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Abstract

We consider the problem of forwarding packets arriving online with their destinations in
a line network. In each time step, each router can forward one packet along the edge to its
right. Fach packet that is forwarded arrives at the next router one time step later. Packets
are forwarded until they reach their destination. The flow time of a packet is the difference
between its release time and the time of its arrival at its destination. The goal is to minimize
the maximum flow time.

This problem was introduced by Antoniadis et al. in 2014. They propose a collection of nat-
ural algorithms and prove for one, and claim for others, that none of them are O(1)-competitive.
It was posed as an open problem whether such an algorithm exists.

We make the first progress on answering this question. We consider the special case where
each packet needs to be forwarded by exactly one or two routers. We show that a greedy
algorithm, which was not previously considered for this problem, achieves a competitive ratio of
exactly 2 — 217" where k is the number of active routers in the network. We also give a general
lower bound of 4/3, even for randomized algorithms.

1 Introduction

We consider packet scheduling in a network. Routers in networks often have a backlog of packets
waiting to be sent, and it is important to have a good policy for choosing which packet to forward at
any given time. Generally we would like to optimize the Quality of Service (QoS) to the application-
layer clients. However, this is difficult or impossible to achieve as routers are generally not aware
of which packet is being sent by which client. As in Antoniadis et al. [3], we therefore focus on the
next best option which is to optimize the QoS of the packets themselves, in the form of minimizing
their flow time.

*The first four authors were supported in part by the Independent Research Fund Denmark, Natural Sciences,
grants DFF-0135-00018B and DFF-4283-00079B.



More specifically, the problem we consider is online packet forwarding, where the routers are in
a simple network, the line. Packets are released in an online manner, each with an origin and
destination router. The model is synchronous. In each time step, any number of packets can be
released on any number of routers, and any router can forward at most one packet to its neighbor
to the right. A router’s buffer for incoming packets has unbounded capacity. The routers do not
know the status of any other routers. The object is to minimize the maximum flow time, where
the flow time of a packet is the time between its release time and its arrival at its destination. We
restrict the problem to packets that need to be forwarded by at most two routers, since, as detailed
below, the core challenges show up already when dealing with such packets.

We measure algorithms by their competitive ratios. Let OPT be an optimal offline algorithm for
packet routing on the line. For any algorithm, ALG, we let ALG(]) denote the maximum flow time
in ALG’s solution for the input sequence I. For any ¢ > 1, an online algorithm, ALG, is said to be ¢-
competitive, if there exists a constant b such that for any input sequence I, ALG(]) < ¢-OpPT(I)+b.
The (asymptotic) competitive ratio of ALG is the infimum value ¢ for which ALG is c-competitive.

This work is motivated by the results by Antoniadis et al. [3], who defined this appealingly clean but
“surprisingly challenging” (a predicate we tend to agree with) problem. Antoniadis et al. showed
that a natural algorithm, Earliest Arrival, is not O(1)-competitive, and they also claimed for three
other natural classes of algorithms that they could not be O(1)-competitive, seemingly leaving
no natural algorithm as a candidate for being O(1)-competitive. They posed the existence of an
O(1)-competitive algorithm as an open problem, on the outcome of which they revealed there was
a modest wager. In this work, the first work on this problem since the publication more than a
decade ago, we consider the natural GREEDY algorithm. While we do not settle the wager, we
do contribute to the understanding of this problem and leave GREEDY as a natural candidate for
being O(1)-competitive.

Contributions There seems to be a fundamental trade-off in maximum flow time on the line
between the following two proxy objectives, both vaguely aligned with minimizing the maximum
flow time:

e Give highest priority to packets with the earliest release times. This is what the algorithm
Earliest Arrival does, which is not O(1)-competitive [3], essentially because it disregards how
far the packets still have to travel.

e Focus on precisely the latter: Prioritize packets by how far they still have to travel (their
remaining length). This is what the algorithm Furthest-To-Go does, about which Antoniadis
et al. claim that it is not O(1)-competitive [3]. Indeed, consider a length-1 packet that
is repeatedly delayed by a continuous stream of length-2 packets but could have just been
forwarded first, at maximum flow time 3. In other words, the algorithm fails because it
disregards when packets were released, namely the first proxy objective.

