
CompsaT
istherasionof sAt

where every
clauce has 2 literals

(X,v)a(X , vEs)n(Xgv *y)a(XzVXy)

We will show :

Theorem

2-SAT can be solved in polynomial
(in fact linear) time

Idea : reduce to a digraph problem



Given F = C ,n
1 .. - nCm

where each Ci is over the
Literals

X1
, 421 : - Xn ,i , En, . -

,
En

Construct Do by letting

V (Df) - 3 ,2 … 」 何 z
、…」心 )

when the vertexVili corresponds
to Xi (Fi)

For every claun (pV9) with

P,qEhXiX ,
... , n .F .

F
zi
..
-

,
Fal

A(Df) contains the arcs p-q
and -1P

For exampl if Cj = (X5vE) then

A(Df) contains the arcs-E and- 55

Irecall Fi = Xi
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山p→gthrImxp
&roof : note that

a- J = A(Df)Es(avb)EFEs5 ->a
now the claim follows by induction of the

Length of P.

poxã- **- . 7

τ
f 0→ 0→ 5→

i→p
(2) If De has a 191-path P ,

then for

every satisfying
truth assignment -

pCt) - 1 ⇒ GC 1 = 1
a δ

o Elavb)ef so

alt )- 1 a ( t) =0 ⇒ 5 (t ) = 1

-> induction on lensthof P D.



rollary ifE satisfies I then

Astrong component D'of De and

Echoice of distinct p , q
EVDD

we have p(t) =q(t) and PE =E
t

.

Now we are ready to prove

Lemma

Fissatisfiable
언
no strong component of DO
contains both V

: and

(correspond to Xi and En inf



·Suppor satisfies - but w, and on are in same

component of DJ

·
then 5

, un) En so xi(t) = 1 => Fitt= l 론
xi(t) = 0=i(t) = 0

Suppor now that no strong component
of De contains

both o; and E for some it In]

acyclic ordenus of strong components
D

, P2 D3 Dy Dse Ds- s

0000 ...... O ⑤ ⑤
Start in D

s
and set all Literals whos

corresponding vertax is in D,
true

go backwards
in the order Ds ,

Ps.z ...., DiP

when processing Di :

if v (v) is in D; and
E

, (v) has already

been processed (is in Dj for some jji)
then assign value o to all literals whom

vertex is in Di. Otherwin assign all literals

in Di value I



This is equivalent to the following
truth

assignment to each variable X ::

let VieDr and We D+
(not ret

If t >r they ViE)
= 0 and otherwin vilt)=

To see this suppon we
have assigned En value o

,
then

‰ 쩽 O읔
Vi can reach p so can reachv contradiction

we obtain a satisfying truth assignment by
the process

above :

If Ci = (pvq) has p(t)=(t)
= 0 then

つ

⑤
→

⑤ / ② ⑤
i Dj Dr Pt

but Do contains the arcs +19 and
+ P

so tiLjerst h
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음터 => Isatisfiable
\

7 = (F,vFs)v(XavFs)v(E, vXs)VKzvXs)
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licationof 2-SAT to partitioning problems

y recognizing split digraphsV
,
independent

V
,
Semicomplete V

2

6vm G = (V
i E) maki 2-SAT

Instante
with variables X

,52
- -- Xn XNUEV

FritujEV if Viandoj adjacent add (FivIj)
to f

otherwin add Kivx ; ) to f

#imDissatisfiable Es G is a sphtdigraph

=> putin V
,
E) Vilt) = 1 (so reVIEs xiSt)= 0)

V, : independent as 0 -0j (vj)ef so
atleast

one of Vijuj is in Va

Va is semicompute as U
.
....

= ) (XiVXj) Elso atleast

one of Gij is in VI



E suppose G is a sphtdigraph with

partition V,,V

set Xi = 1 E Vie V
then each clawm (XiVXj) is satisfied

since it came from U.... vj
and each clamm (FrVEs) is satisfied

as it came from or is
so at least one of Or

,is
is in V2

implying Fror Is is true

Similarly with complete
Oriental

d ↓

D med
Siparhts

etc
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lowa

dondskike
dos ohaveapatition

VUn so that Vi has property IP:?

Theorem the[,1) - Em ,R2]- pation problem
is polynomial when each IP ; belonge

to

Complete ,
oriented

,
semicomplete , fournament,

independent , symmetric

Example for sphtdigraphs :

1
.

Guess V
,

' independent and Vasemicompute

2 → V-IV, ผบ.)

⑫ Ψ



while Ive V-(VioV) :

v

then no solution for
if

f. current vilivl
1) Livi so try new Viv of

size koke respectively
σ

虽 '"'
t rinvi

:vievieo

ifNpotoioviniereo



after this we either reached

can (a) for some votes showing

that the initial V,,V does not

work 아

感v
-viore )

ㄻ
Now D hasa Vartation Vik
with VEV , Veve if

and only it

DEV-(ioV)] is a sphot digraph

an 2-SAT to decide this
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