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K-)Inkeq: (k-pathd

Semicomplete digraph:

THEOREM 5.1. There exists a polynomial algorithm for the following problem
for semicomplete digraphs: Let T be a semicomplete digraph and z1,x2,y1,y2 be four
different vertices of T. Decide whether T has a pair of disjoint (z1,y1)-, (T2,y2)-
paths.

(1939, Bang-Jensen, Annais of Discrete Mathematics )

THEOREM 2.1 (see [3]). Let T be a semicomplete digraph and let x1,x2,y1,y2 be
distinct vertices of T. If T — {z;,y;} has three internally disjoint (x3—;,y3—i)-paths
and T — {x3_,y3—:} has two internally disjoint (z;,y;)-paths, fori =1 or 2, then T
has a pair of disjoint (z1,y1)-, (%2, y2)-paths.



History
(1970 A T%EIF5T)

Theorem 3.5.2. (Jung 1970; Larman & Mani 1970)
“There is a function f:N — N such that every f(k)-connected graph is

k-linked, for all k € N.

(Y]
® fw=3n2 "

® 22k=216K—=12K-210K (2005, Thomas, Wollan)

l hatural genewalization oigraph ?
(1930, Thomassen . PRMHLEE)

Conjecture 1.1. [19] There exists a function f (k) such that every f (k)-strongis k-linked.

\L Fare 3% K g

(1991, Thomassen, cOMbihatoricq)
Theorem 1. For each natural number k, there exists a non-2-linked strongly k-
connected Dy.

J«fov special digvaph classes
(19349, Bang-Jensen. Annals of Discrete Mathematics)

best possible
Corollary 10.5.2 [859] Every 5-strong semicomplete digraph is 2-linked.



Poiynomial for semicomplere.

(#1992, Bang-Jensen and Thomaossen , SIAM J.Disc. MATH)

THEOREM 5.1. There ezists a polynomial algorithm for the following problem
for semicomplete digraphs: Let T be a semicomplete digraph and x1,z2,y1,y2 be four

different vertices of T. Decide whether T has a pair of disjoint (x1,v1)-, (z2,y2)-
paths.

local semicomplete digraph:
Quast-transitive aigraph:

(1999, Bang- Jensen, Discrete Mathmatics)

Conjecture 3.9. Every 5-strong locally semicomplete digraph is 2-linked.

Corollary 4.6. Every 5-strong quasi-transitive digraph is 2-linked.

Theorem 4.7. There exists a polynomial algorithm for the 2-linkage problem for
quasi-transitive digraphs.

(2016, Bang Jensen and christiansen, J. Graph Theovy)

Theorem 4.4.  For every fixed k, there exists a polynomial algorithm to solve the
k-linkage problem on locally semicomplete digraphs.

Theorem 6.1. Let D be a 5-strong locally semicomplete digraph. Then D is 2-linked.



Sp)tt digvaph: D=(Vi.\a3A)

Vi V

(2024, Bang-TJensen and Yun wang. J.Graph Theory)

Problem 3. Is there a polynomial algorithm for the 2-linkage problem for split
digraphs?

Problem 4. Is every 6-strong split digraph 2-linked?

(2026)

Theorem 1.2. Fvery 6-strong split digraph is 2-linked.

Theorem 1.5. Every 5-strong semicomplete split digraph is 2-linked. ¢ight)

Theorem 1.7. Every 6-strong semicomplete multipartite digraph is 2-linked.
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THEOREM 5.1. There ezists a polynomial algorithm for the following problem ]
for semicomplete digraphs: Let T be a semicomplete digraph and x1,%2,y1,y2 be four |
different vertices of T. Decide whether T has a pair of disjoint (z1,y1)-, (Z2,y2)-
paths.