In this work, we formalize that there is a non-trivial trade-off to be solved by providing the first
general lower bound on the achievable competitive ratio. In Section 4, we show that even ran-
domized algorithms are not better than 4/3-competitive. In our construction, we iteratively force
the algorithm to make an (unfortunately wrong) decision on how to solve the above trade-off.
Remarkably, the lower bound only requires packets of length 1 or 2.

We propose an algorithm that we term GREEDY, which solves the aforementioned trade-off in an
elegant way: Simply prioritize packets according to the sum of the two proxy objectives, namely



how long they have been around plus the distance they still have to go. (We give a different,
equivalent formulation later.) In yet other words, this algorithm prioritizes the packets by the flow
time they are going to get under the optimistic assumption that they are not delayed any further—
therefore the name. So GREEDY does not act by a “proxy objective” but by the real objective.
Viewed this way, the reader may agree that this is the most natural policy to try.

Our main result is an analysis of Greedy in the case mentioned above—packets of length 1 or 2.
While this may seem restrictive, recall that the fundamental trade-off already shows up in this case.
With a relatively short but sophisticated proof, we show that GREEDY is (2 — ﬁ)—competitive,
where k is the number of active routers in the line network. We also prove that the result is tight
by proving a matching lower bound for GREEDY. These results are presented in Section 3, where
we start with the lower bound to build some intuition.

We conjecture that the competitive ratio of GREEDY is constant, possibly even 2. Indeed, we do
not see how longer packets can be utilized to increase the lower bound on GREEDY further. If our
conjecture is true, we believe that our techniques will prove useful in establishing this result.

Related work Most previous work on routing algorithms under the adversarial model has focused
on questions of stability (will the number of packets in the system remain bounded over time?)
and throughput maximization. We refer to [2, 7, 9, 17, 19, 20] for a selection of papers on stability
and [4, 6, 10, 14, 16, 18, 22] for papers on throughput maximization.

In the aforementioned work [3], Antoniadis et al. show that Earliest Arrival and Furthest-To-Go are
scalable for the maximum-flow-time objective, i.e., O(1)-competitive with arbitrarily small speed
augmentation. They also show that there is no O(1)-competitive algorithm for average flow time.
Havill [13] considered online packet routing on bidirectional paths and rings with the objective
of minimizing the makespan. For online algorithms, they showed that Longest In System and
Moving Priority have competitive ratio 2 on linear arrays and also gave a 2-competitive algorithm
for bidirectional ring routing. Im and Moseley [15] considered speed scaling for job scheduling
on machines that are connected via a tree to minimize the total flow time and gave constant-
competitive algorithms with constant speed augmentation. Disser et al. [11] give approximation
algorithms for bidirectional scheduling on a path to minimize the total completion time and show
that this problem is NP-hard. Erlebach and Jansen [12] study the problem of establishing and
completing a given set of calls as early as possible for bidirectional and directed calls in various
classes of networks. Adamy et al. [1] studied call control in rings. The goal is to compute, for
a given ring network with edge capacities and a set of paths in the ring, a maximum cardinality
subset of the paths such that no edge capacity is violated. They give a polynomial-time algorithm
to solve the problem optimally.

The problem we consider can be viewed as a special case of job shop scheduling with unit processing
times [5] where each job needs to be processed on a contiguous set of machines in left-to-right order.
Soukhal et al. [21] considered flow shop on two machines. Wei and Yuan [23] considered two-machine
flow shop scheduling with equal processing times. See also Chen [8].

2 Preliminaries

We let k denote the number of active routers in the line network, i.e., those that have a neighbor
to the right that they can forward packets to. Thus, the last router on the line, which can only
receive packets, is ignored. Similarly, if a router ¢ is the last router that needs to forward a packet



p, we say that router ¢ is the last router of p, even though the destination of p is router ¢ +1. When
a router forwards a packet, we also say that it processes the packet.

The release time of a packet p is denoted r(p). The length, ¢(p), of p is the number of routers that
need to process p, so ¢(p) € {1,2}. At any given time t > r(p), p’s remaining length (the number
of routers that still need to process p) is denoted ¢(p,t). The completion time, C(p), of a packet p
is the first time ¢ such that ¢(p,t) = 0, and its flow time is C(p) — r(p).

We define the delay of packet p at time ¢ by

d(p,t) =t —r(p) — (L(p) — &(p,1))

and the priority of packet p at time ¢ by

m(p,t) = L(p) +d(p,t) =t —r(p) + L(p, ).

