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Equational Reasoning via (Partial) Re
e
tionSynta
ti
 expressions: E ::= Z j V j E+E j E � E j E=ENormalization fun
tion: N : E ! EInterpretation relation: ℄[� � E �A

1. well de�ned: e ℄[� a ^ e ℄[� b ) a =A b

2. N is 
orre
t: e ℄[� a ) N (e) ℄[� a



Equational Reasoning via Partial Re
e
tion (ta
ti
)

1. e ℄[� a ^ e ℄[� b ) a =A b

2. e ℄[� a ) N (e) ℄[� a
e 2 E N //N (e) = N (f)
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1'. e ℄[� a ^ e = 0=e0 ) a =A 0



Normalization Fun
tion

F ::= P=PP ::= M + P j ZM ::= V �M j Z

M are \lists of variables" (� is \
ons", integers are \nil")P are \lists of monomials" (+ is \
ons", integers are \nil")Normal forms are formal \quotients of sorted lists" without du-pli
ation:N  1x� y + 1x+ y!= x � 2 + 0x � x � 1+ y � y � (�1) + 0



Normalization Fun
tion (de�nition)Re
ursively de�ned fun
tions� �MZ � : M � Z ! M� �MV � : M � V ! M� �MM � : M � M ! M� +MM � : M � M ! M� +PM � : P � M ! P� +PP � : P � P ! P� �PM � : P � M ! P� �PP � : P � P ! P� +FF � : F � F ! F� �FF � : F � F ! F� =FF � : F � F ! F



Normalization Fun
tion (examples)

e �MM f := ( (e2 �MM f) �MV e1 if e = e1 � e2f �MZ i if e = i 2 Z

e+PM f :=
8>>>>>>>><>>>>>>>>:

j+MM i if e = j 2 Z, f = i 2 Zf + i if e = i 2 Ze1+ (e2+PM i) if e = e1+ e2, f = i 2 Ze2+PM (e1+MM f) if e = e1+ e2, e1 =M fe1+ (e2+PM f) if e = e1+ e2, e1 <lex ff + e if e = e1+ e2, e1 >lex fN (e=f) := N(e) =FFN(f)N (v) := v � 1 + 01



Uninterpreted Fun
tion SymbolsGoal: f(a+ b) = f(b+ a)f(a+ b) x; f(b+ a) y; N (x� y) = x � 1 + y � (�1) + 01Solution: extend E with V1 : E ! EE ::= Z j V0 j V1(E) j E+ E j E � E j E=E

Normal forms: F ::= P=PP ::= M + P j ZM ::= V0 �M j V1(F) �M j Zordered. . .



Uninterpreted Fun
tion Symbols (order)Ordering on E (assumes <V0 on V0 and <V1 on V1):x <E i <E e+ f <E e � f <E e=f <E v(e)

Expressions with the same operator are sorted lexi
ographi
ally.Example (with x <V0 y and u <V1 v):x <E y <E 34 <E x=4 <E u(x+3) <E u(2 � y) <E v(x+3)

Same normalization fun
tion with added ruleN (v(e)) := v(N (e)) � 1+ 01



Uninterpreted Fun
tion Symbols (valuations)Two valuations �0 : V0 ! A and �1 : V1 ! (A! A)On
e again, one 
an provee ℄[�0;�1 a ^ e ℄[�0;�1 b ) a =A be ℄[�0;�1 a ) N (e) ℄[�0;�1 aGoal: f(a+ b) = f(b+ a)f  v; a x; b y

N (v(x+ y)) = N (v(y+ x)) = v �x�1+y�1+01 � � 1+ 01Binary fun
tions, partial fun
tions similarly treated.