Open problem L

(2024, Bang-Jensen and Yun Wang, J.Graph Theory)

- Problem 3. Is there a polynomial algorithm for the 2-linkage problem for split

digraphs?
A

=




THEOREM 5.1. There exists a polynomial algorithm for the following problem
for semicomplete digraphs: Let T' be a semicomplete digraph and x1,x2,y1,y2 be four
different vertices of T. Decide whether T has a pair of disjoint (z1,y1)-, (Z2,Y2)-

paths. Wwvwalvwvm
A~

Cail it desived path
Sketch of the proof.

e thewe is an (xuMi-poath in T- a443Y for =12, = BRI Jeturn no

e Tis Stong and T Contains none of the arcs %24 X%, = I yeturn Yes

® Fyom theoyem 2.\:
i T-TXu41 has thyee internaily disjoint (X3-1.931)- paths
and T-17%-.43-3 has two internally disjoint (X:.40-paths for i~lova
% A
T has desired paths. V' (2.3) V

% Y2
“:”.“12)1‘211) ? Y,

Case 1. The local connectivity from z; to y; in T — {z3—;,y3—;} is 1 for i=1 or 2.

‘l/ Toke i=2
e By Menger theorem , there exist separatoY X €T- T4 such that

theve is no ,Y2-path in T- 3% XYy

AET-iY
m ™ 4
A

>'x B

B v,;;\&)\_/ o AR

T B=VN-A- XM




(1) 1f A contains a vevtex@aommared by X, suchthat T- 1x.4.aY has on (X, Hn-Path P,

and B comains  vertex(b) clomnating 1, Suchthat T-x.u.bk has anoe-path B.

x->0->b>4Y and PUP.

%

T has desived patns. \/

T =V(1)-A- XY

(2) Suppose that(@) does not exist. We Jeduce the problem o a Smalley one.

T has desived paths V/

T

T(BUFX, YY) Contains a pair of

disjoint (X.Y)-, (Xa.X)- paths.

T =Vi1)-A- T Hi

(l»l).(l.l).

Case 2. There exist two internally disjoint (x;,y;)-paths in T' — {x3_;,y3—;} for
i=1, 2.

Q)] I.f Qll_2-separator of Y.4, In T- .43 and all 2-Separator of Xa,42 in T-PXuthY
%
are trivial.
\lL Theorem k|

T has desired paths v



(2) Let Tx.uY be a nontrivial 2-separator of %, Ha in T- T4y

AET-Ta ) ‘U’
5 define ALB, |ALIBIZ

Al R "

| x A F)B

Y
i Y %24 (without loss of generality)

B ’xl (] )jl

B=T-A-F%uun %y} 2 |ALIBI2

Subcase 2.1. There are no arcs from z; to A — s, or there are no arcs from B —z,
to y1.

AET-Da )
x
Bas=ave d
Bl VI ——f—>e
B=1-A-F%%htY Y

® T has desived paths \V4

® Teduce the problem to a Smaueyone T.\/  T-T'(Smaller)

Tesuiting semicomplete digvaph T' has desired paths if and only i T also has them



Subcase 2.2. x1—r for some r € A — yz, and s—y; for some s € B — z5.

AST-Pah)
AET-Fadh) "'1 xX)
Y2 x A‘
Al TS Y
el x T
SEX y ? S'+% S
z; 5 {
B % \ B B % Hi
B=T-A-Txuthhyy B=T-A-Fxu4T,SY

® T has desived paths \V

® T has desired patns if and only if
Gt least one Of TJ-742 S;Y'n"i'l T {x)‘oS'ﬁYt Y%2h_contains an (xuY)-path.

T

(BFSIDFS)

The compiexity of the algovithm: ON5)

® -the analysis of all Separating setof Si3e2 take OWW) time.

® fow calculation and allother Oction Gt Most OUB) time.