The delay of a packet is hence the number of time steps it has been in the system minus the number
of time steps that it has been processed so far. Note that this means that once the priority of a
packet is the flow time it will finally have, the packet is processed in every time step from that
point on until it is done.

Without loss of generality, we assume that OPT is zealous on each router, meaning that if there is
at least one packet to be processed on a router, then OPT processes a packet.

3 The Algorithm Greedy

Since the priority of a packet at any point in time is a lower bound on its flow time, a natural
greedy choice would be to forward packets with high priority. This is what the greedy algorithm
does.

GREEDY: In each time step, on each router where at least one packet is waiting, forward a packet
with the highest priority on that router. We remark that an arbitrary tie-breaking rule may be
used.

By providing matching upper and lower bounds, we show that the competitive ratio of GREEDY is
exactly 2 — 1/2F71 (recall that k is the number of active routers in the network).

3.1 Lower bound for Greedy

We start with the lower bound on GREEDY’s competitive ratio, gathering some intuition from con-
crete examples before proving the matching upper bound. Note that for only one router, GREEDY
is optimal, since both it and OPT are zealous. As a warm-up to the general result (Theorem 2),
we first consider k = 2 routers, using the same notation as in the proof of Theorem 2.

Proposition 1 The competitive ratio of GREEDY is at least 3/2, even with only k& = 2 routers.
Proof Let h > 4. The following packets are released in sequence I:

e There are h packets released at time 0 that need to be processed on router 1. This set of
packets is denoted Aj.

e There are h packets released at time 2 that need to be processed on routers 1 and 2. This set
of packets is denoted Bj.



e There are 2h packets released at time h + 3 that need to be processed on router 2. This set
of packets is denoted Bs.

Since the packets in Bj are released two time steps later than those in A;, GREEDY prioritizes
packets in A; on router 1. On router 2, GREEDY prioritizes the packets in B; over those in Bs.
Thus, GREEDY processes B on router 1 in time steps h to 2h — 1 and on router 2 in time steps
h 4+ 1 to 2h. Therefore, the packets in By are processed in time steps 2h + 1 to 4h, resulting in a
maximum flow time of 3h — 2.

An optimum schedule, in contrast, could achieve a maximum flow time of 2h by giving priority to
the packets in By on router 1, thus processing the packets in A in time steps 0 to 1 and h + 2 to
2h — 1, processing the packets in B; on router 1 in time steps 2 to h + 1 and on router 2 in time
steps 3 to h + 2, and processing the packets in By in time steps h + 3 to 3h + 2. Thus, the flow
time of the last packet in A is 2h and for Bs it is also 2h.

Hence, GREEDY(I) = 3 OpT(I) — 2, giving a lower bound of 3 on GREEDY’s competitive ratio. [J
More generally, we extend this construction, considering k routers, where k > 2.
Theorem 2 For k routers, the competitive ratio of GREEDY is at least 2 — 2,6%1

Proof First, we define the request sequences, with parameters k¥ and h > 2, where h can be
arbitrarily large and is necessary to make the result asymptotic. The sequence I ,’j contains the
blocks of packets A}f,AS, .. .,Az_l and Bf,Bg, .. .,B,’C‘ defined below. In the following, we omit

the superscript h on the A? and Bzh blocks, since it is always h.

All packets have length 2, except those in A; and By, which have length 1. This is done to strengthen
the lower bound (improve the dependence on the number of routers k). The release times of the
packets in blocks A; and B; depend on the total number of packets in By, Bs, ..., B;_1, based on

i—1
ri= | Y_IB;| | + max{0,i - 2}.
j=1

For each block, all packets in it will be released at the same time. Let (X ) denote the release time
for the packets in a block X. For 1 <¢ <k —1:

e Block A;: 287177 b packets released on router max{1,i — 1} at time r(4;) = r;.
e Block B;: (2F~1 — 217} packets released on router i at time r(B;) = r; + 2.

Block By: 271 . h packets released on router k at time 7(By) = i + 2.

