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Abstract

We initiate the study of deterministic distributed graph algorithms with predictions
in synchronous message passing systems. The process at each node in the graph is given
a prediction, which is some extra information about the problem instance that may be
incorrect. The processes may use the predictions to help them solve the problem. The
overall goal is to develop algorithms that both work faster when predictions are good
and do not work much worse than algorithms without predictions when predictions are
bad. Concepts from the more general area of algorithms with predictions, such as error
measures, consistency, robustness, and smoothness, are adapted to distributed graph
algorithms with predictions.

We consider algorithms with predictions for distributed graph problems, where
each node is given a prediction for its output. We present a framework for evaluating
distributed graph algorithms with predictions and methods for transforming existing
algorithms without predictions to effectively use predictions. Our approach is illus-
trated by developing algorithms with predictions for the Maximal Independent Set
problem.

We also include a discussion of error measures and demonstrate how fine-tuning
an error measure towards a particular problem can yield stronger results about the
performance of algorithms for that problem.

*A brief announcement of this work was published in Proceedings of the ACM Symposium on Principles
of Distributed Computing (PODC), 2025, pages 322-325.



1 Algorithms with Predictions

The study of algorithms with predictions is a very active research area, originally largely
inspired by Lykouris and Vassilvitskii [49, [50]. Like most work in this area, they considered
online algorithms with predictions. However, the idea of using predictions, possibly gen-
erated using machine learning, to improve the performance of algorithms has been applied
to other settings, including sequential algorithms and data structures, dynamic graph algo-
rithms, algorithmic game theory, and differential privacy [I]. Here, we initiate the study of
deterministic distributed graph algorithms with predictions in synchronous message passing
systems.

The quality of an algorithm with predictions for a problem is evaluated using the same
performance measure as an algorithm without predictions for that problem. For online
algorithms with predictions, the performance measure is generally the competitive ratio,
comparing the quality of the solutions obtained by an online algorithm to those of an optimal
offline algorithm. For synchronous distributed algorithms, the performance measure we use
is the number of rounds until all processes terminate.

An algorithm with predictions receives information in addition to a problem’s input. This
information may come from a machine learning oracle or some other source that is treated
as a black box. It may help an algorithm solve the instance by compensating for a lack of
knowledge; for example, about future requests in an online setting or future changes in a
dynamic setting, global information in a distributed setting, or information that would take
too long to compute by an offline or sequential algorithm. For example, for the Maximal
Independent Set problem, each node could receive a bit indicating whether or not it belongs
to a set, which is predicted to be a maximal independent set of the input graph. Differ-
ent predictions are given for different problems. One can also consider different types of
predictions for the same problem.

Predictions may have errors. An error measure is a function that takes a problem instance
and predictions and produces a value that describes the amount of error in the predictions.
In machine learning and related work, this is often called a loss function. An algorithm
with predictions should perform very well when the predictions are good and never perform
significantly worse than a good algorithm without predictions. It is also a goal to have the
degradation in performance not grow too fast as the error in the predictions grows.

1.1 Distributed Graph Problems with Predictions

An instance of a distributed graph problem is a graph, where each node of the graph is
represented by a different process. The outputs of the processes must jointly describe a
solution to the problem.

For example, in the Maximal Independent Set problem, each process must output a bit
so that the set of nodes represented by the processes that output 1 is a maximal independent
set of the graph.

In general, predictions can be any kind of information which is given to the processes
at the beginning of the algorithm. Different predictions can be given to different processes



or all processes could be given the same predictions. In this paper, each process is given
a prediction of its output for the instance. Jointly, these predictions constitute a predicted
solution, which is not necessarily a correct solution to the problem instance. For example, in
the Maximal Independent Set problem, predictions consist of a bit for each process, where 1
says that its node is predicted to be in the maximal independent set and 0 says that it is not.
There are two possible types of errors that can occur in the predictions for this problem:
two adjacent nodes could both receive 1, so the predictions do not describe an independent
set, or a node and all of its neighbors could receive 0, so the predicted set is not maximal.

We consider a synchronous message passing model and look at four standard graph
problems, Maximal Independent Set, Maximal Matching, (A+1)-Vertex Coloring and (2A —
1)-Edge Coloring, where A is the maximum degree of any node in the graph.

An example of where an algorithm with predictions for Maximal Independent Set (or
another problem) may be useful is when a maximal independent set has been computed on
one network, but now a related network is being used. It might have the same set of nodes,
but a slightly different set of edges or some nodes (and their adjacent edges) may have been
added or removed.

1.2 Measuring the Quality of Algorithms with Predictions

In our paper, an error measure is a function, 7, that maps a problem instance and predictions
for that instance to a non-negative integer, called the prediction error. When the problem
instance and the predictions are understood, we use 1 to denote the prediction error. The
error measure should intuitively represent the amount of error in the predictions for that
problem instance and the performance of algorithms for that problem should be measured
as a function of the prediction error.

Defining an appropriate error measure for a problem is often a challenge when consider-
ing problems with predictions. An error measure should reflect how far from being correct
the predictions are, with a value of zero reflecting no prediction error. It is also important
to carefully define an error measure so that it is possible to differentiate between the per-
formance of good and bad algorithms. If an error measure returns overly large values, then
all algorithms may perform well as a function of the prediction error, whereas, if it returns
too small values, then all algorithms may perform poorly. The error measure is part of the
definition of a problem with predictions.

For problems where the correct predictions are unique, the quality of arbitrary predictions
can be evaluated by comparing the predictions to the correct predictions. For example, a
graph with distinct edge weights has a unique minimum spanning tree, so the quality of the
predictions could be measured by the number of edges incorrectly predicted to belong or not
belong to the spanning tree. If a graph can have duplicate edge weights, it may have multiple
minimum spanning trees, and this method of assessing the quality of the predictions cannot
be used.

For the distributed graph problems we consider in this paper, the correct predictions are
not unique. However, these problems have the nice property that certain partial solutions to a
problem instance can be extended to one or more complete solutions. Moreover, determining



a part of the predictions that form such a partial solution to an instance can be computed
locally, in a small constant number of rounds. In particular, an algorithm can determine, in
a small constant number of rounds, whether the predictions for a particular problem instance
has no error.

Once such a partial solution has been determined, the subgraph induced by the nodes
in the graph that have not yet output values may consist of a number of different com-
ponents. Extending the partial solution to a complete solution can be done separately in
each component. Thus, error measures that are functions of the maximum number of nodes,
number of edges, or diameter of these components, rather than the sum of them over all
components, seem more appropriate for these distributed graph problems. The worst-case
round complexities of our distributed graph algorithms with predictions are at most small
constants times the number of rounds taken by existing good distributed algorithms without
predictions for each problem instance, no matter how bad the predictions are.

Inspired by developments in online algorithms, we propose a collection of definitions for
formalizing the notions of good performance of algorithms with predictions in distributed
computing. Consider an algorithm, A, that solves a graph problem despite possible errors in
the predictions and an algorithm, R, without predictions that solves the same problem. Let
n denote the number of vertices in a graph and let 1 denote the prediction error. Suppose
each process has a distinct identifier from the set {1,...,d}, where d € n®W.

e A has consistency c¢(n) if A terminates in ¢(n) rounds when n = 0. A is consistent if
c(n) is at most a constant times the optimal number of rounds needed to check whether
a predicted solution is correct.

o Ais f(n)-degrading if it terminates within f(n) + ¢(n) + O(1) rounds, where ¢(n) is
the consistency of A.

o A is robust with respect to R if it terminates within O(g(n)) rounds, where g(n) is the
round complexity of R.

e A is robust if it is robust with respect to R, and R is an asymptotically optimal
algorithm for the problem without predictions.

e A is smooth with respect to R if it is consistent, robust with respect to R, and f(n)-
degrading, where f is a function that does not grow too quickly.

e A is smooth if it is consistent, robust, and f(n)-degrading, where f is a function that
does not grow too quickly.

In the examples considered in this paper, ¢(n) is constant and f(n) is in O(n). Sometimes,
the maximum degree A of the graph and/or the value d is included as a parameter of the
functions ¢, f, and g.

Note that consistency and robustness are standard terms used in the online algorithms
with predictions literature, so we use them here, even though they have different meanings
in the theory of distributed computing. In other contexts, degradation is seldom used and,
like here, smoothness is only defined informally.
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1.3 Related Work in Distributed Computing

Distributed algorithms with predictions have been considered before in a very different set-
ting by Gilbert, Newport, Vaidya, and Weaver in [32] for contention resolution. In their
model, the algorithm is provided with a distribution that predicts the likelihood of each
network size occurring, and they express the performance of an algorithm with respect to
the entropy and the statistical divergences between the predicted and actual distributions.
Mitzenmacher and Dell’Amico [53] consider predictions for queuing in distributed systems
using simulation-based studies.

Starting from our work, Ben-David, Dzulfikar, Ellen and Gilbert [11] studied Byzantine
agreement with predictions in synchronous message passing systems. In their model, ev-
ery honest process is given a (possibly different) prediction about which other processes are
faulty. They proved lower bounds on the round complexity and message complexity as a
function of the number of incorrect prediction bits, the number of processes, and the num-
ber of faulty processes. They also presented deterministic algorithms with asymptotically
optimal round complexity in both an unauthenticated system and an authenticated system
with signatures.

Algorithms with advice [28] 22 37, 26, [15, [I7] are provided with some additional correct
information that improves their performance. This information is chosen by the algorithm
designer. The goal is to understand how much improvement is possible for a given amount
of information or how much information must be given to significantly improve performance.
Fraigniaud, Tlcinkas, and Pelc [28] proved asymptotically tight bounds on the total number
of bits of advice needed to be given to processes to perform broadcast and wakeup using O(n)
messages in a graph of size n. Together with Gavoille [27], they proved lower bounds on the
number of nodes in a cycle or a tree that must be given information to asymptotically decrease
the number of rounds for a deterministic distributed algorithm to compute a 3-coloring.
Fraigniaud, Korman, and Lebhar [29] designed a deterministic distributed algorithm that
computes a minimum spanning tree of any weighted graph with n nodes in O(logn) rounds
using a constant number of bits of advice per node. Ellen, Gorain, Miller, and Pelc [25]
and Ellen and Gilbert [24] show that there are deterministic algorithms for broadcasting
in synchronous radio networks where nodes do not have identifiers, but are given a small
constant number of bits of advice. Very recently, Balliu, Brandt, Kuhn, Nowicki, Olivetti,
Rotenberg and Suomela [7] gave deterministic distributed algorithms to find a 3-coloring
of any 3-colorable graph and to find a A-coloring of any A-colorable graph with maximum
degree A using 1 bit of advice per node with round complexity that is a function of only A.

A locally verifiable graph problem is a problem whose solution, distributed among the
nodes, can be checked in a constant number of rounds. This means that, if the solution is
correct, all nodes must accept it and, if it is not satisfied, then at least one node must reject
it. A locally checkable proof was defined by G66s and Suomela [34]. It is advice that can be
given to each node of a graph, so that checking whether the graph satisfies a certain graph
property becomes a locally verifiable problem. They were concerned with the number of bits
of advice that are needed for various graph properties. A proof labeling scheme, introduced
by Korman, Kutten, and Peleg [41], is a special case of a locally checkable proof, where the



checking algorithm at each node can only make use of the local state of the node, its advice,
and the advice of its neighbors. Balliu, Hirvonen, Melnyk, Olivetti, Rybicki and Suomela [§]
consider partial solutions to locally verifiable graph problems. They are concerned with how
large a neighborhood of a node may need to be modified so that the resulting partial solution
also includes the output value at this node. They call this the mending radius.