® sSubcasel.l (Lemmath2) take ONS) time.



tools

Ak THEOREM 2.1 (see [3]). Let T be a semicomplete digraph and let z1,z2,y1,y2 be
distinct vertices of T. If T — {x;,y;} has three internally disjoint (z3_;,y3—;)-paths
and T — {x3_,y3—;} has two internally disjoint (x;,y;)-paths, for i =1 or 2, then T
has a pair of disjoint (x1,y1)-, (€2, y2)-paths.

’fg THEOREM 4.1. Let T be a semicomplete digraph, and let x1,z2,y1,y2 be distinct
vertices of T such that, for each i = 1,2, there are two, but not three, internally
disjoint (x;,y;)- paths in T — {x3_;,ys—;}. Suppose that all (z;,y;)-separators of
size 2 in T — {x3-;,ys—i} are triwvial, for i« = 1,2. Then T has a pair of disjoint
(#1,91)—, (22, y2)-paths.

‘ﬂ LEMMA 4.2. Let T be a semicomplete digraph, and let x1,T2,y1,y2 be distinct
vertices such that there are two internally disjoint (x2,y2)-paths in T —{z1,11}. Sup-
pose that there erists a nontrivial 2-separator {z,y} of z2 and y2 in T — {z1,91}
such that there is no arc from B — x5 to y;, where A and B form any patition of
T — {z1,y1,%,y} such that o € B, y2 € A, and all arcs between A and B go from A
to B.

Transform T into a new semicomplete digraph T' as follows:

1. If z; dominates some vertex in A — ya then

o If there exists a vertex b € B — x5 such that b—x and there is an (z2,y)-path
in T(BU{y}\ {b}), then add all arcs from A —y, to x that are not present
already.

o If there exists a vertex b € B — x4 such that b—y and there is an (z2, T)-path
in T(BU{z}\ {b}), then add all arcs from A —y; to y that are not present
already.

2. Add the arcs zo — z,x2 — y if they are not present already; ]

3. Add the arc 1 — z for {z,w} = {=z,y} if T(B U {z,w,2:1}) has a pair of
disjoint (:::1,@—, (mg,@-paths, and the arc x1—z is not present already;

4. Delete the vertices of B — xa.

Call the added arcs special arcs. Then the resulting semicomplete digraph T' has
disjoint (z1,y1)-, (@2, y2)-paths if and only if T also has them.

AET-x )
S+he—]
ey
] —~—]_add
T>7 | — x=2

% Vo ——%—e ) %
B=T-A-Fxuun kY




THEOREM 5.1. There exzists a polynomial algorithm for the following problem
for semicomplete digraphs: Let T be a semicomplete digraph and x1,z2,y1,y2 be four
different vertices of T. Decide whether@ has a pair of disjoint (x1,y1)-, (T2,Y2)-
paths.

N

Cair it desired path
PYOOf. From theorem 2.1:

THEOREM 2.1 (see [3]). Let T be a semicomplete digraph and let x1,22,y1,y2 be
distinct vertices of T. If T — {x;,y;} has three internally disjoint (z3_;, y3—i)-paths
and T — {x3-;,y3—;} has two internally disjoint (x;,y;)-paths, fori =1 or 2, then T
has a pair of disjoint (x1,y1)-, (z2,y2)-paths.

\Z

T has desired paths. V. (2.3) V % %

Y

)L (L2),102,2) 7

wn.a»?

Case 1. The local connectivity from z; to y; in T — {z3_;,y3—;} is 1 for i=1 or 2.

ey,
e By Menger theorem , theve exist separato¥ X€ I- 7x.491 such that

theve is N0 2Y2»-Dath T T- T Xu Yy

AET-RX}
y.z\(__-(/\ T A
A

>“ B
B \4 W oy A—B

T B=Vi1)-A- T XM




(1) 1f A contains a vertex a dominated by X, such that T- Tx.4.aY has on (X, Ho-path P,

and B Contains a vertex b dominating Y Suchthat T-3x.u.by has an o -path R.

. ﬂs_T;ma o %->0-b>Y% and PUP.
A ‘\__ee-F: R
\,x \u,

T has desived paths. /.