In order to consider and compare the largest flow times for GREEDY and OPT, respectively, we use
the following equations that hold for 1 <i <k —1:

|Ai| + |Bi] = [Bi| =27 - b (1)
i 4] = iQk—l—j = (21:—2 NI 2k—1—i) h— <2k—1 _ 2k—1—i> h=|B| (2)
j=1 j=1

For the case of k = 4 routers, GREEDY’s and OPT’s schedules are depicted in Figure 1. First, we
argue that GREEDY’s schedule is as shown.
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Figure 1: Example of the lower-bound construction for the number of routers &k = 4. Outermost, to
the left and right, we indicate the release times for the different blocks (the placement to the left or
right is only for readability and bears no algorithmic significance). The lines from the little boxes
with the names and release times show where these release times are. Innermost, GREEDY’s schedule
is on the left and OPT’s on the right. A block that is open to the left indicates a continuation of
the processing of a block on the next router. Release times of the blocks are indicated at the top
left, completion times at the bottom right, and flow times in the middle.



According to GREEDY’s priorities, 7, releasing the B-blocks 2 time steps later than the correspond-
ing A-blocks, and releasing blocks A; and B; at least |B;_1| time steps later than A; 1 and B;_1,
respectively, we have that, at any point in time ¢, on any router,

e if a packet a from A; and packet b from B; are both waiting to be processed, 7(a,t) > w(b,t).

e if a packet b from B; and packet a’ from A;;; are both waiting to be processed, w(b,t) >
m(d,t).

We later show that the first B; packet arrives on router ¢+ 1 before B,y is released, so that Greedy
processes packets in order Ay, By, Ao, B3, dots, Br_1, By, as depicted in Figure 1. The following
calculations give the completion times and flow times for the last packet in each block for GREEDY,
given that this is the order of processing.

Before the first packet in A; is processed, all A; and Bj; blocks with j < 4 have finished by the
above. In addition, since all packets in all blocks except blocks A; and By have length 2, there is
an extra time step for the packets for going from one router to the next. GREEDY finishes the last
packet of A; at time eqrerpy (A1) = 2¥72h, and its flow time is

fGREEDY(Al) - 2k72h- (3)

For 2 <i <k — 1, GREEDY finishes the last packet of A; by time
6GREEDY Z|A |+Z’B |‘|’Z_1 (4)

Subtracting its release time from Equation (4), and using Equation (2), gives that its flow time is

faremny (A Z|A‘+1— (Qk 1 _ gk=1- Z)h-l—l (5)
7j=1
For 1 <i <k —1, GREEDY finishes the last packet of B; by time

eGrenoy (Bi) = Z(‘A]‘ +[Bj|) + 4, (6)

Jj=1

since its start router is the router where A; ends. Subtracting its release time from Equation (6)
gives that its flow time is

farerny (B1) = 2F=1. 1 —1 and
Janseov(Bi) = | S_ 14l | +1Bil = Bl + |Bil = (2" = 28~ ) n, (7)
j=1
using Equation (2).

GREEDY finishes the last packet of By by time

k—1
eGreepy (Br) = Z |A;| + |Bj|) + |Bg| + k£ — 1, (8)
7j=1



since it only gets processed on one router. Subtracting its release time from Equation (8) gives
that its flow time is

k—1
Janseov(Be) = | YAl | + 1Bl =1 = Byl + 1Byl = 1= (2" = 1) h =1, (9)
j=1
by Equation (2).

Now that the completion times of the packets have been calculated, we return to checking that the
release time of Bj; is after GREEDY has finished A; (and therefore also B;_;) is finished, ensuring
that GREEDY is already busy processing B; on router ¢+ 1 when B;1 is released. For 1 <i < k—1,

[ 1—1
r(Biy1) = [ D IBjl | +i—1+2=|Bil+ | D |Bj| | +i+1
j=1 j=1

i i—1
Z |Ai| + Z |Bj| | +i+ 1, by Equation (2)
j=1 j=1

= eqreepy(4;) + 2, by Equation (4).

Finally, we note that since r(A4;11) = r(Bj+1) — 2, the above implies that egrerpy(Ai) = r(Ait1).
Thus, for all ¢ > 1, GREEDY finishes processing A; at the release time of A; 1.

We have established all the assumptions used, so Equations (4)-(9) are correct, as is the depiction
of GREEDY’s schedule in Figure 1, with the blocks scheduled one after another in order of their
priorities. Comparing the flow times for A;, B;, and By from Equations (3), (5), (7), and (9), one
sees that

GREEDY(I}) = fanerov(Br) = (2 = 1) h = 1. (10)

Now, we turn to OPT’s schedule, and, again, one can be guided by Figure 1. For the B-packets,
the first packet of a block is started one time step later than its release time, and the A-blocks
have a much larger delay relative to their release times. Thus, the schedule for OPT is feasible.
The purpose for the adversary of releasing the B-packets earlier than what is necessary for OPT is
to increase the flow time for GREEDY, since GREEDY’s largest flow time is on By, but OPT’s is on
Ag_1.

