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Theorem 3.9. Deciding whether a digraph has an (out-branchable, §~ > 1)-[k1, ky]-partition ((in-branchable, §* > 1)-[kq, k2]-par-
tition) is polynomial-time solvable.
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° UL] {ai1bi 1,ai1bi 2, ai2bi 1, ai2b; 2} (the directed complete bipartite graphs)
e the arcs of the paths P; 1, Pi>, i € [n] where P; 1 =b;1VioVi1...Vig+1di+1,1 and P = bi,zv;’ovg’l ...ngpi+1ai+]’2,
where a,41,j=ay j for j=1,2.
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Theorem 4.1. Let F be a 3-SAT formula and let R(F) be the corresponding ring digraph. Then the following holds:

e R(F) contains a directed cycle which intersects all the sets W1, ..., Wy, if and only if F is a ‘Yes’-instance of 3-SAT.
e R(F) contains two disjoint directed cycles Ry, Ry, each of which intersects all the sets W1, ..., Wy if and only if F is a ‘Yes'-
instance of NAE-3-SAT.




Theorem 4.3. The following 2-partition problems are NP-complete.
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(a) (strong, out-branchable)-[ky, ky]-partition and (strong, in-branchable)-[kq, ky]-partition for k1 > 2 and ky > 1,
(b) (8° > 1, out-branchable)-[k1, kz]-partition and (§° > 1, in-branchable)-[k1, k»]-partition for kq, ky > 1.

e Add four vertices s, t,x, y and arcs {st, saj 1, Sa1,2, bn,1X. bn, 1y, bn2X, bn 2y}
e For all j € [m], add a new vertex ¢; and all arcs from W to c;.
e For all j e [m], add a vertex f; and an arc ¢;j f;.
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Theorem 4.7. The following 2-partition problems are NP-complete.
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(i) (5* (Z 1,8~ > 1)=[ks, ko]-partition for k1, ka > 1;

(iiF(strong, 8 > 1)-[kq, ko]-partition and (strong, §~ > 1)-[kq, ky]-partition for k1 > 2 and ky > 1;
(iii) (8° > 1,87 > 1)-[ky, kz]-partition and (8° > 1, 8~ > 1)-[ky, k21-partition for k1, kz > 1.

The digraplf’ Re(F) As obtained from R(F) by adding new vertices {c],..., Cmty {CT, .., ctYU{at,a", b1, by} and arcs
Ujerm{civ | gj ;) UUjermiver lveW;hU{cia™ | jelmlyUfatct | jeml}Ulathy, bia™,a"by, baat).
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