T =V(T)-A- XL B

(2) suppose that a does not exist. We Jeduce the problem to a Smaliey one.

B 7. AE_H&Q PR 7 T has desired paths V/
R

B vV e b£\ T(BUFX, X, Contains a paiy of
%

T B=Vi1)-A- TX»’KJ LA

7_

) disioint (XuY.)-, (xa.%)- paths.

4‘
i jterare,

T(BUix ')IHI:‘])

o]
Bl (%

=V(1)-A- T X HiY

u.n.u.z).



vl
Case 2. There exist two internally disjoint (z;,y;)-paths in T' — {x3_;,y3—;} for
i=1, 2.
(D If Qi 2-sepavator of X4, in T- .4} and all 2-Separator Of Xa,bz in T- Pt}

are trivial.

THEOREM 4.1. Let T be a semicomplete digraph, and let z1,%2,y1,y2 be distinct
vertices of T such that, for each i = 1,2, there are two, but not three, internally
disjoint (zi,y:)- paths in T — {z3_;,y3—;}. Suppose that all (z;,y;)-separators of
size 2 in T — {x3_;,y3—i} are trivial, for ¢ = 1,2. Then T has a pair of disjoint
(z1,91)—, (2, y2)-paths.

v

T has desived paths \V

(2) Let TxyY be o nontrivial 2-separator of %, Hx in T- i

AET-Pahy v
define A.B, |AlLIBIZ2

I
| x A

Y
g awn .
) % o), AbB
B=T-A-Fxuy %Y XY (without loss of Generality)
T

Subcase 2.1. There are no arcs from z; to A — yz,there are no arcs from B — 2
to y1.

AET-Tah)
Y. by E—H——9 X,

Yy or

5 ]

% Via———>e ),

B=1-A- x4, x4Y




® whethey there exist disjoint (X1.2)-, Ou,w)- paths i T(BU .y, wneve

72,W= x4 (USTNG the flow version., we cn actually find these path if they €xist).

AET-Pah) T
2 -V R ~
A )
B i
5 =
Y=w
o e
B8 B
% \G—F—3—3w ),
B=T-A- T4
TEBU D) '

0) Tf TBUFA, XM aiso has these paths ) the desived paths exist.
no arc from B-% to Y

W
o there gre two inteynally disjoint paths B.P. from 54 to Ha Tn TALRRYY.

® AISO, T-1%M:4 has a path p from %, to Yy,
e (Going backwardon p until we meet a vertex in oneof the B. R .

u

AST-Aa) P T AET-Tah) P T

B
x
| > \/% Yy
® Q % X — ® 16?/)),\;‘:

Q
B=T-A-A%uy Yy

Hh

B=T-A- %4 %Y




(2) T(BL T, X:4Y) does hot have both pairs of path.
%

T: contract B to 7%} = Tew semicomplere digvaph T'  (IT'I<ltl)

T->T!

B=T-A- T4 Y

LEMMA 4.2. Let T be a semicomplete digraph, and let z1,T2,y1,Yy2 be distinct
vertices such that there are two internally disjoint (2, y2)-paths in T —{z1, 11 }. Sup-
pose that there exists a nontrivial 2-separator {z,y} of z2 and Yz in T — {z1,91}
such that there is mo arc from B — @y to y1, where A and B form any patition of
T — {z1,y1,%,y} such that zz € B, y2 € A, and all arcs between A and B go from A
to B.

Transform T into a new semicomplete digraph T' as follows:

1. If z; dominates some vertez in A —y2 then

o If there exists a vertez b € B — x4 such that b—z and there is an (z2, y)-path
in T(BU {y}\ {b}), then add all arcs from A—yz to z that are not present
already.

o If there exists a vertex b € B—x2 such that b—y and there is an (zz, x)-path
in T(BU{z}\ {b}), then add all arcs from A —ya to y that are not present
already.