There are also some research areas within the theory of distributed computing that
deal with incorrect information, but address different questions than we do. Self-stabilizing
algorithms [211, 23, 2] start with nodes in arbitrary states and their goal is to ensure that the
states eventually satisfy a certain property, for example, all adjacent nodes have different
colors. The designers of these algorithms often strive to minimize the size of the state at each
node. They are not concerned with improving the round complexity from configurations that
are close to being safe.

Kutten and Peleg [44], 45] consider the solution to a distributed graph problem which
has been changed at some nodes, so that it is no longer correct. They want to mend the
solution in a number of rounds that is a function only of the number of nodes that have
been changed. In order to do this, they store redundant information in an auxiliary data
structure at each node, typically about the parts of the solution at its neighbors and use
local voting to restore parts of the solution.

1.4 Outline and Contributions

In Section [2] we present the computational model. The maximal independent set problem is
formally defined in Section 3| There, we also introduce the concept of an extendable partial
solution. Then, we set up our framework, using the Maximal Independent Set problem as
a running example. In Section 4] we introduce initialization and base algorithms, which are
used to provide consistency. In Section [5] we discuss criteria for good error measures and
give some examples of different error measures for the Maximal Independent Set problem.
As the final part of the set-up, in Section [0, we define measure-uniform algorithms, which
are used to obtain algorithms with good degradation.

In Section [7} we present four templates that take and sometimes slightly modify existing
algorithms for graph problems to produce algorithms with predictions. Some of the templates
require that the algorithms have certain properties, which we exploit to get better algorithms
with predictions.

Other graph problems with predictions are considered in Section [§ Then, in Section [9]
we consider the Maximal Independent Set problem, but using a different error measure, and
then restrict it to rooted trees. Finally, in Section [10], we list open problems.

2 Computational Model

A graph G = (V) E) consists of a set of nodes, V' C {1,...,d}, and a set of edges E C
{{u,v} | u # v € V}. The number of nodes in V' is denoted by n and d is an upper bound
on the largest identifier of any node in the graph.



Each node of the graph is a nonfaulty process that may communicate with its neighbors,
those nodes with which it shares an edge. The number of neighbors of a node is called its
degree. Each node is assumed to know its identifier and the identifiers of its neighbors, as
well as the values n and d. Sometimes they are assumed to know additional information
about the graph, for example, A, which is the maximum degree of any node in the graph.

Each node 7 has a local variable x;, which is a prediction of its part of the solution. It
also has a local output variable, y;, (or possibly multiple output variables) used to indicate
its part of the solution to the problem at the end of the computation. Initially, the outputs
are undefined. Immediately after node ¢ has assigned values to all its output variables, it
terminates. A node that has not terminated is called active. Computation is synchronous:
In each round, each active node can send a possibly different message to each of its neighbors,
receive all messages sent to it that round from all of its neighbors, do some computation
and update its state, optionally assign a value to its local output, and terminate if this is
the node’s last output. An algorithm terminates when every node has terminated. In the
LOCAL model [47], a message can be arbitrarily long, while in the CONGEST model, each
message is restricted to be O(logn) bits long [55]. Although some of our algorithms will
work in the CONGEST model, we use the LOCAL model, for simplicity. All algorithms are
assumed to be deterministic.

3 The Maximal Independent Set Problem and Extend-
able Partial Solutions

In this section, we consider the maximal independent set problem without predictions and
introduce the concept of extendable partial solutions.

An independent set of a graph is a subset I of its nodes such that no two nodes in [
are neighbors in the graph. It is maximal if it is contained in no other independent set. In
the Maximal Independent Set (MIS) problem, each node ¢ must output a bit y; such that
no neighbor of a node that outputs 1 also outputs 1 and every node that outputs 0 has a
neighbor that outputs 1. At the end of the computation, the nodes that have output 1 must
be a maximal independent set of the graph.

The outputs of some nodes form a partial solution to a graph problem if they are a solution
to the problem on the subgraph induced by the specified nodes or edges. If a partial solution
together with any solution to the problem on the remainder of the graph is a solution to the
problem on the entire graph, we say that this partial solution is extendable. In particular, a
solution to the entire graph problem is trivially an extendable partial solution.

For example, if [ is any independent set of a graph, GG, then the partial solution in which
all nodes in I output 1 and all their neighbors output 0 is an extendable partial solution.
This holds because if I’ is any maximal independent set of the graph obtained by removing
I and its neighbors from G, then I’ U [ is a maximal independent set of G [4§]. Conversely,
suppose a partial solution has a node v with output 1, but it does not have output 0 for
some neighbor u of v in the original graph. Then, this partial solution is not extendable,



because there exists a maximal independent set in the remainder of the graph that contains
u.

A related concept is a greedily completable problem [8]. It is a problem such that any
partial solution can be extended to a complete solution in a greedy manner, considering the
nodes in an arbitrary order. Note that it is not necessary to know an extendable partial
solution to extend it to a complete solution. However, for a greedily completable problem,
knowledge of the partial solution may be used to extend it to a complete solution. Thus, a
greedily completable problem may not necessarily have extendable partial solutions.

4 Initialization Algorithms

To ensure consistency in a distributed graph algorithm with predictions, each node begins by
examining the predictions in its local neighborhood to determine whether they are consistent
with a correct solution. If so, the node outputs its prediction; otherwise, it might output
some values which can be different from its prediction. If a node has output its part of the
solution, it terminates. Thus, if the predictions form a correct solution, all nodes terminate.
We require that the set of outputs of all nodes forms an extendable partial solution. We call
this initial part of a distributed graph algorithm with predictions an initialization algorithm.
The nodes that have not terminated proceed to compute a solution on the remaining graph.

For example, there is a simple 3 round initialization algorithm for MIS, which we call the
MIS Base Algorithm: In round 1, nodes exchange their predictions with their neighbors. The
nodes that have prediction 1 and whose neighbors have prediction 0 form an independent
set I. In round 2, every node in [ notifies its neighbors, outputs 1, and terminates. In
round 3, every node that is a neighbor of a node in I (and hence has prediction 0) notifies
its neighbors, outputs 0, and terminates. If the predictions are correct, then this algorithm
outputs the prediction for every node. Hence, any algorithm with predictions that begins
with the MIS Base Algorithm is consistent.

The extendable partial solution computed by the MIS Base Algorithm has the additional
property that every node that outputs a value outputs its prediction. Korman, Sereni, and
Viennot [42] called such an algorithm a pruning algorithm and gave the MIS Base Algorithm
as an example. In our context, they are initialization algorithms where the outputs at nodes
are the same as the predictions at these nodes. Consider any node v that outputs 1 in
an extendable partial solution produced by a pruning algorithm for the MIS problem. As
mentioned earlier, all of its neighbors output 0 in this solution. Furthermore, all outputs for
v and its neighbors agree with the prediction. Therefore, the MIS Base Algorithm outputs 1
for node v. Hence, among all pruning algorithms, the MIS Base Algorithm outputs the
largest independent set. However, some pruning algorithms may produce more outputs than
the MIS Base Algorithm. For example, consider a graph consisting of a line with three nodes,
which are all given prediction 0. The partial solution produced by the MIS Base Algorithm
is empty, but the algorithm where the middle node outputs 0 is a pruning algorithm.

More generally, a base algorithm is an initialization algorithm which is a simple pruning
algorithm for a problem. It is defined as part of the problem definition. An error component



is a component of the subgraph induced by the nodes that would be active after running the
base algorithm. In applications where the outputs are associated with the edges of the graph,
instead of its nodes, the error components are the components of the subgraph induced by
the edges whose outputs would not be determined after running the base algorithm.

When the predictions for the entire graph are not completely correct, an initialization
algorithm is allowed to output values other than the prediction at some nodes. Because the
partial solution computed by an initialization algorithm is extendable, computing a solution
separately on each component will lead to a correct overall solution.

Another initialization algorithm for the MIS problem, which is not a pruning algorithm,
can be obtained by changing the definition of the set I in the MIS Base Algorithm to be the
set of all nodes with prediction 1 whose neighbors with prediction 1 (if any) all have smaller
identifiers. We call this the MIS Initialization Algorithm. The extendable partial solution
obtained by the MIS Initialization Algorithm always contains the one produced by the MIS
Base Algorithm.

We say an initialization algorithm for the problem is reasonable if it always produces
an extendable partial solution that contains the extended partial solution produced by the
base algorithm and its asymptotic round complexity is the same as the base algorithm. The
MIS Initialization Algorithm is an example of a reasonable initialization algorithm, which
has the same round complexity as the MIS Base Algorithm. We use that algorithm for
initialization when we create examples of algorithms with predictions from the templates.
We emphasize that it is important to have a base algorithm for each problem, from which
the error components can be defined. Based on those error components, we can then define
one or more error measures. Given an error measure, we can then compare the performance
of different algorithms with predictions for that problem, even if they start with different
initialization algorithms.

5 Error Measures

Our goal is to be able to compare different distributed algorithms with predictions for a
given problem, analyzing the round complexity as a function of the prediction error. There
are various ways to define error measures for distributed graph algorithms with predictions.
In this section, we discuss a number of possibilities.

A seemingly natural error measure could be defined by letting the error measure, 7y,
be the minimum number of predictions that would have to be changed to obtain a correct
solution. For example, for the MIS problem, this would be the minimum Hamming distance
between the characteristic vector of the prediction and the characteristic vectors of the
maximal independent sets of the graph. This error measure is global, rather than local: if
there are multiple error components, it counts the total number of errors in all of them,
rather than just considering the component with the largest number of errors. This does
not reflect the fact that nodes in these different error components can work independently
to find solutions for their components. The sum of the sizes of the error components (rather
than the maximum of their sizes) is also a global error measure, so it suffers from the same



weakness as 1y.

Our approach is to define a measure, p, on graphs and define an error measure, 7, by
taking the maximum of y over all error components. These error measures depend on both
the graph and the predictions. Note that the components of the subgraph induced by the
active nodes at the end of different initialization algorithms may be different than the error
components. Using reasonable initialization algorithms, each of those components will be a
subgraph of an error component.

Our first measure, pq, is the number of nodes in the graph and our first error measure,
M1, is max{u(S) | S is an error component}. Note that, for the MIS problem, if a node and
one or more of its neighbors in the original graph all have prediction 1, then these nodes
will all be in the same error component. If a node and all of its neighbors in the graph have
prediction 0, then that node will be in some error component. When the predictions are
correct, there are no error components and the prediction error is zero. Although the base
algorithm is used to define this error measure, an algorithm with predictions can begin with
another reasonable initialization algorithm, instead.

Im, Kumar, Qaem, and Purohit [38],[39] recommended that the value of an error measure
should not increase when errors are removed. In our setting, if the subgraph induced by
the set of nodes that are active at the end of the base algorithm for one set of predictions
is contained in the subgraph induced by the set of nodes that are active at the end of the
base algorithm for another set of predictions, then the value of the error measure for the
first set of predictions should be at most the value of the error measure for the second set of
predictions. This follows whenever the measure p from which 7 is defined is monotone: If
S is a component of an induced subgraph of a connected graph G, then u(S) < u(G). Note
that i is monotone.