For 1 <i <k —1, OPT finishes the last packet of B; by time
i
corr(Bi) = > _|Bjl +i+2. (11)
j=1

Subtracting its release time from Equation (11) gives that its flow time is

forr(B1) = 2¥"2h 4+ 1 and
forr(Bi) = |Bi| +2 = (2’{*1 - 2’6*1%') h+ 2. (12)



Block By starts when By_; finishes, at time Z;’;ll |Bj|+ (k—1)+2 = r(By)+1, by Equation (11).
It ends after |By| time steps, so its flow time is

forr(Bi) = By +1=2"""h + 1, (13)

We now turn to the A; blocks. OPT finishes the last packet of A; at time |A;| + |By| = 2F~1h.
Thus, since r(A;) = 0, eopr(A1) = fopr(A1) = 287'h. For 2 < i < k — 1, OPT finishes the last
packet of A; by time

eorr(Ai) = |4;| + eopr(B;) — 1, since A; ends on the router where B; starts

7
=|Ail+ | Y _IBjl+i+2]| —1, by Equation (11). (14)
j=1

Subtracting its release time from Equation (14) gives that its flow time is

forr(Ai) = [Ail + ) IBj| +i 41— r(A)

j=1
= |Ai| + |Bi| + 3
=21 .1 +3, by Equation (1). (15)

This flow time holds for any ¢ > 2 and in particular for Ag_;.

Comparing Equations (12), (13), and (15), one sees that OPT’s flow time for Ay is slightly larger
than its flow time for Bj. Thus,

OPT(I}) = forr(Ap—1) =281 h +3. (16)

Solving for h in Equation (16), we get

_ Oopr(I}) -3

h 2k—1

Then,

GREEDY(I}!)

(Qk — 1) h — 1, by Equation (10)

<2k B 1) OPT2(]§I?1) -3 1

1 N 1
o g orrttt (2 ) s

Since OpT([ ,}C’) grows unboundedly with A, the competitive ratio of GREEDY cannot be smaller than
2— Lo O
2k—1



3.2 Upper bound for Greedy

Now, we turn to the main result of the paper, the upper bound for GREEDY, beginning with
some definitions. A packet, p, is alive for a given algorithm at any time ¢ such that ¢ > r(p) and
l(p,t) > 0.

Fix an optimal offline algorithm, OPT.

Definition 3 Let a;(t) be the number of alive packets in OPT’s schedule that still need to be
processed on router ¢ at time ¢. Similarly, let g;(¢) be the number of alive packets that GREEDY
still needs to process on router 7 at time ¢. O

The optimal flow time is lower bounded by the maximum value of a;(t) over all time steps and over
all routers.

Definition 4 We define A;(t) = g;(t) — a;(t) for all routers i and times t. O

This means that A;(t) is the number of packets that OPT is ahead on server ¢ at time ¢, since it is
the number of packets that OPT has already processed on router ¢ before time ¢ minus the number
of packets that GREEDY has already processed on router i before time ¢. The value A;(t) may be
positive or negative.

Lemma 5 For each time ¢ > 0, we have Aq(¢) = 0.

Proof Both OpT and GREEDY are zealous, and the packet arrival times are the same on router 1

for both algorithms. This means that the number of alive packets on router 1 is always the same,
and Al(t) =0. ]

We wish to bound A;(t), the number of packets that OpPT is ahead on router i at time ¢. This is
the purpose of Lemmas 6-7. The basic idea of the proof is the following. Going from router ¢ —1 to
router i, each unit that A; increases above A;_1 corresponds to an additional packet having router
1 — 1 as its last router that GREEDY has processed on ¢ — 1 but that OPT has not yet processed on
router ¢ — 1. The reason that OPT did not process the packet was that it was processing another
packet released on router i — 1 that counts towards the extra packets it has processed on router <.
If there have been £ such increases, then OPT still has to process ¢ such packets on router ¢ — 1.
Each of these packets must have priority at least that of the packets that OpT did serve because
GREEDY preferred processing them. Processing them on router ¢ — 1 takes £ more steps, giving a
lower bound on the value of OPT.

