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4. Some NP-complete arc-partition problems

4.3.3. (bipartite, cycle factor)-arc-partition

(P 7)) -arc-partition of & digraph D=(v A :

H LQJ[OYj
, c’ 75 Theorem 1 (Edmonds). [16] Let D = (V, A) be a digraph, let s € V be a fixed vertex and let k > 2 be an integer. Then D has k

arc-disjoint out-branchings rooted at s if and only if there are k arc-disjoint (s, t)-paths in D for every choice of t € V —s.

‘c' C’ I Thomassen proved that the (having B™, having B~ )-arc-partition problem is NP-complete

ZOOL‘/The more constrained (strong, strong)-arc-partition problem is NP-complete [11].



20 \ ) The (strong, connected)-arc-partition problem is NP-c [12]

Lrvejmlav )- o\rcfiigoth H- cjcle

2/0 D 7 Theorem 3. [6, Theorem 6.1.2] It is NP-complete to decide whether a 2-regular digraph has a hamiltonian cycle

ko (k2) H-eyde
H- /)aﬂl

bipartite: Being bipartite,

connected: The underlying graph is connected,

strong: Being strongly connected,

acyclic: Being acyclic,

acyclic spanning : Being acyclic and each vertex is spanned (minimum degree at least 1).
having B*: Containing an out-branching rooted in some vertex

having B~: Containing an in-branching rooted in some vertex

cycle factor: Each vertex has in-degree and out-degree exactly 1,

8~ >k: Each vertex has in-degree at least k,

81 > k: Each vertex has out-degree at least k,

> k arcs: Having at least k arcs,

<k arcs: Having at most k arcs,

balanced: d*(v) =d~(v) for every vertex v,

eulerian: Being balanced and strongly connected,

cycle: Being an oriented cycle (with possibly some vertices not spanned).

R ecults

Complexity of arc-partitioning problems.

Bipartite Connected  Strong Acyclic Acyclic spanning  Having BT Having B~
Bipartite NP-c (4.3.1) P (3.1) P (3.1) NP-c (42.2)  NP-c (4.2.3) P (3.1) P (3.1)
Connected X P [18,24] NP-c [12] P (3.1) NP-c (4.2.4) NP-c [12] NP-c [12]
Strong X X NP-c [11] P (3.1) NP-c (4.2.7) NP-cT (Th. 10)  NP-cT (Th. 10)
Acyclic >4 X X P (3.2.6) P (3.5) P (3.1) P: (3i1)
Acyclic spanning X X X X P (3.5) NP-c (4.2.6) NP-c (4.2.6)
Having B+ X X x X X P [16] NP-c [2]
Having B~ X X X X ¢ X P [16]

8~ >k 5t >k Cycle Factor <k arcs >k arcs Balanced Eulerian Cycle
Bipartite P (3.1) P (3.1) NP-c (4.3.3) NP-c (4.32) P (3.1) NP-c (4.3.4) NP-c (4.3.5) NP-c (4.3.6)
Connected P (3.4.2) P (3.4.2) NP-c (Th. 8) P (3.1) P (3.2.1) P (3.1) NP-c (Th. 10) NP-c [12]
Strong NP-c NP-c NP-c (Th. 8) P (3.1) NP-c (Th. 8) P (3.1) NP-c (Th. 10) NP-c [12]
(Corollary 9) (Corollary 9)
Acyclic P (3.1) P (3.1) NP-cT (Th. 8)  NP-c (4.21) P (3.1) P (3.2.5) NP-c (4.2.8) NP-cT (Th. 10)
Acyclic spanning P (3.3.1) P (3.3.1) NP-cT (Th. 8)  NP-c (4.2.1) P (3.2.1) NP-cT (Th. 8)  NP-cT (Th. 10)  NP-cT (Th. 10)
Having B* P (3.2.3) NP-c (4.2.5) NP-c (Th. 8) P (3.1) P (3.2.1) P (3.1) NP-c (Th. 10) NP-c [12]
Having B~ NP-c (4.2.5) P (3.2.3) NP-c (Th. 8) P (3.1) P (3.2.1) P (3.1) NP-c (Th. 10) NP-c [12]
8~ >k 8T >k Cycle Factor <k arcs >k arcs Balanced Eulerian Cycle