Another measure of a connected graph is its diameter. This seems useful, especially in
the LOCAL model, since a solution for any connected graph can be computed in a number
of rounds bounded by its diameter (by collecting the adjacency lists of every reachable node
and then locally computing the solution). Because a tree is an acyclic connected graph, the
components of any induced subgraph of a tree have diameter no larger than the diameter of
the tree. Thus, this measure is monotone for trees. (Results for rooted trees are discussed
in Section ) However, it is not monotone for general graphs, since there are connected
graphs that have induced subgraphs with components of much larger diameter. For example,
consider Fj, the wheel with k£ nodes on the rim and an additional node on each spoke,
illustrated in Figure [I, The diameter of F} is 4, since the path from any node to the center
node has length at most 2. The subgraph induced by the k nodes on the rim has diameter
|k/2]. For the maximal independent set problem with predictions, this subgraph can be
an error component, for example, when the center node has prediction 1 and the remaining
nodes have prediction 0. When all nodes have prediction 1, which is a worse prediction, the
entire graph is an error component, but it has smaller diameter. Thus, the maximum of
the diameter of every error component should not be used as an error measure for general
graphs.

In summary, an error measure is required to be the maximum of some monotone measure
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Figure 1: The graph Fg

of each of the error components. Consequently, if 1 was computed in the same way as 7, but
from the components remaining after running a reasonable initialization algorithm instead
of after running the base algorithm, then 7" <.

For the Maximal Independent Set problem with predictions, we define another monotone
measure and, from it, another error measure. A vertex cover of a graph is a subset of nodes
that contains at least one endpoint of every edge. It follows that the complement of a vertex
cover is an independent set and vice versa. For any graph, G, let a(G) be the size of a
maximum independent set of G and let 7(G) be the size of a minimum vertex cover of G.
The closest correct solution in an error component, S, in which all nodes have prediction
1 is a maximum independent set of S. The nodes with incorrect predictions relative to
this solution is a minimum vertex cover of S. In this case, 7(5) is the number of incorrect
predictions. The size of a maximum independent set of an error component is an upper
bound on the size of the maximal independent set of that component that is found by an
algorithm. Thus, if a node is added to the independent set every constant number of rounds
of some algorithm, then the algorithm performs O(«(.S)) rounds on any error component S.
For any graph G, let

p2(G) = 2min{a(G), 7(G)} and let gy = max{pu(S) | S is an error component}.

Since the complement of the set of nodes in an independent set of a graph is a vertex cover of
that graph, for any component, S, at least one of «(.S) and 7(S) is at most half the number
of nodes in S. Hence,

o < [,

and, for any instance of maximal independent set with predictions,

M2 < M.

Therefore, showing that an algorithm is no-degrading is at least as strong as showing that it
is n-degrading. Note that, when G is a clique, a(G) = 1 and, when G is a star, 7(G) = 1,
SO lo can be significantly smaller than pq and 7, can be significantly smaller than 7;.
Another possible error measure for the MIS problem is based on a different definition of
an error component. A black (white) component is a component of the graph induced by the
nodes that have prediction 1 (0) and were active at the end of the base algorithm. We define
the error measure, 7, to be the number of nodes in the largest black or white component
that would remain in the graph if the base algorithm were run. Note that, for any instance,
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the prediction error, n,, is bounded above by n;. In some instances, for example when all
nodes receive the same prediction, 7, = n;. However, there are interesting instances where
the value of n,, is much smaller than the value of n;. This can lead to faster algorithms. For
example, consider a two-dimensional grid with n nodes, where the nodes with coordinates
in {(4,5) | i,jmod4 € {0,1}} U{(¢,7) | 4,j mod 4 € {2,3}} are colored black and the
remaining nodes are colored white. This is illustrated in Figure[2] For this instance, 7, = n,
but n,, = 4. In general, splitting the error components into smaller ones based on the
predictions the nodes receive is a symmetry breaking mechanism. We give examples of MIS
algorithms with predictions that use this error measure in Section [9]
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Figure 2: The black and white components of an instance of the grid graph

5.1 Error Measures Used for Graph Problems in Other Settings

Graph problems with predictions have been considered in order to improve the running
time of classic and dynamic graph algorithms, and the competitive ratio of online graph
algorithms.

The running times of algorithms for various graph problems have been improved using
predictions. Chen, Silwal, Vakilian and Zhang [I8] consider problems where predicting the
dual solution is helpful. For different problems, they consider error measures based on
different LP-norms of the difference between the predicted dual solution and an optimal dual
solution.

Moseley, Niaparast and Singh [54] consider predictions for the Global Minimum Cut
problem that indicate whether each edge is in the minimum cut. They compare the predic-
tions to an arbitrary minimum cut, using two error measures together, one error measure
that counts the number of edges that are incorrectly predicted to be in this minimum cut
and another error measure that counts the number of edges that are incorrectly predicted to
not be in this minimum cut. In both cases, the error measure is normalized by the weight of
the minimum cut. They also consider predictions that give the probability that each edge is
in the minimum cut. The two error measures they use in this setting are natural extensions
of their other error measures.

Max-flow has been considered with different error measures, where the predictions are
always an amount of flow for each edge. In the papers by Davies, Moseley, Vassilvitskii
and Wang [19] and Polak and Zub [56], the error measure is the minimum L' norm of the
difference between the predicted flow, which may not be feasible, and a closest maximum
flow. In another paper, by Davies, Vassilvitskii and Wang [20], the error measure considers
both the minimum amount of flow needed to be added to the prediction to saturate some
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s —t cut and how far the prediction is from being a feasible flow (by summing the absolute
value of the difference between the incoming and outgoing flow at each vertex).

Predictions have also been considered for dynamic graph algorithms, especially incremen-
tal graph algorithms. Incremental Approximate Shortest Path problems with predictions
(among other problems) were considered by van den Brand, Forster, Nazari and Polak [58],
Henzinger, Saha, Seybold and Ye [36], and McCauley, Moseley, Niaparast, Niaparast, and
Singh [51]. In all three papers, one prediction considered is the order of arrivals of edges,
and the error measure is the maximum, over all edges, of the absolute value of the differ-
ence between its predicted and actual position in the order of arrival. Incremental problems
for directed graphs are considered by McCauley, Moseley, Niaparast, and Singh [52]. The
prediction for each vertex is the number of edges that are ancestors of the vertex and the
number that are descendants of the vertex in the final graph. The error measure is the
maximum over all vertices of the sum of the absolute values of the differences between the
predicted and actual values of their numbers of ancestors and descendants.

Antoniadis, Broersma and Meng [3] considered online graph coloring algorithms with
predictions, where each vertex that arrives has a predicted color. The error measure they
use is the number of incorrect predictions as compared to a closest optimal coloring, i.e., a
coloring that uses the fewest number of colors.

Online algorithms on metric spaces have been considered, where the predictions are the
locations at which requests will arrive. Note that this setting applies to graph problems,
letting the distance between two vertices in the metric space be the length of the shortest
path between them in the graph. Azar, Panigrahi, and Touitou [4] define an error measure
based on the minimum cost of a matching between some predicted locations and some
actual locations, as well as the number of predicted and actual locations that were not
included in the matching. Bernardini, Lindermayr, Marchetti-Spaccamela, Megow, Stougie
and Sweering [I4] define error measures based on covering the unexpected actual requests
by predicted requests and covering absent predicted requests by actual requests.

Online graph algorithms with predictions have been considered where items arrive one a
time and must be either accepted for or rejected from the final solution. Boyar, Favrholdt,
Kamali and Larsen [16] studied the problem of obtaining a matching of large size, where the
items are edges of the graph. At the beginning, an algorithm is given a prediction of which
edges will arrive. Thus, prediction errors are predicted edges that do not arrive in the actual
input or arriving edges that were not predicted. Their error measure is the maximum size of
a matching of the incorrectly predicted edges, normalized by the maximum size of a matching
of all edges. Berg, Boyar, Favrholdt and Larsen [13] and Berg [12] consider the Bounded-
Degree Vertex Cover and the Bounded-Degree Independent Set problems, respectively, where
the items are the vertices (together with the edges adjacent to previously arrived vertices).
Each arriving vertex comes with a prediction of whether the vertex is in the given set, so
should be accepted, or not in the set, so should be rejected. Two error measures are used
with possibly different weights, the number of incorrect predictions of vertices to accept and
the number of incorrect predictions of vertices to reject.
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6 Measure-Uniform Algorithms

Korman, Sereni and Viennot [42] call a graph algorithm uniform with respect to a graph
parameter if the round complexity of the algorithm depends on the value of that parameter,
but the algorithm does not require that nodes know even an upper bound on the value of
the parameter. If such an algorithm is run on a subgraph, its round complexity is a function
of the value of the parameter for the subgraph, rather than for the entire graph.

A graph algorithm is measure-uniform with respect to measure p if it is uniform with
respect to pu and its round complexity does not depend on the value of any other graph
parameters. For example, if the round complexity of the algorithm depends only on the
number of nodes in the graph, then the round complexity of the algorithm when performed
on (a subgraph of) an error component will be bounded above by a function of the prediction
error 7);, which could be much smaller than the number of nodes in the original graph.
However, if the round complexity of the algorithm also depends on a parameter such as the
size of the domain from which the identifiers are chosen or on the largest identifier, the value
of this parameter may be the same as in the original graph.

A measure-uniform algorithm can be used as part of a graph algorithm with predictions
to separately compute a solution on each error component independently. We use measure-
uniform algorithms in our framework to obtain algorithms with predictions that have good
degradation functions.

An example of a measure-uniform algorithm for the MIS problem is to repeatedly choose
an independent set of nodes in the remaining graph, add these nodes to the independent set,
and eliminate them and their neighbors from the graph [40]. One way to deterministically
choose an independent set is to take every node whose identifier is larger than the identifiers
of all its active neighbors. We call this the Greedy MIS Algorithm. Pseudo-code is presented
in Algorithm [6] It assumes that each node knows the identifiers of all its neighbors.

Algorithm 1 Greedy MIS Algorithm, code for node p;
forr=1,...do
round 27 — 1:
if all active neighbors of p; have identifiers smaller than ¢ then
it notifies all its active neighbors that it is in the independent set,
outputs 1, and terminates

round 2r:
if p; received a message from a neighbor during round 2r — 1 then
it notifies all its active neighbors that it is not in the independent set,
outputs 0, and terminates
else
for each neighbor p; from which p; received a message during round 2r do
pi locally records that p; has terminated

At the end of each even numbered round, a node has output 0 if and only if it is the
neighbor of a node that has output 1. Thus, the nodes that have output 1 form an indepen-

14



dent set of the graph and the values that have been output by the end of each even numbered
round form an extendable partial solution. At the end of the algorithm, when all nodes have
terminated, the set of nodes that have output 1 is a maximal independent set of the graph.

Lemma 1 When performed on a graph, GG, the Greedy MIS Algorithm has round complexity
at most max{y;(S) | S is a component of G} and it is measure-uniform with respect to p;.