Lemma 6 If A;(t+1) = A;(t) +1 > A;_1(t) > 0, then, in OPT’s schedule at time ¢, there exist
A;(t+1)— A;—1(t) packets with current priority at least A;(t+1)+1 that still need to be processed
on router ¢ — 1.

Proof If A;(t+1) = A;(t) +1, GREEDY is idle on router 7 at time ¢, so GREEDY has processed all
packets that were released on router i. Thus, before time ¢, OPT has processed at least A;(¢t + 1)
length-2 packets that were released on router ¢ — 1 and that GREEDY has not processed on router
i — 1 before time t. Denote this set of packets by P and let p be a packet with minimum release
time in P. Note that

t—r(p) = [P = At +1),

since OPT processes P on router i — 1 between r(p) and t.

Consider the sets of packets that GREEDY and OPT process on router ¢ — 1 before time ¢. Denote

10



these sets by G and O, respectively, and note that
0] = |G| + Ai-1 (D). (17)
Moreover, since P C O\ G,
[O\G| = |P[ = Ai(t + 1), (18)
SO

|G\ O] =0\ G| — Ai_1(t), by (17) and removing O N G from both O and G
> Ai(t+1) —Ai_1(t), by (18).

Since all packets in P are released on router ¢ — 1, they are all available to GREEDY on router ¢ — 1
as soon as they are released. Therefore, by the definition of GREEDY and the fact that p has length
2, each packet in G\ O is at least as old as p and has length 2 or is at least one time step older
than p. This means that at time ¢, OPT has at least A;(t + 1) — A;_1(¢) packets that each have a
priority of at least A;(t + 1) 4+ 1 and still need to be processed on router i — 1. O

For an example of how Lemma 6 applies, see the lower bound proof as depicted in Figure 1. This
input sequence is based on the blocks defined at the beginning of the proof of Theorem 2. Letting
i = 4, we have

t=17h+2,

since 17h + 2 is the last time before finishing that GREEDY is not processing a packet on router 4.
Since OPT processes the last two packets of Bs at times t = 17h+2 and t+1 = 17h+ 3 on router 3,
the packets in the set P are the first Th — 2 packets in Bs, and

A4(t + 1) = A4(17h + 3) =Th— 2.
The oldest packet p in P was released at time
r(p) = 10h + 3

(since they were all released then). By this time, OPT has completed all but the last packet of Bo,
and GREEDY has completed the first packet of By, so OPT was ahead of GREEDY by

Az(r(p)) = 6h =2

packets from By on router 3.

At time r(p) on router 3, OPT has not begun processing any of the h packets in A3 on router 3,
each of which has priority

(A3, t) =2+ (17Th+2) — (10h+1) — (2—1) =Th+2

at time t = 17h + 2. Thus, these are the packets in G \ O from Lemma 6. According to the lemma,
the last packet in A3 which OPT processes on router 3 will have priority (and flow time) at least
Ay(t+ 1) = Th — 2, and there are at least

|As] = Ay(t+1) — As(t) = (Th—2) — (6h—2) = h

11



packets in As. In this example, the number of packets remaining for OPT on router 3 matches the
lower bound in the lemma, and the priority of 7h+2 is larger than the promised Ay (t+1)+1 = 7Th—1.
As mentioned below in the proof of Lemma 7, at least one of the packets has flow time at least

204(t+1) — As(t) =2(Th —2) — (6h —2) = 8h — 2
in OPT’s schedule (its actual flow time is 8h + 3).
One problem with extending Lemma 6 to packets with length more than two, is that it is not
clear that the delayed packets for OpT, those in G \ O, would only be on one router. Maybe in
the worst case they are divided evenly over the previous routers. The length of the longest packet

will probably enter into the competitive analysis in some way, though maybe only as an additive
constant.

Lemma 7 For any router ¢ > 1,
1
i(t) < - — .
tgé?éi Aj(t) < (1 21_1> Opt

Proof We prove the lemma by induction on i. For ¢ = 1, the inequality is true by Lemma 5,
establishing the base case.

