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Goal: 8x2R sin(2x) = (
os(x) + sin(x))2 � 1

sin(2x) = 2 sin(x) 
os(x)= 2 sin(x) 
os(x) + 1� 1= 2sin(x) 
os(x) + (
os2(x) + sin2(x))� 1= (
os2(x) + sin2(x) + 2
os(x) sin(x))� 1= (
os(x) + sin(x))2 � 1
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Goal: 8x2R sin(2x) = (
os(x) + sin(x))2 � 1

sin(2x) = 2 sin(x) 
os(x)= 2 sin(x) 
os(x) + 0= 2sin(x) 
os(x) + (1+ (�1))= 2 sin(x) 
os(x) + 1+ (�1)= 2sin(x) 
os(x) + 1� 1= 2sin(x) 
os(x) + (
os2(x) + sin2(x))� 1= 2(sin(x) 
os(x)) + (
os2(x) + sin2(x))� 1= 2(
os(x) sin(x)) + (
os2(x) + sin2(x))� 1= 2
os(x) sin(x) + (
os2(x) + sin2(x))� 1= (
os2(x) + sin2(x) + 2
os(x) sin(x))� 1= (
os(x) + sin(x))2 � 1 5



Goal: 8x2R 
h2(x)� sh2(x) = 1


h2(x)� sh2(x) = �ex + e�x2 �2 � �ex � e�x2 �2

= �ex + e�x�222 � �ex � e�x�222= �ex + e�x�2 � �ex � e�x�222= h(ex)2 + �e�x�2 +2exe�xi� h(ex)2 + �e�x�2 � 2exe�xi4= exe�x= 1
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Re
e
tion

Aim Solve through symboli
 
omputation de
ision problems, thatis, given a domain D and a predi
ate P : D n ! Prop auto-mati
ally prove goals of the form P(x1; : : : ; xn).Pro
ess1. En
oding in an (indu
tive) type S;2. Interpretation [[�℄℄ : S ! D ;3. De
ision fun
tion f : Sn ! f0;1g;4. Lemma L : 8e1;:::;en:S [(f(e1; : : : ; en) = 1)!P([[e1℄℄; : : : ; [[en℄℄)℄.7



Example: Equality in RingsRexpr : Set := Rvar : nat->Rexpr| Rint : Z->Rexpr| Rplus : Rexpr->Rexpr->Rexpr| Rmult : Rexpr->Rexpr->Rexpr

� Interpretation as expe
ted;

� Normalization fun
tion N : Rexpr! Rexpr;

� Lemma: 8e:Rexpr[[e℄℄ =R [[N (e)℄℄. 8



Rexpr N //[[�℄℄
��

Rexpr[[�℄℄

��R =R //RGiven x; y : R,� �nd e; f : Rexpr s. t. [[e℄℄ = x, [[f ℄℄ = y;� supposing that N (e) = N (f) = g s. t. [[g℄℄ = z,e N //[[�℄℄

��

g[[�℄℄
��

fNoo [[�℄℄
��x =R // z y=RooLemma: 8e1;e2:Rexpr(N (e1) = N (e2))! [[e1℄℄ =R [[e2℄℄ 9



Partial Re
e
tion

� [[�℄℄ is partial (fun
tional relation);

� The lemma now reads:L : 8e1;:::;en:S ([[e1℄℄#)! : : : ! ([[en℄℄#)![(f(e1; : : : ; en) = 1)!P([[e1℄℄; : : : ; [[en℄℄)℄
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Sometimes we 
an internalize the proofs in the expressions:

� S = nSd : d 2 D o;

� a forgetful map j � j : S ! S;

� a total interpretation [[�℄℄0 : S ! D

su
h that
� for every e : S, [[jej℄℄ # and [[jej℄℄ = [[e℄℄0;

� for every e : Sd we have [[e℄℄0 = d. 11



Given x1; : : : ; xn : D� �nd e1 2 Sx1; : : : ; en 2 Sxn;� then [[je1j℄℄ #; : : : ; [[jenj℄℄ #;� and [[e1℄℄0 = x1; : : : ; [[en℄℄0 = xn;� 
ompute f(je1j; : : : ; jenj);� apply L.Appli
ations:! Equality in Fields;! Given partial fun
tions f; g, prove that f 0 = g 12



Con
lusion

The best way to prove equalities is by anintelligent 
ombination of both me
hanisms.
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Future Work

� New ta
ti
 RealEq to prove equalities between real numbersThis ta
ti
 should know about:j � j; exp; log; xy; sin; 
os;ar
sin;ar

os; : : :

� Improve ta
ti
s for reasoning in real analysis (
ontinuity proofs,derivative relation);

� Automati
ally integrate rational fun
tions.
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