Proof During each odd numbered round, at least one node in each component of the
remaining graph has an identifier that is larger than all its neighbors and, hence, terminates.
If a component contains more than one node, then at least one node in the component receives
a message from a neighbor and, hence, terminates during the subsequent even numbered
round. Thus, the Greedy MIS Algorithm has round complexity at most s when performed
on a component, S, with s = £;(S) nodes. Since the code does not mention any graph
parameters, it is uniform with respect to p;. Hence, it is measure-uniform with respect to

M- 0

Lemma 2 When performed on a graph, GG, the Greedy MIS Algorithm has round complexity
at most max{us(S)+1| Sis a component of G} and it is measure-uniform with respect to

2.

Proof Let S be a component of G and let S” be the subgraph of S induced by the active nodes
in S immediately before some odd numbered round of the Greedy MIS Algorithm. During
the next round, at least one node v in S’ is chosen to be in the maximal independent set and,
in the next round, all of v’s neighbors in S’ are excluded from the maximal independent set,
creating an extendable partial solution. Let S” be the subgraph induced by the remaining
active nodes in S.

If S” has an independent set, M, of size at least a(S"), then M U{v} is an independent set
in S’ of size at least a(S”)+1, which contradicts the definition of a(G’). Thus, a(S") < a(S").
Since a nonempty graph has an independent set of size at least 1, all nodes of S terminate
within 2a/(.S) rounds of the Greedy MIS Algorithm.

Let V' be a vertex cover of S of size 7(5). If S’ contains at least one edge, then at least
one node, v, with a neighbor, u, in S’ is chosen to be in the maximal independent set. At
least one of v and w must be in V', so V(S”) NV’ is a proper subset of V(S") N'V’. Thus,
after 27(G) rounds, all nodes in V' have terminated and their edges have been removed,
so there are no edges remaining. In a graph with no edges, all nodes terminate within one
round of the Greedy MIS Algorithm, so all nodes of S terminate within 27(S) + 1 rounds of
the Greedy MIS Algorithm.

Therefore, the Greedy MIS Algorithm has round complexity at most the maximum over
all components S of the graph of min{2«(S),27(S) + 1} < pe(S) + 1. Since the code does
not mention any graph parameters, it is uniform with respect to ps. O

The Greedy MIS algorithm is an asymptotically optimal measure-uniform algorithm with
respect to the measures p; and py. We establish this result using the following result from
Ramsey Theory [35], 57].
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Theorem 3 For all positive integers K, L, and M, there is a positive integer R(K, L, M)
such that for every set S of size at least R(K, L, M) and every function f that maps the
K-element subsets of S to {0,1,..., M — 1}, there is a subset S C S of size at least L such
that f has the same value on every K-element subset of S”.

Consider the graph consisting of n nodes connected in a line, where every node initially
knows its own identifier and the identifier of its left neighbor and the identifier of its right
neighbor, if these neighbors exist. We prove lower bounds on the number of rounds to solve
the MIS problem on this graph, starting with a lower bound for coloring its nodes with at
most 3 colors so that no two adjacent nodes get the same color.

Lemma 4 Every deterministic algorithm for coloring the nodes of an n node line with 3
colors requires at least (n — 3)/2 rounds, if its round complexity does not depend on the
domain from which the node identifiers are chosen or d is a sufficiently large function of n.

Proof To obtain a contradiction, suppose there is a deterministic algorithm A that always
colors the nodes of this graph using 3 colors in 7'(n) < (n—3)/2 rounds. Then 27'(n)+4 < n.
In addition to its own identifier, each node initially only knows the identifiers of its left and
right neighbors. By the end of the algorithm, each node only learns the identifiers of the
nodes at distance at most 7T'(n) + 1 away. Nodes that are neither among the first T'(n) + 1
nodes nor the last 7'(n) + 1 nodes (which includes the nodes in positions T'(n) + 2 and
T(n) 4+ 3) cannot determine their position relative to the end of the line. Each such node
only knows its own identifier and the identifiers of the 7'(n) + 1 to their left and right, so it
decides what color to output as a function of this sequence of identifiers. For these nodes,
algorithm A can be viewed as a function that maps each sequence of 27'(n) + 3 identifiers
to one of the three colors. When restricted to labelings of the line with identifiers that are
strictly increasing from left to right, it can be viewed as a function that maps each subset
of 2T'(n) + 3 identifiers to one of the three colors.

By Theorem [3 there is a (large) integer r = R(27'(n) + 3,27'(n) + 4,3) and a subset
S" C {1,...,r} of identifiers of size at least 27°(n) + 4 such that A maps every 27'(n) + 3
element subset of S’ to the same color. Consider a line of length n > 27'(n) + 4 whose first
2T (n) + 4 nodes have strictly increasing identifiers from S’. Then A colors the nodes in
positions T'(n) + 2 and T'(n) 4+ 3 with the same color, contradicting the correctness of A. [

Lemma 5 Every deterministic algorithm for computing a maximal independent set of an n
node line requires at least (n — 5)/2 rounds, if its round complexity does not depend on the
domain from which the node identifiers are chosen or d is a sufficiently large function of n.

Proof To obtain a contradiction, suppose there is a deterministic algorithm that always
computes a maximal independent set of this graph in fewer than (n — 5)/2 rounds. Instead
of outputting a value and terminating, each node broadcasts this value to its neighbors in
the next round. Then the nodes in the independent set output 0. Nodes that are not in
the independent set output 1 if they have a left neighbor that is in the independent set;
otherwise, they output 2. This is an algorithm that 3-colors the nodes of an n node line with
3 colors in fewer than (n — 3)/2 rounds, contradicting Lemma [4] O

16



Theorem 6 The Greedy MIS Algorithm is an asymptotically optimal measure-uniform al-
gorithm with respect to p; and po.

Proof Consider any algorithm for the MIS problem that is measure-uniform with respect
to p1 or pe. Then its round complexity does not depend on the domain from which the
node identifiers are chosen. By Lemma [5, when run on an n node line, L, this algorithm
takes at least (n — 5)/2 € Q(u1(Ly)) € Qu2(Ly,)) rounds. On every graph, G, with n
nodes, Lemma [2] says that the round complexity of the Greedy MIS Algorithm is at most
max{uz(S) + 1 | Sisacomponent of G} < uo(G) +1 < p1(G)+1 =n+ 1. Hence, it is
asymptotically optimal with respect to p; and ps. O

Korman, Sereni and Viennot [42] give a method for constructing algorithms that are
uniform with respect to n and A from ones that are not, without increasing the running time
by more than a constant factor. Their idea is to repeatedly execute the original algorithm
with increasingly larger guesses for n (and A), but storing the values of the output variables
as a tentative solution, rather than outputting them. After each repetition, they apply a
pruning algorithm, output the extendable partial solution it produces, and perform the next
repetition on the remainder of the graph, if it is not empty. However, algorithms that depend
on the nodes having distinct identifiers and whose round complexity depends on d remain
nonuniform with respect to d. In particular, they obtain a coloring algorithm running in
O(A+log* d) rounds that is uniform with respect to A and an O(log® n log d) round matching
algorithm that is uniform with respect to n. These algorithms cannot be used to obtain good
degradation, since they are not measure-uniform.

7 Templates for Graph Algorithms with Predictions

Starting with the early work by Lykouris and Vassilvitskii [49, [50] and by Kumar, Purohit,
and Svitkina [43], an online algorithm that is consistent and has a good competitive ratio as
a function of the prediction error can sometimes be combined with another online algorithm
that is robust to obtain an online algorithm that is both consistent and robust. The paper
by Kumar, Purohit, and Svitkina was applied to a nonclairvoyant scheduling problem, and
this was generalized to a framework covering additional scheduling problems by Lindermayr
and Megow [46].

Using similar strategies, we develop four general templates that can be used to obtain
distributed graph algorithms with predictions. The templates all start with a reasonable
initialization algorithm to ensure consistency, followed by a distributed graph algorithm
without predictions, or two that are combined in some way. Each template requires certain
properties of the algorithmic components they use and promises certain properties for the
resulting algorithm with predictions. Following the result for each template, we briefly
discuss the necessary properties and present relevant comparisons to earlier templates.

The templates all use a reference algorithm, R, and ensure that the worst-case round
complexity of the resulting algorithm is within a constant factor of the worst-case round
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complexity of R (so it is robust with respect to R). Three of them also use a measure-
uniform algorithm, U, to obtain good degradation. These algorithms are used mostly in a
black box manner, although they may be modified slightly. For example, an algorithm could
be interrupted after a given number of rounds. To make switching between algorithms work
smoothly, we assume that, prior to terminating, nodes inform their active neighbors about
their output values. Further details are discussed with the relevant templates.

For each template, we analyze the round complexities of the resulting algorithm with
predictions as a function of an error measure. We also present an example of an algorithm
with predictions for the MIS problem obtained using that template and determine its round
complexity as a function of n; or n.. Since 7, < 1y, an upper bound as a function of 7,
also implies an upper bound as a function of 7;. Throughout this section, we assume that
the round complexities of R and U depend on some subset of {n,A,d} and are nonde-
creasing functions of these parameters. In Section [9] we give examples of graph algorithms
with predictions for the error measure 7, constructed using our templates (with minor
modifications).

7.1 The Simple Template

Using the first template, we obtain an algorithm with predictions by first running a reason-
able initialization algorithm and then running any reference algorithm, R, without predic-
tions. The properties of the resulting algorithm will depend on the properties of R. Note
that the maximum of the degrees of the nodes in an error component is always less than the
number of nodes in that error component.

Algorithm 2 Simple Template
Run a reasonable initialization algorithm, B
Run a reference algorithm, R.

Observation 7 Given a reasonable initialization algorithm, B, with round complexity ¢(n)
and a reference algorithm, R, with round complexity at most r(x), which is uniform with re-
spect to p, the algorithm with predictions obtained using the Simple Template (Algorithm
has consistency c¢(n), has round complexity ¢(n) + r(n), where 1 is the maximum of p over
all error components, and, hence, is r(n)-degrading.

One example is to use the MIS Initialization Algorithm as B and the Greedy MIS Al-
gorithm as R in the Simple Template. The resulting MIS algorithm with predictions has
consistency 3. By Lemmal[I], the round complexity of the resulting MIS algorithm with pre-
dictions is at most 7; +3 and, by Lemma [2] it is at most 7o +4. Thus, it is both 7;-degrading
and n,-degrading. It is also robust with respect to the Greedy MIS Algorithm. However, the
worst-case round complexity of this reference algorithm is large, so the resulting algorithm
with predictions is not very good.
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Another example of the Simple Template uses a different reference algorithm [42]. Tt
computes a Maximal Independent Set in O(A+log™ d) rounds, its round complexity does not
depend on n, and it is uniform with respect to both A and d. Essentially, it uses successively
significantly larger estimates for the values of these parameters to make previously known
maximal independent set algorithms uniform with respect to these parameters. The MIS
algorithm with predictions that results from using the Simple Template with this algorithm
as R and the MIS Initialization Algorithm as B is consistent and has round complexity
O(A’'+1og" d), where A’ is the maximum of the degrees of the nodes in the error components.

Since the maximum degree of the nodes in an error component is less than the number of
nodes in that error component, the round complexity is O(n; +log™ d). Hence, by definition,
it is not O(n;)-degrading or O(ns)-degrading. Note that any deterministic algorithm for
the MIS problem on graphs with n nodes and maximum degree A requires Q(min{A +
log* n, (logn)/loglogn}) rounds in the LOCAL model [6]. If d € n®M), as is often assumed,
then this algorithm with predictions is robust for A € O(logn/loglogn), and it is close to
being O(n;)-degrading, since log™ d is almost constant.