For the inductive step, consider router j > 2 and let ¢+ 1 be the first time that the maximum value
of Aj is attained. Then, by Lemma 6, at time ¢ there are Aj;(t + 1) — A;_1(t) > 0 packets that
OPT still needs to process on router j — 1 and that already have a priority of at least Aj(t+ 1)+ 1.
The first to be processed may have flow time A;(¢ + 1) + 1, but the last one to be processed will
accumulate a flow time of at least 2A;(t + 1) — A;_1(t). Thus,
OpT > 2Aj(t + 1) — Aj_l(t)
> 2A(t+1) — (1 — 2%77) OpT, by the induction hypothesis
> 2A;(t+1) — (1 —227%) OPr, since j < i.
Hence, '
(1 -2 0pPT > Aj(t+1).
This completes the proof. O

Theorem 8 If there are k routers and all packets have length 1 or 2, GREEDY is (2 — %%1)—
competitive.

Proof Consider any router i > 2 and any packet p that is released at time r(p) on router i — 1
or ¢ and that has router ¢ as its last router. The priority of every packet that remains alive in
GREEDY’s schedule increases by 1 in every time step in which it is not processed. Hence, p is not
delayed (on any router) by any packet that is released (on any router) at time ¢’ = r(p) + 2 or later
since p has higher priority.

At time t/, there are g;_1(t') packets alive (on router ¢ — 2 or ¢ — 1) that eventually need to be
processed on router ¢ — 1, and

gi-1(t') = aia(t') + Aia (1)

1
< OpT+ <1 — > OpT, by Lemma 7
1

2i—2
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Similarly, at time t’, there are

gi(t) = a;(t") + Ai(t) < (2 - 231) orT

packets alive that need to be processed on router 1.

Thus, if p is released at router i, its completion time is no later than ¢’ + g;(¢'). If p is released
at router ¢ — 1, it arrives at router i no later than at time ¢’ + g;_1(¢'). Since no packet released
at time ¢’ or later can delay p, it cannot be delayed on router i until a time later than t' + g;(¢').
Therefore, the completion time of p is at most ¢’ + max{g;—1(¢') + 1, g:(t')}.

Since t' = r(p) + 2, we conclude that p is completed no later than at time

1
r(p) + 2+ max{g;_1(t') + 1, g:(t)} <r(p) +2+ <2 - 21_1> OpT +1

1
< ’I“(p) + <2 - 2kl> OpT +3, since 7 < k.

Hence, the flow time of p is at most (2 — %%1) OprT+3. O

4 General lower bounds

We start with a warm-up construction, before presenting the 4/3 lower bound for any randomized
algorithm.

Theorem 9 Any randomized algorithm has a competitive ratio of at least 6/5 even with only
k = 2 routers.

Proof Assume that ALG is a (6/5 — €)-competitive algorithm for some ¢ > 0. We give a family of
input sequences {I;}ren. The sequence Iy, starts with the following packets.

e There are 2h packets released at time 0 that need to be processed at router 1. We call these
packets short packets.

e There are h packets released at time h that need to be processed at routers 1 and 2. We call
these packets long packets.

Let y € [0, h] be the expected number of long packets that ALG processes on router 1 before time
2h. The expected maximum flow time among the short packets must be at least 2h + y. If no
further packets are released, the optimal maximum flow time is 2h + 1 by giving preference to the
short packets at router 1. Thus, since ALG is 6/5-competitive, there must be a constant a such
that

2h+ygg(2h+1)+a,

or equivalently, by solving for vy,

2h 6
y§?+b, Whereb:a—i-g.

Thus, the expected number of packets that are left to be processed for ALG on router 2 at time

2h + 1 is at least 3k
h—y>——b.
Yy=75

13



If now 3h additional jam packets are released at time 2h + 1 that need to be processed by router
2, the expected number of packets that ALG still needs to process on router 2 will be at least

3h 18h

— —b+3h=——-0

5 + 5
so the expected maximum flow time in ALG’s schedule will be at least this number. The optimal
maximum flow time for the entire instance, however, is 3h by giving preference to the long packets
at router 1 (thus ensuring there is no conflict between the long packets and the jam packets). Hence,
ALc(Ip) > g OpT(1I}) — b. For h large enough, this contradicts that ALG is (6/5 — €)-competitive.

O

Next, we prove a lower bound of 4/3 for randomized algorithms, using the same idea as in the
proof of Theorem 9, using “short” and “long” packets iteratively to build up how much behind
OpPT the randomized algorithm, ALG, is on a specific router. The proof also reuses the idea of
restricting ALG to maintaining the goal competitive ratio during each iteration (since it is online),
but allowing OPT to perform worse than ALG until the end where there are many “jam” packets.

