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Ronning exampl : Vertex-cover (
= bar fisht prevention in?(

· Suppor n people want
to enter a bar

·
We know which pairs do not like each

other and here

will start a fight
if they are let in together

·
Question : For a given

Kin is it possible to
exclude at most h

persons so that no fight
between remaining people ?

Model as a vertex cover problem :

·person
i

will fight if both are
allowed in

G = (VE)/
&

Answer is lyes' if we compartition V into U
,

V-U

S .
t ⑳ Hodges (independent

and IEK

We know : Vertex cover
is NP-complete

Il

Given 16
,
b > is the a

VC of size -k ?



We must solve the bar fight prevention problem so

what do we do ?

Suppon there are n = 1000 people wanting
to go to

the bar

Clot assome ,

like in DK recently ,
the all have to book access

suppon we
will allow at

most k= 10 persons
excluded

#are method trya sobeandchuchit thea

&
Better methods try all ()

subuts of size I

still not good as (1000) ~2 .
63 . 102 cases to check

We need a better approach !·

Solution : Problem reduction/ Kernelization

Conside Conflict graph G = (VE)
and he

zb1 : If del = 0 : 16 ,
h) -6w,

b> (delete
v is never

in minimum
VC

&62 : If de2k
+ ) :<6

,
4) ->(6-0 ,

h-17 we must include

v in any VCof

sizeb

&k3 : If des = 1 and wis only adding who C

is at least as sool

neighbour of 5 : <6
,
4) -16-3r ,wi ,-17

as addinga to



1 : If del = 0 : (6 ,
4) -16-w,

k>

&62 : If d42k
+ l :<6

,
4) ->(6-w ,

h-1

Rule 3 : If do = 1 and wis only

- mishbour of o : <6
,
4) ->16-3r ,wi , -17

Apply Rulel-3 until
none applies

and lot 6 = (VIE
be resulting graph and

b the resolving parameter and still edges in actual

Notes
=
o graph

-

1) if
current parameter

I'is then we can

< 6 ,67 .

We only decreand
· ect original in put t
-re

for when we found a
vertex tha

parame
should de in VC in Rulez or had to add

Vor w to VC in
Rules

2) &glokFreV' as
Rule2 cannot

be applied

-> IE'Ih each vertex can cover
at

most k'edges

3) IVk2 :

IVl = 21 = I2ESP =Elin
rev rev I

↑WERays does not apply



clusion(Formula utl mone apply
to current instance

[G' = (VIE) , b)

we know

1
.

Lik is a yes
instance (6'hass VC ofsize

= k(

*
<6 ,
4) is a yes

instance

2 . IVI k and
Elle

Now we can
solve in

Sankforce :

try all I' subsets of
VI

at most (bys (k) of these

When K = 10 we have
to try at most (10

%) ~1 .
73 . 10

subsets

Thus in polynomial time we
have reduced the original

instance to one when the problem
is ch factor

to solve



Let C
,
be vertices decided to

add to the VC when

applying rele and
let I barte found when

showing thatGik')
is a yes-instance

Then GuC'issvc of
6 of size Ik

· Applying each of the
rules 1-3 cambe does

in linear time in
size of the current instance

·
Hence after doing O( +mik)

work we have

either decided that
L6

,
4) is a no

instance

or we
have derived an

equivalent instance

16h's set <6 ,
b) is a yes-instance

*Lik's is a yes-instance

· We can decide
Oil's using at

most

(h) checks of subsets
of sink

Each of then tuh
time OCNHE'l) = O(k")

· Putting it together we solve
<Gk) in time

O((+mik) + 0((h) = 0(g()(+m)

= OlgkI . ri)



We have shown that an instance
<G

,
6)
,
when G has

n vertius ,

can be decided by an algonthm
ronning in

time

0(gkIn2) for come fonctions
depending only on k.

We parameterized
the Vortex-cover problem using the

natural parameter =
Sound on sizeof VC

Definition a parameterized problem
Q is Fixed Parameter Tractable

(FPT)

-

if there
exists an alsouthm So Solving

& in time OffCn'

for some compotable function
of and constant celRt

We showed above that
Vertex-cover is FPT as the

alsonthm

we described is an FPT alsonthm .

The way we
solved Vertex cover

was by problem reduction
.