Summary. The Simple Template ensures consistency. If the reference algorithm, R, is
measure-uniform with respect to p and has round complexity f(u) then the resulting algo-
rithm is f(n)-degrading. When the round complexity of R is an asymptotically increasing
function of d, the size of the domain from which node identifiers are chosen, the resulting
algorithm is neither f(n;)-degrading nor f(ny)-degrading for any function f. If the round
complexity of R does not depend on d, Lemma [5 says that the worst-case round complexity
of R on a component is at least linear in the size of the component. Since there are MIS
algorithms with polylogarithmic round complexity, in this case, the resulting algorithm is
not robust.

7.2 Consecutive Template

Suppose that (an upper bound on) the round complexity, r(n, A, d), of a reference algorithm,
R, depends on parameters of the graph that are known to all nodes. Then the nodes can com-
pute the value of this function for the entire graph. When combined with a measure-uniform
algorithm, U, with f(x) round complexity, we can obtain an algorithm with predictions that
is 2f(n)-degrading, where 7 is the maximum of y over all error components, and is robust
with respect to the reference algorithm. The idea is to run the measure-uniform algorithm
following a reasonable initialization algorithm for r(n, A, d) rounds, to handle instances with
small prediction error and then run the reference algorithm on the remaining graph.

If the measure-uniform algorithm does not output a complete solution within the prede-
termined number of rounds, it may be necessary to output values at some additional nodes
to ensure that, when the reference algorithm begins (on the remaining part of the graph),
the partial solution that has been output is extendable. A clean-up algorithm, C, extends a
partial solution by having a (possibly empty) set of nodes output values, so that the resulting
partial solution is extendable. Such an algorithm can generally be defined from a reasonable
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initialization algorithm for the same problem, provided that nodes inform their active neigh-
bors of the values they are going to output each round. We use ¢/(n) to denote its round
complexity, since it might be different than the round complexity, ¢(n) of the initialization
algorithm.

For the MIS problem, a clean-up algorithm can be performed in one round: every active
node which has a neighbor that output 1 simply outputs 0 after informing its active neighbors
that it will output 0.

A clean-up algorithm is similar to a pruning algorithm [42]. However, a pruning algorithm
outputs an extendable partial solution that is part of a given tentative solution (which may
contain some default values), whereas a clean-up algorithm is given a partial solution and
outputs additional values, if necessary, to make the resulting partial solution extendable.

Algorithm 3 Consecutive Template
Run a reasonable initialization algorithm, B
Run a measure-uniform algorithm, U, for r(n, A, d) + ¢ (n) rounds
Run a clean-up algorithm, C
Run a reference algorithm, R

Lemma 8 Given a reference algorithm, R, with round complexity at most 7(n, A, d), a rea-
sonable initialization algorithm, B, with round complexity ¢(n) € O(r(n, A, d)), a measure-
uniform algorithm, U with round complexity f(u), and a clean-up algorithm, C', with round
complexity ¢'(n) € O(r(n,A,d)), the algorithm with predictions obtained using the Con-
secutive Template (Algorithm [3)) has consistency c(n), is 2f(n)-degrading, where 7 is the
maximum of y over all error components, and is robust with respect to R.

Proof If f(n) < r(n,A,d) + (n), then the resulting algorithm terminates while running
U, so the number of rounds performed is at most ¢(n) + f(n) € O(r(n,A,d)). If f(n) >
r(n,A,d)+d(n), then R is performed after running algorithms B, U, and C, so the number
of rounds performed is at most ¢(n) +2r(n, A, d) +2¢(n) < 2f(n) +c(n). In either case, the
number of rounds performed is at most 2f(n) + ¢(n), so the algorithm is 2f(n)-degrading.
Since the number of rounds performed is also in O(r(n, A, d)), the algorithm is robust with
respect to R. O

For example, consider the MIS algorithm by Ghaffari and Grunau [30] that has O(log®? n)
round complexity. It depends on each node knowing an upper bound N € n°® on the
number of nodes in the graph and assumes that d € n®1. A distributed graph algorithm
with predictions for the MIS problem that is consistent, robust with respect to this algorithm,
and both 2n;-degrading and 2n,-degrading can be obtained from the Consecutive Template
using their algorithm as the reference algorithm, R, the MIS Initialization Algorithm as the
initialization algorithm, B, the Greedy MIS Algorithm as the measure-uniform algorithm,
U, and the one round clean-up algorithm described above as C.
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Summary. The Consecutive Template ensures consistency. In the worst case, it causes
the round complexity of the resulting algorithm to be twice the round complexity of the
reference algorithm, R, and its degradation function to be twice the round complexity, f(u),
of the measure-uniform algorithm, U. Provided R is asymptotically optimal, it also ensures
robustness. In addition, if f(u) does not grow too quickly, then the resulting algorithm is
smooth with respect to R. In contrast to the Simple Template, we can obtain both robustness
and linear degradation simultaneously for MIS. However, it requires that all nodes are able
to compute good upper bounds on the round complexity, r(n,A,d), of R and the round
complexity, ¢/(n), of the clean-up algorithm C.

7.3 Interleaved Template

Consider a reference algorithm, R, with round complexity r(n, A, d) that can be divided into
m(n, A, d) phases with a good known upper bound, r;(n, A, d), on the round complexity of
phase 7, such that the sum of r;(n, A, d) over all phases is in O(r(n, A, d)). Also consider a
measure-uniform algorithm, U, with round complexity f(u) that can be divided into phases
with these round complexities. Suppose that, at the end of each phase of these algorithms,
the partial solution that has been computed is extendable. In this case, using the Interleaved
Template, we can obtain an algorithm with predictions by running a reasonable initialization
algorithm, B, with round complexity ¢(n) € O(r(n,A,d)), and then running the phases of
the measure-uniform algorithm and the reference algorithm in an interleaved manner. The
first phase of U is run first to handle instances with small prediction error. During each
round, all active nodes should be performing the same phase of the same algorithm. Thus,
unless a node has terminated, it should wait until the number of rounds that has elapsed in
a phase is the known upper bound for that phase, before starting the next phase.

Algorithm 4 Interleaved Template
Run a reasonable initialization algorithm, B
for i1 =1,2,3,...,m(n,A,d) do
Run phase i of the measure-uniform algorithm, U, for r;(n, A, d) rounds
Run phase i of the reference algorithm, R, for r;(n, A, d) rounds

Lemma 9 Suppose we have a reference algorithm, R, with round complexity r(n, A, d),
and a measure-uniform algorithm, U, with round complexity f(u), both of which can be
divided into m(n, A, d) phases, where the round complexity of phase i is at most r;(n, A, d),
where the sum of r;(n, A, d) over all phases is in O(r(n, A, d)). Also suppose that the partial
solution at the end of each phase of these algorithms is extendable. Given a reasonable
initialization algorithm, B, with round complexity c(n) € O(r(n, A, d)), the algorithm with
predictions obtained using the Interleaved Template (Algorithm | has consistency c(n), is
2f(n)-degrading, and is robust with respect to R.

Proof Since the error, n, does not increase when errors in the predictions are removed and
the round complexities of R and U are assumed to be nondecreasing functions, it follows

21



that interleaving these algorithms does not increase the maximum number of rounds each
performs.

We now determine an upper bound on the round complexity of the resulting algo-
rithm with predictions. If f(n) < ri(n,A,d), then the number of rounds performed is
at most c¢(n) + f(n) < e(n) +ri(n,A,d) € O(r(n,A,d)). If >7_ ri(n,Ad) < f(n) <
Zz;l ri(n,A,d)), where 1 < j < m(n,A,d), then part of U is performed and at most j phases
of R are performed, for a total of at most c(n) + f(1) + S20_, r:(n, A, d) < c(n) + 2f(n) <
c(n) + 237 ri(n, A d)) € O(r(n, A, d)) rounds. If ZZT’A’C[) ri(n,A,d) < f(n), then it
is possible that all m(n,A,d) phases of R are performed, for a total of at most ¢(n) +
2 Z:i(f’A’d) ri(n,A,d) < c¢(n) + 2f(n) rounds. Also note that ¢(n) + 2 Z;’;(ln’A’d) ri(n,A,d) €
O(r(n,A,d)).

In all cases, the number of rounds performed is at most ¢(n) + 2f(n), so the algorithm
is 2f(n)-degrading. Since the number of rounds performed is also in O(r(n, A,d)), the
algorithm is robust with respect to R. O

Next, we present an example of how this template can be applied. We start with a dis-
cussion of the reference algorithm, in some detail, in order to define phase lengths. Ghaffari,
Crunau, Haeupler, Ilchi and Rozhoi [31] present an O(lognlogd) round clustering algo-
rithm. Given a graph with n nodes, it computes a collection of disjoint sets of nodes whose
union has size at least n/2 such that nodes in different sets are not adjacent in the graph and
the subgraph induced by each set has diameter O(lognloglogn). For each of these induced
subgraphs, it also computes a breadth-first search tree. This tree can be used to compute a
maximal independent set of this induced subgraph in O(logn loglogn) rounds. Consider the
reference algorithm, R, obtained by repeatedly performing phases that consist of running
the clustering algorithm, computing a maximal independent set of the subgraph induced
by each set, and then performing the one round clean-up algorithm. Since the number of
nodes remaining in the graph at the end of phase i is at most n/2¢, it is easy for these nodes
to compute an upper bound r;11 € O(log(n/ 29)1log d) on the number of rounds needed for
the next phase. It is not necessary that they compute the number of phases that will be
performed.

Corollary 10 Using the Interleaved Template with the MIS Initialization Algorithm as
the initialization algorithm, B, the Greedy MIS Algorithm as the measure-uniform al-
gorithm, U, and the reference algorithm, R, with phase lengths as just described, gives
an algorithm with predictions for MIS that has consistency 3 and round complexity 3 +

2min{n;, O(logn; lognlogd)}. It is both 2n;-degrading and 2my-degrading, and it is robust
and smooth with respect to the reference algorithm R.

Proof The MIS Initialization Algorithm consists of three rounds. The Greedy MIS Algo-
rithm has round complexity bounded above by both p; and ps + 1. The partial solution
it outputs at the end of every even numbered round is extendable, so we choose r; to be
even for 1 < i < logn in the Interleaved Template. By Lemma [J] the resulting algorithm
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has consistency 3, is both 2n;-degrading and 2n,-degrading, and is robust with respect to R.
Hence it is also smooth with respect to R.

Since the number of active nodes in each error component decreases by at least a factor
of two for each phase of R, at most logn; iterations are performed. Hence, the resulting
algorithm has round complexity at most ¢(n) +2 38" r;(n, A, d) € O(logn lognlogd). O

Summary. The Interleaved Template ensures consistency. Like the Consecutive Template,
it causes the round complexity of the resulting algorithm to be twice the round complexity
of the reference algorithm, R, and its degradation function to be twice the round complexity,
f(), of the measure-uniform algorithm, U. Provided R is asymptotically optimal, it also
ensures robustness. In addition, if f(u), does not grow too quickly, then the resulting
algorithm is smooth with respect to R. In contrast to the Simple Template, we can obtain
both robustness and linear degradation simultaneously for MIS. It requires that both R
and U can be divided into phases with the same upper bound on their round complexities,
which can be computed by all nodes. Note that the Greedy MIS Algorithm and the other
measure-uniform algorithms described in Section |8| all work in phases consisting of a small
constant number of rounds. Hence, they can easily be used as U in the Interleaved Template.
As compared to the Consecutive Template, the resulting algorithm may terminate earlier,
since the reference algorithm may reduce the value of the measure of the remaining problem
significantly each round or the reference algorithm might terminate earlier than the known
upper bound, possibly due to good predictions.