We define an instance I to be (t,,U, L)-critical if there exists an offline algorithm, OFF, such that
the following hold:

(i) The cost of OFF on [ is at most U.
(ii) At time ¢, OFF has no packets left to process on routers i,i + 1,... k.

(iii) At time ¢, for every 4/3-competitive randomized algorithm ALG, the expected number of
packets that ALG has left to process on router 7 is at least L.

First, we show the following lemma.

Lemma 10 For any 4/3-competitive algorithm, ALG, there exists a constant, b, such that for any
nonnegative L and any positive even U, the existence of a (¢,i,U, L)-critical instance, I, implies
the existence of a (¢/,i +1,3U/2, L + U/6 — b)-critical instance, I’, for some ¢’ € N.

Proof To create the sequence I’, the following packets are released in addition to those in I:
e At time t, U short packets that need to be processed at router 1,
e At time t + U/2, U/2 long packets that need to be processed at routers i and i + 1.

Let P denote the set consisting of the L packets waiting on router ¢ at time ¢ and the U packets
released on router ¢ at time ¢. Let ALG be a 4/3-competitive algorithm. Let y € [0,U/2] be the
expected number of the long packets released at time ¢+ U/2 that ALG processes on router i before
time ¢t + U. This means that the expected time at which ALG has processed all packets in P is at
least t + L + U + y. Hence, the expected maximum flow time of the L + U packets in P is at least
L+U+y.

Note that based on OFF, we can define another offline algorithm, OFF’, such that OFfF’(I") < U+1.
This can be achieved by processing all of the short packets before the long ones. Therefore, since
ALG is 4/3-competitive and OPT is at least as good as OFF’, there must exist a constant a,
independent of U and L, such that

4
L—i—U—HJSg(U"‘l)‘i‘aa
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or equivalently, by solving for y,

U 4
y<——L+b, whereb=a-+ —.
3 3
Thus, the expected number of packets that are left to be processed for ALG on router i/ =i+ 1 at

time t’ =t + U+1 is at least

v_,sv +L—b

2 Y=7% '

Finally, by processing the long packets, starting as soon as they become available, before the rest
of the short packets, we can define another offline algorithm OFF” from OFF. Note that OFF” can
indeed guarantee a cost of at most (3/2) - U and having no packets left to be processed at routers

i,i"+1,...,k from time t'. O
Theorem 11 Any randomized algorithm has a competitive ratio of at least 4/3.

Proof Let ¢ > 0. Suppose ALG is (4/3 — ¢)-competitive. We start with the empty instance 10,
Note that it is (0,0, k, 0)-critical for any positive integer k. For a positive integer i to be set later
as a function of € and for a positive integer ¢ that we will later choose large, we set k = 2¢ - ¢,
allowing us to apply Lemma 10 iteratively for i times to the (0,0, k, 0)-critical instance I (since
it requires the third entry of the 4-tuple to be a multiple of 2).

We obtain an instance I that is (¢, 4, U;, L;)-critical for some t € N where

3\
and, for some constant, b,

i—1 i—1 i— ] % j
1 2\’ 1 2\’ 1
L;, = —.U:.=b ) > — = - U;=bi = — = - U;—bi
E <6 U; >_ 2 <3> 5 U;—bi E (3) 5 U;—bi

J=0

2 ,

Choosing i and ¢ sufficiently large, we obtain

1 ¢ 1 ¢
L; > <3 4) U; — bi > (3 2) U;

Thus, by Lemma 10, ALG as a 4/3-competitive algorithm has in expectation more than (1/3—¢/2)-
U; packets left at time ¢ to be processed on router i. Releasing U; additional packets at time t to
be processed on router ¢ hence ensures that the expected cost of ALG is more than (4/3 —¢/2) - U;.
On the other hand, by the definition of critical, OFF, and therefore also OPT, can handle I and
these additional packets still at cost U; because it has no packets left to be processed on router ¢ at
time ¢. Since ¢, and hence, U;, can be chosen arbitrarily large, this is a contradiction to ALG being
(4/3 — e)-competitive. O

5 Open Problem

We conjecture that GREEDY has a constant competitive ratio (possibly 2) for packet routing, even
when the packet length is unbounded.
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