9. Add the arcs xa — ©, T2 — y if they are not present already;
3 Add the arc 1 — 2 for {z,w} = {z,y} if T(BU {z, w,z1}) has a pair of
disjoint (z1,2)—, (%2, w)-paths, and the arc £;—2 is not present already,
4. Delete the vertices of B — x2.
Call the added arcs special arcs. Then the resulting semicomplete digraph T' has
disjoint (z1,91)- (%2,y2)-paths if and only if T also has them.




Subcase 2.2. x1—r for some r € A — y,, and s—y; for some s € B — z;.

8 % S*Xz:—)—' el

B=T-A-FxpthxvY

AHEAUB

() Then T Contains the path X;>y->SY,. If T-12.%.5,.494 has an (xx,Wa)-poith,

U

T has the desired paths.

AET-Fuh)
T g e® X,

0

Bl » Sttt )

B=T-A- 3%, %4Y

B=T-A-Txuu Y

(2) Hence we may assume that this Is Not the aase .

W
nsY must separate X from ¥2 in T Ixuut.

\
1Sy is aiso a nontrivial 2-sepavator of X2 and Ha in T-Txudy

%‘%ﬁ-ﬂaﬁxﬂ.y’rﬁm&mml 2-epomgtor of % and Yz in T-Hudy

IR sy 2 non-trivial 2-sepavatoy of X% and Y. in T-Txudhl



tpdate: Jxy— st . A—A! . BB

AET-Toh) A=T-Tah)
Y: X Y, X
A [QK\“\\Z A m
2 14
T
Stas y > s
8 % Hh B % W
B=T-A-Fxuy k4 B T-A-Fxyurisy

@ %aT, $29, TEA-Y:,SEB-Xa, Y35

e If thereis noaic from %, =2 A~Y» or no arc from B-X%a-> 4.

lSubcasez.i

@ desired paths exist. @ Teduce Smalieyone.

U subaase22

e we have some 1! €A-Y: and some S'e B-X, suchthat X51bs%Y, inT.

y AET-Dadhy AST-Hai)
2 Ty, x Y2 X%
A T_ A %
" . .
/T‘w.
S S'#% S
\ & ? ! \ %"
8 0y S'¥0 ———9) B %N M
B=T-A- %4, T1SY B=T-A“3% 4%, T SY




o If 158 0r 1'=2S$.=7 T contains the desired paths

AET-ah) AET-Tahy
Y Xy Y. 2.9)
A [% A @;2
J T+ ¥ = 4 )/‘r‘:». ¥
S'$% S S'$% S
| =
B % ] B % ]
B=T-A“ 3% Y, T:SY B=T-A-3%uyYT 1 SY

12

e SO assume that these arcs do not exist. = $>7, sar!
AiS0, we have that %5 and T9Y.. (fi).desived paths exist)

AET-Fa) A=T-Pu)

. Y2 x

A A
] T
bs S

|

B % B H B
B=T-A“3%u4T:SY B=T-A-T%uynT 5}

B=T-A- 7% SY

B=T-A- 1%, 7. SY




Tcontains the desned path if and only if
Ot least one of T-7A4.S,7!4.Y, T-722,8, %Yk contains an (x4-Rath.

r

(BFSIDFS)
AET-Fuh)
Al fe "
S —
- T
J ST
E20) S
\ —
8 % H
B=T-A-3%u4n TS Y

o 3718 is aiso a nontrivial 2-separator of X2.42 In T- Pxuul.
[ similavly
desived paths exist or XS and 19Y.

VinT

Ui2Y22523Y), N=TLHSH M) 5 SIrh Y, XS5 Y3Y),

v

® 0l MINTMAl (xMi-paths start With One of the arcs %)-2r, x> ' and
end with one of the arcs s=4i1 SHW.
.‘-

® 71,5y and AT s'} are 2-Sepaivator 0f XuYz.