7.4 Parallel Template

Using a measure-uniform algorithm with round complexity f(u), in either the Consecutive or
the Interleaved Template gives an algorithm with predictions that is 2 f(n)-degrading, where
7 is the maximum of p over all error components. We show that, under certain conditions,
the factor of 2 can be removed.

The solutions to some graph problems remain solutions when nodes are removed from
the graph. For example, a coloring of a graph is still a coloring of any induced subgraph.
Similarly, if M is an independent set of a graph G and G’ = (V' E') is an induced subgraph
of G, then M NV’ is an independent set of G'. However, a maximal independent set may
no longer be maximal when nodes are removed. For example, just considering two nodes
with an edge between them, a set consisting of one of these nodes is a maximal independent
set, but, if that node is removed, the empty set is not a maximal independent set of the
remaining graph.

Consider a graph problem whose solutions remain solutions when nodes are removed. An
algorithm for such a problem is fault-tolerant if it runs in a model where nodes can crash
and, at any point, the partial solution output by the nodes that have not crashed is a partial
solution to the problem on the subgraph induced by these nodes.

Suppose that a reference algorithm, R, has two parts, the first of which is fault-tolerant.
The second part can be empty, if the entire reference algorithm is fault-tolerant. The idea of
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the Parallel Template is to run the first part of R in parallel with a measure-uniform algo-
rithm, U. Even though the model assumes that nodes are nonfaulty, a node that terminates
while it is performing the measure-uniform algorithm can be treated as if it had crashed by
the reference algorithm. Nodes must know a good upper bound, r1(n, A, d) on the round
complexity of the first part of the reference algorithm. To avoid interference between the two
algorithmes, if the first part of the reference algorithm outputs values, it is modified so that
these values are, instead, stored locally by nodes. While performing the measure-uniform
algorithm, nodes still output values. A node that terminates while performing the measure-
uniform algorithm no longer participates in the reference algorithm and it is treated as if it
has crashed.

After the first part of the reference algorithm is known to have completed, the partial
solution produced by the measure-uniform algorithm is made extendable by running a clean-
up algorithm. The locally stored outputs, if any, computed by the first part of the reference
algorithm are output. Then the second part of the reference algorithm is performed.

Although a measure-uniform algorithm with round complexity f(u) will terminate within
f(n) rounds when f(n) < ri(n,A,d), it is not clear that it will have made enough progress on
the problem instance if it does not terminate. So, even if part 2 of R has round complexity
at most f(u), it only follows that the round complexity of the resulting algorithm with
predictions is at most ¢(n) +71(n, A, d)+ f(n) < 2f(n). To ensure that its round complexity
is at most ¢(n) + f(n) + O(n) and, hence, that it is f(n)-degrading, we introduce another
property.

A measure-uniform algorithm, U, with round complexity at most f(u) makes steady
progress with respect to y if, for every connected graph G and every 1 < r < f(u(G)), each
component, S, of the subgraph induced by the set of active nodes at the end of round r
when U is performed on G has the property that » + f(u(S)) < f(u(G)) + O(1). Since the
round complexity of the Greedy MIS Algorithm is at most gy and, in every round, at least
one node in every component terminates, it makes steady progress with respect to p;. Since
the round complexity of the Greedy MIS Algorithm is at most s + 1 and in every other
round the Greedy MIS algorithm adds at least one node to the maximal independent set,
the size of the remaining independent set and the remaining vertex cover are decreased by
at least 1 every second round (as explained in the proof of Lemma . Thus, s is decreased
by at least two every other round, so the Greedy MIS algorithm also makes steady progress
with respect to us.

An alternative way to consider steady progress is as follows. Since f gives an upper
bound on the round complexity of a measure-uniform algorithm as a function of the work to
be done, as quantified by our measure p, f~! gives a lower bound on the work accomplished
by the measure-uniform algorithm (again, as quantified by p) as a function of the round
complexity. Suppose that the algorithm is performed on a connected graph, G, and let
G, denote the subgraph induced by the set of active nodes at the end of round r. The
remaining amount of work to be done is max{u(S) | S is a component of G,} and u(G) —
max{u(S) | S is a component of G,} is the amount of work that has been accomplished.
Hence, f~'(r) < u(G) — pu(S) for every component S of G,.. If f is superadditive, then this

24



condition implies that the algorithm makes steady progress with respect to pu: Because f
is assumed to be nondecreasing, r < f(u(G) — u(S)) for every component S of G,.. So, by

superadditivity, 7+ f(1(5)) < f(1(G)—p(9))+f(u(S)) < f((G)—pu(S)+u(S)) = f((G)).

Algorithm 5 Parallel Template
Run a reasonable initialization algorithm, B
for r1(n, A, d) rounds, in parallel do
Run the next round of the measure-uniform algorithm, U
Run the next round of part 1 of the reference algorithm, R,
storing any outputs locally

Run the clean-up algorithm, C
Output any locally stored outputs
Run part 2 of R

Lemma 11 Suppose we have a reference algorithm, R, with round complexity r(n, A, d),
that has a fault-tolerant first part with round complexity at most r(n, A, d) < r(n, A, d),
which is known to all nodes, a measure-uniform algorithm, U, with round complexity at most
f(u), a reasonable initialization algorithm, B, with round complexity c(n) € O(r(n, A, d),
and a clean-up algorithm, C', with round complexity ¢/(n) € O(r(n, A, d)). If either the round
complexity of C' followed by the second part of R is constant or U makes steady progress
with respect to g and the round complexity of C' followed by the second part of R is at
most f(u)+ O(1), then the algorithm with predictions obtained using the Parallel Template
(Algorithm [f]) has consistency c(n), is robust with respect to R, and is f(n)-degrading, where
7 is the maximum of p over all error components.

Proof The resulting algorithm has round complexity at most c¢(n) + ¢(n) + r(n, A, d) €
O(r(n,A,d)), so it is robust with respect to R.

If the resulting algorithm terminates during the for loop, then the number of rounds
performed is at most ¢(n) + f(n).

Otherwise, f(n) > ri1(n, A, d). If the round complexity of C' followed by the second part
of R is constant, then the number of rounds performed is at most ¢(n)+7r1(n, A,d)+O(1) <
() + f(n) + O(D)

Now suppose that U makes steady progress with respect to u and that the round complex-
ity of C followed by the second part of R is at most f(u)+ O(1). Let G’ be the subgraph in-
duced by the active nodes at the end of the initialization algorithm, B, and let G” be the sub-
graph induced by the active nodes at the end of the for loop. Then the number of rounds per-
formed is at most ¢(n)+7r1(n, A, d)+max{f(u(S”)) | S” is a component of G"}+O(1). Note
that U runs independently on each component of G’, so each component S” of G” is an in-
duced subgraph of some component, S’, of G’. Since U performs r;(n, A, d) rounds during the
for loop and makes steady progress with respect to p, it follows that ri(n, A, d)+ f(u(S")) <
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f(u(S")) + O(1). Hence, the number of rounds performed is at most

c(n) +ri(n, A, d) + max{f(u(S")) | S” is a component of G"} + O(1)
< ¢(n) + max{f(u(S") | S’ is a component of G'} + O(1).

Since f is nondecreasing, this is at most ¢(n) + f(n) + O(1).
Hence, in all cases, the number of rounds performed is at most c¢(n) + f(n) + O(1). It
follows that the algorithm with predictions is f(n)-degrading. O

As an example of how this template is used, we let R be the reference algorithm whose first
part is a fault-tolerant (A+1)-Vertex Coloring algorithm [47, O, 0] with round complexity
ri(n,d,A) € O(A + log*d) and whose second part is a simple greedy algorithm [9] that
produces a maximal independent set from this coloring in A rounds. The second part
considers the colors 1 to A one at a time: In round 1 < ¢ < A, each active node that has
color 7 and has not received 1 from any of its neighbors sends the message 1 to each of its
neighbors (indicating that it is in the maximal independent set), outputs 1, and terminates.
If 1 <i < A and an active node received 1 from at least one neighbor in round ¢ — 1, it sends
the message 0 to each of its neighbors (indicating that it is not in the maximal independent
set) outputs 0, and terminates. Note that, after round i < A, all active nodes have colors
greater than ¢ and each node knows which of its neighbors are active. In round A, each
active node outputs 0 and terminates if it received 1 in this round or the previous round.
Each other node with color A + 1 outputs 1 and terminates in round A, but does not send
any messages. The correctness of this algorithm relies on the fact that the set of nodes with
the same color is an independent set.

If A is constant, then the second part of R has constant round complexity. Otherwise, to
ensure that the resulting algorithm is both n;-degrading and n,-degrading, we can combine
it with the Greedy MIS Algorithm, as follows: In addition, in round 1 <7 < A, each active
node with color greater than ¢ that has not received 1 from any of its neighbors, has no
active neighbor with color 7, and whose identifier is larger than the identifiers of all its active
neighbors sends 1 to each of its neighbors (indicating that it is in the maximal independent
set), outputs 1, and terminates. Nodes that receive this message also send the message 0 to
each of their neighbors, output 0, and terminate.

Corollary 12 Using the Parallel Template with the MIS Initialization Algorithm as the
initialization algorithm, B, the Greedy MIS Algorithm as the measure-uniform algorithm, U,
and the two-part reference algorithm, R, just described, gives an algorithm with predictions
for MIS that has consistency 3 and round complexity min{n, + 4, O(A +1log* d)}. It is both
n-degrading and ns-degrading. When A € O((logn)/loglogn), it is robust and smooth.

Proof The MIS Initialization Algorithm consists of 3 rounds. Since part 1 of R performs
O(A + log* d) rounds and part 2 of R performs at most A rounds, the resulting algorithm
with predictions has round complexity O(A + log* d).

The partial solution output by the Greedy MIS Algorithm at the end of every even
numbered round is extendable, so we choose 1(n,d,A) to be even. Then no clean-up
algorithm is needed. So, when we later apply Lemma d(n)=0.
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Consider any component S of the graph induced by the active nodes at the beginning
of round 7 of part 2 of R. All nodes in S that received 1 in the previous round output 0
and terminate. Suppose no nodes in S received 1 in the previous round. Then all nodes of
color ¢ in S are added to the maximal independent set in round ¢. If S contains no nodes
of color 7, then the node in S with the largest identifier has no active neighbor with color 4,
so it is added to the maximal independent set in round i. All nodes added to the maximal
independent set in round 7 send 1 to all their neighbors and terminate. Thus, at least one
node in S terminates during round ¢. If no node in S is added to the maximal independent
set during round ¢, then no node in S receives 1 in round 7, so at least one node is added to
the maximal independent set in every component of the subgraph of S induced by the active
nodes at the beginning of round ¢ + 1. Therefore, a node is added to the independent set at
least every other round.