§~ >k P(3.23) P(332) P(322) P (3.1) P(3.21) P(3.1) NP-c (Corollary 9) P (3.2.3)
st >k X P(3.23) P (3.22) P (3.1) P(3.21) P(31) NP-c (Corollary 9) P (3.2.3)
Cycle Factor X X P (32:2) P(3.21) P(321) P(322) NP-c (Th. 8) NP-c (Th. 8)
<k arcs X X X P(3.21) P (31) P [14] NP-c [14] NP-c (Th. 8)
>k arcs X pre X X P(3.21) P (31) NP-c (Th. 8) P (3.2.1)
Balanced X X X X X P (3.24) P (3.24) P (3.2.4)
Eulerian X X X X X X NP-c (Th. 10) NP-c [12]
Cycle X X X X X X X NP-c (Th. 10)
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3.2.6. (acyclic, acyclic)-arc-partition

3.5. (acyclic spanning, acyclic (spanning))-arc-partition
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Claim 7.1. UG(D walk W = upuq...uy alternating between Ay and A; from v = ug, and such that if ux_quy € A;
the vertex uy has an incident edge in A; \ E(W).
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Claim 7.1. UG(D) walk W = upu1...uy alternating between A1 and A; from v = ug, and such that if ux_quy € A;

the vertex uy has an incident edge in A; \ E(W).
. Wi
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S <

W Wy

e uguy € A1 and dg, (up) > 1,
e da,(uj)=1 (this edge being u;_qu;) for any odd j <k, and
e da,(uj) =1 (this edge being u;_qu;) for any even 0 < j <k.



NP-( Problems -

Theorem 8. Let D = (V, A) be a 2-regular digraph on n vertices. The following properties are equivalent:

D admits a hamiltonian cycle,

D admits a (strong, §* > 1)-arc-partition,

D admits an (eulerian, 8T > 1)-arc-partition,

D admits a (connected, cycle factor)-arc-partition,

D admits a (strong, cycle factor)-arc-partition,

D admits a (having B, cycle factor)-arc-partition,

D admits a (strong, > n arcs)-arc-partition,

D admits a (eulerian, > n arcs)-arc-partition,

D admits an (eulerian, cycle factor)-arc-partition,

D admits a (cycle, cycle factor)-arc-partition,

10. D admits a (cycle, < n arcs)-arc-partition,

11. thereis an arca € A such that D — {a} admits an (acyclic, cycle factor)-arc-partition,

12. thereis an arc a € A such that D — {a} admits an (acyclic spanning, cycle factor)-arc-partition,
13. thereis an arc a € A such that D — {a} admits an (acyclic spanning, balanced)-arc-partition,
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4.3.3. (bipartite, cycle factor)-arc-partition
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Note that if (A1, Az) is a (bipartite, cycle factor)-arc-partition of W{u, v, p, q], then the following holds:
| 2
e The arc vu is necessarily in A, (because of the cycle in A, containing u).
e Either uyq or uz; belongs to Ay (same reason).
e Each arc ysjysiy1 (respectively z3iz3;41) belongs to the same part as uy; and as y3pv (respectively as uz; and as z3qVv).
This follows from the fact that all the vertices ys3;.» and z3;, are incident to two arcs in A,, and that then among the
arcs entering y3i11 and z3;jy1 (resp. leaving y3; and z3;) exactly one should be in Aj3.

W'y, st aa.,a) ./ . \.
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Prouems

OU!&/ Prorcri}est being a spanning bipartite subdigraph
having a perfect matching

being planar

containing a cycle factor
collection of disjoint cycles
having no odd directed cycle

Problem 12. What is the complexity of the following arc-partition problems?

The (cycle factor, having no odd directed cycle)-arc-partition problem

The (perfect matching, having no odd directed cycle)-arc-partition problem
The (perfect matching, strong)-arc-partition problem
(
(

The (bipartite, AT < k)-arc-partition problem
The (perfect matching, having B™)-arc-partition problem