What we obtained after
exhaustively

applying rules 1-3 is called a

problem Kernel



Punition(Kernelisation ,
kernel

A kernalization alsonthm (a kerral) for s parameterial

problem G is an alsouthm to that given an
instance

<Ik] works in polynomial time in 11Fh))
and out pots

an equivalent instance <I'k ,
whereIlthS

for every instance (I,k) of Q
and g is : fixed

computable

function

the alsouthm we
described took in put

For vertex cover

<6 ,b)
and produced Kernal

Gik') sahityins

that 16 + h12th

Note that if a parametrized problem Q
with

parametel has a
kernel of size Olgb1) for comes

then we can
solve G by first finding a kernel

and then

checking all possible solutions for the Kernel

(bute force approach)

Natural questions
1
.
Can we find a

better Kernel ? (Small size)

2. Solve Kernel faster
than by bak foc .



hermosizemoveted
a

1
. SolvezminEx ,

s . t XCultr)2/FareE o

2. Let be an optimal (P-solution

3. Take U =/ ** )

We saw that-
Split V = V(6) into 3 Lets Va

,

V
,
Vs when

V =wer (th
,

V== SweV/et) and Ve
=Seve

Note that Va is independent
(no edges inside

and there are no
edges between V=

and V
=

las Xulexer
whenVe

,

rev
= )

V V =

F
-Theorem(Newhanwandtates .

t. VEU-V



Theorem (Nemhann andTrotfe)

Then exist an optimal VCU
*

S .t . BEU* VrV

Pot suppor X is an optimal UC ot
G and that XnV> + 4

·let X =XIV,)oV .

Then X'iss VC as V>
is independent

and no edge ov with
neV

,

veV=

· If IKIXI we are
done soccome IX/ > IX)

then ((X) > /XnVal . ()

· Let = min It-c)( V V V
reVrK

· For reVyIX let x() = Y() - E

#For we VanY
let X(v) = E(r) +

S

For all other
o letzenit

NowExZe by
contradicting that is an optimal

(P-C1
D
.

So we have

genoptic



Let E = /U* 1 and recall that we may assome Vy U
*

&

Reduction rule (after solving LP and gethus optsol E)

·Let 6' = GlV] subgraph includ by
V
=

·

and let k' = k- 1V=

Note : If IVz / > k ,

then h
*
> kas the theorem guaranties

that

Vy is contained
in some optimal solution .

Hence we can answer
no for < 0,> output

= Kris
,

k'

If IV / = h ,

then check if V= is independent
.

IfYou' IVs/ira VC of sizk for 6.

2)I answer no for<6,4) output76' = Kritc ,

k']

Now we can
assome N>/<k and

then

76 k') is a kernel and
IVE'll = IV= Eck

&Not Sinsa

Note after Lecture : we may assome
that IUSK

/NB !rev

since otherwise there
is no VCotsisk

Now =
[E() = EX= 1 so IX

=
12k

jeX
=



Back to our bar fight problem with 1= 1000 k= 10

·
First solve associated

LP (in polynomial time)

·

Find Va
,
= and V

· If IV /zk reject (answer
no) Unless

NV l= k and
Wyl is V

Otherwise solve the
bar fight problem for

e

GIVE) with paramete bisk

This can be done time O(( . b)

For K = 10 (4:) = 184756 so we easy solve

problem in a
fewseconds ,

even using
but force

(10) ~ 1
,
01 . 10 so we cannot hope toun

bruk force except when
h is small even on a

small

kerml !

(b) < 22-yk so braktorcals is 014m)



I
Treesearch the

6
,
h)

,
try the elses

in some order , using
that if uv is an edse,

then at least one of u,v
must be in the cover.

C

: assume k = 39 ,

d

k = 3 ↳ decreans
↳&

hel
foreca

% 13 b
# E

/ - X
↳dk

=

ad 1/1/14 =
Fail Fall Fail Fail Fail Fail Fail Ok-
↓ ↓
o

· V1% 1
-o



↳

/ a recorsive call)
,
each

# #
with parameter

decreased by I
-

' -

We look for Va of size Ik so height of tree is

at most b-1 (depth is at most b)

↓
at most 24 (-1) subproblems

By preprocessing via Ruh2
(dE = h+ l ? ) we can accone

that d15k for all vertins so E-Id

Thus each of the 2 subproblems can be solved in time Olnk)

So total running time is 0 (m + nh . 2k)
↑
from checking degrees

of

Verties in 6 .