As explained in the proof of Lemmal[2] it follows that the size of the remaining independent
set and the remaining vertex cover are decreased by at least 1 every other round, so the round
complexity of the second part of R is bounded above by ps(S) 4+ 1 when performed on a
component, S, of the graph induced by the active nodes at the beginning of part 2 of R.
Since the Greedy MIS algorithm also has round complexity at most ps + 1 and makes steady
progress with respect to po, Lemma [11fimplies that the resulting algorithm with predictions
has round complexity at most 3 4+ 1y + 1. Hence, it is ny-degrading. In addition, because
12 < 1y, this algorithm is n;-degrading. O

Summary. The Parallel Template ensures consistency. Unlike the Consecutive and Inter-
leaved Templates, it does not cause the round complexity of the resulting algorithm to be
twice the round complexity of the reference algorithm, R. Provided R is asymptotically op-
timal, it also ensures robustness. It requires that the first part of R is fault tolerant and that
all nodes know a good upper bound on the round complexity of this part. If the clean-up
algorithm followed by the second part of R has constant round complexity, then the resulting
algorithm is f(n)-degrading, where f(x) is an upper bound on the round complexity of the
measure-uniform algorithm, U. If the clean-up algorithm followed by the second part of R
has round complexity bounded above by f(u) and U makes steady progress with respect to
i, then the resulting algorithm is also f(n)-degrading. In both cases, provided f does not
grow too quickly, the algorithm is smooth with respect to R.

8 Applying Templates to Other Problems

We now consider three additional graph problems and extendable partial solutions for them.
The Maximal Matching, (A + 1)-Vertex Coloring, and (2A — 1)-Edge Coloring problems
are known to be very closely related to the MIS problem. Algorithms for MIS often lead
to similar algorithms for the other problems. For all three problems, each node is given a
prediction for its output.

We give definitions of extendable partial solutions, initialization algorithms, clean-up
algorithms, and error measures for each of these problems. Based on that, one can then
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choose one’s favorite algorithm for the problem and use that as the reference algorithm.
Which template(s) from Section [7| can be used will, of course, depend on the properties of
the reference algorithm that is chosen.

8.1 Maximal Matching

A matching of a graph is a subset M of its edges such that no two edges in M are incident
to the same node. It is mazimal if it is contained in no other matching. In the Maximal
Matching problem, the output y; of node p; is either the neighboring node to which it is
matched or L, indicating that it is unmatched. When all nodes have terminated, y; = j if
and only if y; = ¢ and we say the nodes p; and p; are matched. If y; = L, then all nodes
adjacent to p; have been matched. Given any matching M of a graph G, consider the set of
nodes N that are incident to some edge in M and the set of nodes N’ that are not in NV, but
all of whose neighbors are in N. If M’ is any maximal matching of the graph obtained by
removing N U N’ from G, then M’ U M is a maximal matching of G. Thus, an extendable
partial solution can be obtained by setting y; = j and y; = ¢ for all edges {p;,p;} € M and
setting y; = L for all nodes i € N'.

The Maximal Matching Base Algorithm proceeds as follows: Every node sends its pre-
diction to each of its neighbors. Then each node p; with prediction x; = j # ¢ checks that
x; = 1. If so, it informs its other neighbors, outputs the match, and terminates. Each node
with prediction L outputs L and terminates if it learns that all of its neighbors have been
matched. A node that outputs L does not need to inform its neighbors, since they have all
terminated. Thus, this pruning algorithm takes only two rounds.

Another initialization algorithm that is always at least as good as the Maximal Matching
Base Algorithm has a node output L, even if its prediction is not L, provided all its neighbors
are all matched. Note that this is a reasonable initialization algorithm, but it is not a pruning
algorithm.

The error components are the components of the subgraph induced by the nodes that
would not have produced output after running the base algorithm, and 7; can be used as
the error measure.

In a clean-up algorithm for the Maximal Matching problem, it suffices that every active
node which has been matched to a neighbor informs its other neighbors that it has been
matched, outputs the identifier of the neighbor to which it has been matched, and terminates.

The Maximal Matching problem has a measure-uniform algorithm that is similar to the
one for the Maximal Independent Set problem. Rounds are divided into groups of three. In
the first round of a group, if the identifier of an active node is larger than the identifiers of all
of its active neighbors, it proposes to its active neighbor with the smallest identifier that they
be matched. Each node that receives a proposal chooses the one from the neighbor with the
largest identifier and, in the subsequent round, notifies that neighbor that they are matched.
Each matched node informs its active neighbors in the third round and then terminates.
When an active node receives a message during the third round, it removes the node from
which it received the message as a neighbor. If it no longer has any active neighbors, it
outputs L and terminates. At the end of each group of three rounds, each component of
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the remaining graph has at least two nodes. In the next group of three rounds, at least
two of them are matched and terminate. If this component has exactly three nodes, then
the unmatched node also terminates. Thus, this algorithm has round complexity at most
3|s/2] when performed on a component with s > 2 nodes. When s = 1, the node knows
that it has no active neighbors, so it simply outputs L and terminates. We also show that
this measure-uniform algorithm has asymptotically optimal round complexity.

Lemma 13 Every deterministic measure-uniform algorithm for computing a maximal match-
ing of an n node line requires at least (n — 3)/2 rounds, if its round complexity does not
depend on the domain from which the node identifiers are chosen or d is a sufficiently large
function of n.

Proof To obtain a contradiction, suppose there is a deterministic measure-uniform algo-
rithm A that always computes a maximal matching of this graph in fewer than (n — 3)/2
rounds. Have the left endpoint of each matched edge output 0, have the right endpoint of
each matched edge output 1, and have each unmatched node output 2. This is an algo-
rithm that colors the nodes of an n node line with 3 colors in fewer than (n — 3)/2 rounds,
contradicting Lemma [4] O

8.2 (A + 1)-Vertex Coloring

For the (A +1)-Vertez Coloring problem, the output y; of node p; is a color in {1,..., A+1}
such that no node has the same color as any of its neighbors. It is a special case of the list
vertex coloring problem: each node, p;, has a subset of the colors {1,..., A+ 1}, called its
palette, which is larger than the degree of its node. The requirement is for each node to
output a color y; from its palette, so that no node has output the same color as any of its
neighbors. A partial solution to this problem consists of the outputs of a subset of nodes,
each with a color from its palette, so that no node has output the same color as any of its
neighbors. A partial solution is extendable if the palette of each active node consists of the
colors in {1,..., A + 1} that have not been output by any of its neighbors. This is because
each node has more colors in its palette than its degree, so even if all the neighbors of a node
have output a color, at least one color remains in its palette.

The (A + 1)-Vertex Coloring Base Algorithm proceeds as follows: Every node sends
its prediction to each of its neighbors. If its prediction is different from those of all of its
neighbors, it informs all its neighbors, outputs its predicted color, and terminates. Each
active node that is informed removes this color from its palette. This algorithm takes two
rounds. There is another initialization algorithm for (A+1)-Vertex Coloring, where, instead,
a node outputs its predicted color provided all of its neighbors with the same prediction have
smaller identifiers. This is also a pruning algorithm, and the extendable partial solution
obtained contains the one produced by the (A + 1)-Vertex Coloring Base Algorithm, so it is
a reasonable initialization algorithm.

The error components are the components of the subgraph induced by the nodes that
would not have produced output after running the base algorithm, and 7; can be used as
the error measure.
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No clean-up algorithm is needed for the (A + 1)-Vertex Color problem.

A simple measure-uniform algorithm for the (A 4 1)-Vertex Coloring problem repeatedly
has each active node with an identifier larger than those of all of its active neighbors choose
a color from its palette, inform its active neighbors of its chosen color, and terminate. When
informed, an active node removes the color from its palette and removes the node from
which it received the message as a neighbor. In each round, at least one node in each
component of the remaining graph terminates, so the algorithm has round complexity at
most s when performed on a graph with s nodes. By Lemma [4 in Section [0 this measure-
uniform algorithm has asymptotically optimal round complexity.

8.3 (2A — 1)-Edge Coloring

For the (2A — 1)-Edge Coloring problem, each node, p;, must output a different color, y; . €
{1,...,2A — 1}, for each edge, e, incident to it. A node can output the colors for different
edges in different rounds. It terminates when it has output an assignment for each of its
incident edges. Every pair of neighbors, p; and p;, must output the same color for the edge
{pi,p;}. The (2A — 1)-Edge Coloring problem is a special case of the list edge coloring
problem: each edge has a subset of the colors {1,...,2A — 1}, which is larger than the
number of other edges that are incident to the edge. This palette is maintained by both
of its incident nodes. The requirement is for each node, p;, to output a color ¥, . from the
palette for each incident edge, e = {p;, p;}, so that y; . = y;. and all its incident edges have
different colors. A partial solution for this problem on the graph G = (V| E) consists of a
subset of edges £’ C E such that, for each edge {p;,p;} € E’, nodes p; and p; have output
the same color for this edge, for each edge {p;,p;} € E’, neither node p; nor p; has output
a color for this edge, and no node has output the same color for two of its incident edges.
A partial solution E’ is extendable if, for each edge {p;,p;} & E’, nodes p; and p,; have the
same palette for that edge, which consists of those colors that have not been output by either
node.

The (2A — 1)-Edge Coloring Base Algorithm proceeds as follows: Each node sends its
predicted color for an edge to its neighbor incident to that edge, provided that none of its
other edges have the same predicted color. If that neighbor sends the same color, they
output that color for the edge. If a node has output a color for each of its incident edges,
then it terminates at the end of round 1. Otherwise, it removes the colors it has output from
the palettes for its uncolored edges and, in round 2, sends those colors along its uncolored
edges. A node that receives a color along an edge in round 2 also removes that color from
the palette for that edge. If the prediction is correct, this pruning algorithm terminates in
one round; otherwise it takes at most two rounds.

For the (2A — 1)-Edge Coloring problem, the error components are the components of
the subgraph induced by the edges that would remain uncolored after running the base
algorithm, and 7; can be used as the error measure. One could instead use the maximum of
the number of edges in the error components as the error measure. This makes sense since
coloring the edges of a graph is equivalent to coloring the nodes of its line graph. However,
the number of edges in a component with s nodes is at least s — 1 and may be much larger.
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As mentioned in Section [I.2] when possible, it is preferable to use an error measure that
returns smaller values.

A clean-up algorithm for the (2A — 1)-Edge Color problem could simply have each active
process send any color it has output along its uncolored edges and remove any color that it
receives along an edge from the palette for that edge.

A measure-uniform algorithm for the (2A — 1)-Edge Coloring problem is slightly more
complicated than for the other three problems. Each active node keeps track of which of the
edges adjacent to it and its neighbors have been colored. This information will be known at
the beginning of the measure-uniform algorithm if, in round 2 of the initialization algorithm,
each node also sends, along each of its uncolored edges, the identifiers of all other nodes at the
endpoints of these edges. In each odd-numbered round of the measure-uniform algorithm,
consider each active node, p;, whose identifier is larger than the identifiers of the nodes that
can be reached from it by following at most two uncolored edges. For each of its uncolored
incident edges, e, p; chooses a different color from its palette for that edge, sends that color
to the other endpoint of e, sets y; . to that color and outputs it. Then it terminates. A node,
p;, that receives a color ¢ along edge e = {p;,p;}, sets y;. to ¢ and outputs it. If there are
no longer any uncolored edges incident to p;, it terminates. Otherwise, p; removes ¢ from its
palette for each uncolored edge incident to its node. Then, in the subsequent even-numbered
round, p, informs each of its other neighbors to remove c from the palette of their shared
edge and that edge e is now colored. At least one node terminates in every odd-numbered
round. If a component contains exactly two nodes, both terminate in round 1. Thus, this
algorithm has round complexity at most 2s —3 when performed on a graph with s > 2 nodes.
A graph with 1 node has no edges, so no output is produced and this algorithm terminates
in 0 rounds. We also show that this measure-uniform algorithm has asymptotically optimal
round complexity.