® Remeber that we have assume theit theve is No (xa.Y-path in

T-Tams iy, (.S s 2-5epavatoy of X2.42)

COROLLARY 5.2. There exists a polynomal algorithm for the following problem '
for semicomplete digraphs. Let T be a semicomplete digraph and let x,vy, z be distinct
vertices of T. Decide whether T has an (z, z)-path through y.

x Mo} semicomplete
v 2 )
X Y, Y,
y



‘ﬂ LEMMA 4.2. Let T be a semicomplete digraph, and let x1,x2,y1,Yy2 be distinct
vertices such that there are two internally disjoint (z2,y2)-paths in T —{z1,y1}. Sup-
pose that there exists a nontrivial 2-separator {x,y} of x2 and yo in T — {z1,11}
such that there is no arc from B — x5 to y;, where A and B form any patition of
T — {1,y1,%,y} such that z2 € B, y2 € A, and all arcs between A and B go from A

to B

Transform T into a new semicomplete digraph T" as follows:

1. If z; dominates some vertez in A — ya then

o If there exists a vertex b € B —xo such that b—z and there is an (x2,y)-path
in T(BU{y}\ {b}), then add all arcs from A — y, to = that are not present

already.

o If there ezists a vertex b € B — x5 such that b—y and there is an (x2, x)-path
wn T(BU{z}\ {b}), then add all arcs from A —y, to y that are not present

already.

2. Add the arcs 2 — z, 2 — y if they are not present already;

3. Add the arc 1 — z for {z,w} = {z,y} if T(B U {z,w,21}) has a pair of
disjoint (z1,2)—, (€2, w)-paths, and the arc £,—z is not present already;

4. Delete the vertices of B — zq.

Call the added arcs special arcs. Then the resulting semicomplete digraph T' has
disjoint (21,%1)-, (@2, y2)-paths if and only if T also has them.

AET-Dahy

)ﬁm& ui

x

B v d

% e
B=T-A-FxuyhxiyYy

-

ToT

AET-Tah)

Y.

S+he—]




Sketch of the proof.

{Lhos esved pous 3 Ty deed pavs)

o SuUppose that p and Q ave disjioint (MH)-, (X2, 42y - Paths in T. (mintmal)

casel: If »HEVIQ) = then Dis entirely in TAL T4

2 P=p,B'=T%s2uB Y inT'

AET-Fuh) p AET-Fuh) P'=p
n % — % A % Wy %
| Q x | D X
H:i —> a' B;z
8 % Ve— Y % "
B=T-A-Fxuu, %4y
— bepx,  T!
case2: G Contain only one of %.u).
o RIREGY B 45 DAN OB WY T P AEERIEA P 40 Q.
AET-Tah) e
A b L e
> step3
=2
H=w
% Y
B=T-A-Fxut k4 Y
T beBxe T|




(1! has desired paths=» T has desired paths)
e suppose that P'and Q' are Aisioint (xuHi)-» (X2, ¥y~ Paths in T! tmintmal)

casel P'Uu@' contains no Special axcs (weadded)

=7 P=- D' 2 G:&‘.
D) P

A DA —(—\ ”

| @ x
= yed

B % Toe—] Y

B=T-A-Txuth X4y
bepx, Tl T

cae2  P'UQ' Contains Special arcs (Weadded)

o i Lemmak 2EIFRAE . operation | . operation2, Operation 35 ¥k Specialarcs.

u) P contains thespecial aic obtarned by operation3.
Q) P' contains thespeciol aic obtarmned by operation) . \S T'T (desived path) v/

(3) P! contains no special axcs. (G contoins)

AET-Paoh) . AET-Mh)
Y2 — X N o o] ey

A 2.l A %
t %=2| operate’ - X=3

[P Deyw| D ot Y
V b= \p
v@% Bl x N L 4

bepx, T B=T-A-Txuth i} ;| m