Hierar
hi
al Re
e
tionSimilar pro
edures for other stru
tures?EF ℄[F�
//F : Field

��

F : Field

��ER� OO ℄[R�

//R : Ring
��

but better is E ℄[G�

$$JJJJJJJJJJJJJJJJJJJJJJ

℄[F� ::tttttttttttttttttttttt ℄[R�

//R : Ring

��EG� OO ℄[G�

//G : Group G : Group

making use of the partiality of the interpretation



Hierar
hi
al Re
e
tion (interpretation relations)But. . .If �(x) = a, then a+ a is represented by x+ x, butN (x+ x) = x � 2+ 01 ℄[G� a+ adoes not hold.We need to interpret e=1 and e � i when we 
an interpret e



Hierar
hi
al Re
e
tion (interpretation relations)℄[G� ℄[R� ℄[F�v 2 V yes yes yesi 2 Z if i = 0 yes yese+ f yes yes yese � f if f 2 Z yes yese=f if f = 1 if f = 1 if f 6= 0In the last three 
ases the additional requirement that e (andeventually f) be interpreted is impli
it.



Hierar
hi
al Re
e
tion (
orre
tness)To prove e ℄[G� a ) N (e) ℄[G� aone needs to use the knowledge that the auxiliary fun
tions willonly be applied to the \right" arguments.For example, 
orre
tness of �MM w.r.t. ℄[F� states thate ℄[F� a ^ f ℄[F� b ) e �MM f ℄[F� a � bbut a � b has no meaning in a group!



Hierar
hi
al Re
e
tion (
orre
tness)However, e ℄[F� a ^ f ℄[F� b ) e �MM f ℄[F� a � bis equivalent to e � f ℄[F� a � b ) e �MM f ℄[F� a � b

and the same property w.r.t. ℄[G� 
an be written down ase � f ℄[G� 
 _ f � e ℄[G� 
 ) e �MM f ℄[G� 


(the disjun
tion is needed be
ause �MM 
an swap the order of itsarguments)



Hierar
hi
al Re
e
tion (optimization for rings and groups)To avoid divisions by 1, one 
an forget about the type F alto-gether and de�ne NR dire
tly using �MM and the like; the base
ase now looks like N (v) := v � 1 + 0

Also, in groups and rings normal forms are unique, so the lastsubtra
tion 
an also be avoided.



Tighter Integration?

F : Field
��

F : Field

��E ℄[G� %%JJJJJJJJJJJJJJJJJJJJJJ

℄[F� 99tttttttttttttttttttttt ℄[R�
//R : Ring

��

but better would be E ℄[�

%%JJJJJJJJJJJJJJJJJJJJJJ

℄[� 99tttttttttttttttttttttt ℄[�

//R : Ring

��G : Group G : Group

The �rst requires all fun
tions +MM , �MM , et
. to be proved
orre
t w.r.t. ℄[G� , ℄[R� and ℄[F� .Most of these proofs are (almost) the same, yet they 
annot bereused!



Tighter Integration?Instead of de�ning ℄[G� , ℄[R� and ℄[F� by e.g.e ℄[G� x ^ f ℄[G� y ) e+ f ℄[G� x+ ye ℄[R� x ^ f ℄[R� y ) e � f ℄[R� x � ye ℄[F� x ^ f ℄[F� y ^ y#0 ) e=f ℄[F� x=yde�ne ℄[�� : �A:SetoidE ! A s.t.A is group ^ e ℄[A� x ^ f ℄[A� y ) e+ f ℄[A� x+ yA is ring ^ e ℄[A� x ^ f ℄[A� y ) e � f ℄[A� x � yA is �eld ^ e ℄[A� x ^ f ℄[A� y ^ y#0 ) e=f ℄[A� x=yusing subtyping of algebrai
 stru
tures.



Tighter Integration (the bad news)Does not work!Proving e ℄[A� a ^ e ℄[A� b ) a =A brequires a strong indu
tion prin
iple | the K-axiom:hx; y[x℄i = hx0; y0[x0℄i ) x= x0 ^ y = y0

The K-axiom, although 
onsistent with, is not provable withinCoq.



Con
lusions

� Powerful ta
ti
s for equational reasoning

� Can now deal with fun
tions e.g. absolute value on R

� Reuse of 
ode for �elds, rings and groups

� Improvement possible using K-axiom