Lemma 14 Every deterministic measure-uniform algorithm for coloring the edges of an n
node line with 3 colors requires at least (n — 3)/2 rounds, if its round complexity does not
depend on the domain from which the node identifiers are chosen or d is a sufficiently large
function of n.

Proof To obtain a contradiction, suppose there is a deterministic measure-uniform algo-
rithm A that always colors the edges of this graph using 3 colors in fewer than (n — 3)/2
rounds. Have each node, except the last, output the color of the incident edge to its right.
Have the last node output one of the colors different from the color of the incident edge to
its left. This is an algorithm that colors the nodes of an n node line with 3 colors in fewer
than (n — 3)/2 rounds, contradicting Lemma O

9 Revisiting MIS: Black and White Components

In this section, we consider MIS algorithms using error measures based on the black and white
components introduced in Section 5| Recall that a black (white) component is a component
of the graph induced by the nodes that have prediction 1 (0) and were active at the end
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of the base algorithm. For general graphs, we use the measure 7, which is the maximum
number of nodes in any black or white component after running the MIS Base Algorithm.
We also consider a different initialization algorithm and error measure for rooted trees.

9.1 An MIS Algorithm with Predictions for General Graphs

First, we consider how to modify a measure-uniform algorithm for general graphs to take
advantage of the partition into black and white components. Suppose we have a measure-
uniform algorithm, U, for a distributed graph algorithm that can be divided into short
phases. For example, the Greedy MIS Algorithm from Section [f] can be divided into phases
of length 2, each of which ends with an extendable partial solution. Then we can obtain
another measure-uniform algorithm, U,,,, by alternately running phases on the black nodes
and the white nodes. When U is running on the black (white) nodes, it ignores the white
(black) nodes, except that, before a black (white) node outputs 1 and terminates, it informs
all its active neighbors, including its white (black) neighbors. If necessary, at the end of each
phase, a clean-up algorithm is performed, in which every active node that is neighbor of a
node that output 1 informs its neighbors, outputs 0 and terminates. (Note that this is not
necessary with the Greedy MIS Algorithm, since the clean-up is part of each phase.) The
round complexity of Uy, is at most twice the round complexity of U. However, it can take
significantly fewer rounds when the black and white components are much smaller than the
error components found by the MIS Initialization Algorithm, as in Figure [2] This measure-
uniform algorithm could be combined with a reference algorithm, using whichever template
is appropriate.

9.2 An MIS Algorithm with Predictions for Rooted Trees

In a rooted tree, each node knows whether it is the root and, if not, which of its neighbors is
its parent. For a strict binary rooted tree (in which all nodes are either leaves or have exactly
two children), it is possible to compute a maximal independent set in only four rounds [5].
In this paper, we consider rooted trees where each node can have any number of children.

When restricted to graphs that are rooted trees, we use a different error measure, n;,
which is the maximum number of nodes on any monochromatic path from a node obtained
by following parent pointers in the subgraph induced by the active nodes at the end of the
MIS Base Algorithm. In other words, 7, is 1 plus the maximum of the heights of the black
and white components. Note that this can be much smaller than the number of nodes in the
largest error component, and it is never larger. Thus, for every rooted tree, n; < My, < 75.

For rooted trees, one can use an initialization algorithm that ensures that active black
nodes are not adjacent to active white nodes when it is complete. Then active black nodes
and white nodes can be processed in parallel, without interfering with one another. A
measure-uniform algorithm, U, can directly take advantage of the fact that black and white
components may be smaller than the components induced by the set of active nodes at the
end of the initialization algorithm.
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The MIS Rooted Tree Initialization algorithm is a reasonable initialization algorithm for
the MIS problem on rooted trees. Its first two rounds are the same as in the MIS Base
Algorithm, except that the independent set I chosen consists of the black nodes (which
received 1 as their prediction) that do not have a black parent. This is a superset of the
set I chosen by the MIS Base Algorithm. In particular, nodes can output 1, even if some of
their children are also black. In round 3, each white node that received a message in round
2 sends 0 to its neighbors, outputs 0, and terminates. Also, each white node that did not
receive a message in round 2 and does not have a white parent sends 1 to its neighbors,
outputs 1, and terminates. In round 4, each active node that received a 1 in round 3, sends
0 to its neighbors, outputs 0, and terminates. A node knows that the nodes it has received
messages from in rounds 2 or later are no longer active. At the end of the MIS Rooted Tree
Initialization Algorithm, the components of the subgraph induced by the active nodes are
monochromatic.

An example for which this initialization algorithm is much better than the MIS Initial-
ization Algorithm is a directed line consisting of 3k nodes, where the white nodes are those
at distance 0 modulo 3 from the root of the graph. The independent set computed by the
MIS Base Algorithm is empty, so 71 = 3k. In contrast, the independent set I computed by
the MIS Rooted Tree Initialization Algorithm consists of the k£ nodes at distance 1 modulo 3
from the root, so all nodes terminate by the end of round 2. Also note that, for this graph,

T]t:2.

Algorithm 6 A measure-uniform Algorithm for MIS in a Rooted Tree, code for node p;
forr=1,...do

round 2r — 1:

if p; is the root of its component (i.e., it does not have an active parent) then
it notifies all its active children that it is a root,
outputs 1, and terminates

else if p; is a leaf (i.e., it has no active children) then
it notifies its parent that it is a leaf
if p; receives a message that its parent is a root then

it outputs 0 and terminates

else it outputs 1 and terminates

round 2r:
if p; received a message from a neighbor during round 2r — 1 then
it notifies all its active neighbors that it is not in the independent set,
outputs 0, and terminates
else
for each neighbor p; from which p; received a message during round 2r do
it locally records that p; has terminated

Algorithm [f] is a simple measure-uniform algorithm that repeatedly adds all roots and
leaves to the maximal independent set (except for a leaf whose parent is a root) and then
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removes these nodes and their neighbors from the graph. The algorithm obtained from the
Simple Template by first running the MIS Rooted Tree Initialization Algorithm followed by
Algorithm [f]is consistent and has round complexity at most [%] + 5.

Goldberg, Plotkin and Shannon [33] give a fault-tolerant algorithm for coloring a rooted
tree with 3 colors in O(log" d) rounds. Consider the reference algorithm, R, whose first part is
their algorithm and whose second part is a two round algorithm that outputs an independent
set using this coloring. In round 1, all nodes send their colors to their neighbors, all nodes
with color 1 output 1 and terminate, and all nodes that have a neighbor with color 1 output
0 and terminate. In round 2, all active nodes with color 2 send a message to their neighbors
with color 3, output 1 and terminate. An active node with color 3 that receives a message
in round 2 outputs 0 and terminates; otherwise, it outputs 1 and terminates.

Corollary 15 Using the Parallel Template, with the MIS Rooted Tree Initialization Algo-
rithm as the initialization algorithm, B, Algorithm [0 as the measure-uniform algorithm, U,
and the two part reference algorithm, R, described above, gives an MIS algorithm with pre-
dictions for rooted trees that has consistency 3, has round complexity min{[%]+5, O(log" d)}
and is Zt-degrading. When log™d € O(log" n), this algorithm is robust and, hence, smooth.

Proof The MIS Rooted Tree Initialization Algorithm consists of 4 rounds, but it terminates
in only 3 rounds if the predictions are correct. We choose the upper bound, r;(d), on the
round complexity of the first part of R to be even. Then no clean-up is required, since the
partial solution output at the end of every even numbered round of Algorithm [f]is extendable.
Since the second part of R has constant round complexity, by Lemma [II] the resulting
algorithm with predictions is Z-degrading and is robust with respect to R. If the algorithm
terminates during the first part, it performs at most 54- [ rounds. Otherwise, [%] > r,(d)
and it terminates in at most 2 additional rounds, for a total of at most 5+ r1(d) + 2 rounds.
Since 71(d) € O(log" d), the round complexity of this algorithm is 5 + min{[%], O(log" d)}.

Any algorithm for solving the MIS problem on an n-node directed line (or ring) requires
Q(log*n) rounds [47]. If log"d € O(log" n), then Q(log™d) rounds are required and R is
asymptotically optimal. In this case, the resulting algorithm is robust and smooth. 0

It is possible to obtain better algorithms with predictions for rooted trees than for general
graphs. For example, since 7, < 71, the algorithm described in Corollary [15|is Z-degrading,
whereas the algorithm for general graphs described in Corollary [12]is 7;-degrading. Because
the round complexity of the reference algorithm used for rooted trees does not depend on
A, neither does the round complexity of the resulting algorithm with predictions.

10 Open Problems

In general, it would be interesting to continue this work, considering other graph problems,
other templates, other error measures, other classes of graphs, and possibly improving the
framework for distributed graph problems with predictions. In particular, it would be inter-
esting to further investigate the use of fault tolerant algorithms in the Parallel Template to
design distributed graph algorithms with predictions.
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A particularly interesting challenge would be to extend the work to randomized algo-
rithms. The inherent difficulty is that if we use an error measure based on the size of the
largest remaining component, we need to consider the expected maximum number of rounds
over all components, instead of the expected number of rounds in each (or the largest)
component.

For example, consider Luby’s randomized MIS algorithm [48], which has O(logn) ex-
pected round complexity. If it is used as the reference algorithm in the Simple Template, the
resulting algorithm with predictions has expected round complexity that is logarithmic in the
sum of the sizes of the error components, rather than logarithmic in 7y, the size of the largest
error component. Although the expected round complexity for this reference algorithm to
terminate any particular error component is logarithmic in the size of that error component,
the expected round complexity until the algorithm terminates on all error components can
be considerably larger. Specifically, suppose there are n/loglogn error components, each
of which is a path with loglogn nodes. Of the (loglogn)! different possible orderings of
the labels assigned to the nodes of a particular error component by Luby’s algorithm, there
is one that is strictly increasing and one that is strictly decreasing, when going along the
path. In both these cases, the independent set chosen for this component consists of a single
node and this node has a single neighbor. So, with probability 2/(loglogn)!, a particular
error component loses only one node in each of the first two rounds. The probability that
this happens in each subsequent iteration is at least as large, so the probability that the
component loses exactly one node per round is at least (2/(loglogn)!)°8loe™)/2 hich is
much larger than (loglogn)/n. Thus, the expected number of such error components is at
least one and the expected round complexity of the resulting algorithm with predictions for
this collection of error components is ©(loglogn), rather than O(logn;) = O(logloglogn).

In the area of online algorithms with predictions, there are many papers exhibiting trade-
offs between consistency and robustness for various problems. This includes one of the very
first papers in this area, by Kumar, Purohit, and Svitkina [43] and the generalization by
Lindermayr and Megow [46]. Algorithms of this type often have a parameter that can be
adjusted to improve the consistency or improve the robustness, at the expense of the other.
Do such trade-offs exist for any problems in distributed graph algorithms with predictions?
Are there interesting algorithms for some problems where the consistency is not determined
using an initialization algorithm?
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