of Pi[ci, di] in this order, and
li+1,1, ..., li+1,k′ denote the principal vertices of Pi+1[ai+1, bi+1] in this order, then, as we
have no niches and S is cubic, k = k′ and there are (possibly subdivided) arcs from ri, j to
li+1, j. Suppose first that x is equal to one of the vertices ri, j. Then, by Lemma 14, there is
a directed cycle C using the entire wall Pi and avoiding Pi+1 and the subdigraph induced
by {x, z} ∪ V (Pi+1) ∪ V (Q), where Q is the path in D′ corresponding to the (possibly
subdivided) arc ri, jli+1, j in S, contains an undirected cycle that is arc-disjoint from C, so
D is a yes-instance.

Now suppose that x is a principal vertex of Pi[ai, bi]. Then we find a directed cycle C
starting at x by following Pi[x, di], then skipping every second wall (and fully using the
others) by using the (possibly subdivided) arcs of the kind dpap+2 of the vault, finally
using the part of the wall Pi−1 right before Pi in the cyclic order until the principal vertex
w of Pi−1 for which there is an arc wx of S connecting it to x and then traversing the
subdivided path in D′ corresponding to that arc to close up to x. The walls not used by
C plus their respective (possibly subdivided) arcs of the form d ja j+2 plus z plus Pi[ai, x]
constitute an undirected cycle arc-disjoint from C. So D is a yes-instance. It follows that
x is not a principal vertex of Pi and, by symmetry, that x′ is not a principal vertex of Pi+1.
Hence x, x′ are subdivision vertices. Moreover, if there was another vertex z′′ outside D′

distinct from z with outneighbors x, x′′, then again x, x′′ must be on consecutive walls, so
either x′′ is in Pi+1 or x′′ is in Pi−1. But then x′zxz′′x′′ is an undirected path edge-disjoint
from D′ connecting distinct vertices of the same wall Pi+1 or nonconsecutive walls

5Recall that this is due to the fact [4] that if τ (D) ≥ 3, then D is a yes-instance of
Problem 1.

Journal of Graph Theory DOI 10.1002/jgt
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ARC-DISJOINT DIRECTED AND UNDIRECTED CYCLES IN DIGRAPHS 419

Pi−1, Pi+1, and, by Lemma 14, D is a yes-instance. Hence the out-neighborhoods of the
vertices outside D′ are pairwise disjoint sets of subdivision vertices in D′. Consequently,
the underlying undirected graph has no vertices of degree larger than 3 and D is a yes-
instance of Problem 2 if and only if it is a yes-instance of Problem 1. Hence, we can
apply the polynomial algorithm for Problem 1 for digraphs with τ (D) = 2. �

4. FINAL REMARKS

We saw in this article that Problem 2 is NP-complete if we allow arbitrarily many
transversal arcs in the input digraphs. One could ask whether this is due to the fact that
the cycles may avoid using all vertices (in particular, we have no control on the lengths
of the cycles in a solution).

On the other hand, it was shown in [5] that is it an NP-complete problem to decide
whether the underlying graph of a given input digraph D contains a spanning tree T so that
D − A(T ) still has some vertex that can reach all other vertices by directed paths. So there
are also problems where we are looking for spanning structures that are NP-complete in
the mixed version.

It could thus be interesting to study the complexity of the following problem.

Problem 4. Given a digraph D, does UG(D) contain arc-disjoint 2-regular spanning
subgraphsF1,F2 (i.e. eachFi is a spanning collection of vertex disjoint cycles in UG(D))
with the property that F1 is a cycle factor of D (while F2 may contain not only dicycles)?.

Note that by Petersen’s theorem [13], the underlying graph UG(D) of a digraph D has
two arc-disjoint undirected cycle factors if and only if UG(D) has a 4-regular spanning
subgraph and this condition can be checked polynomially using matching techniques.
Similarly, a digraph D has two arc-disjoint dicycle factors if and only if it contains a 2-
regular spanning subdigraph and we can use flow techniques to check this in polynomial
time. Therefore, also in this case both the homogeneous versions of Problem 4 are
polynomially solvable.
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