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Formalizing Mathemati
s: What, Why, How?

What?A 
omputer representation of mathemati
al obje
tsWhy?Corre
tnessAppli
ationsPresentation & Ex
hangeHow?In Coq



Why Coq?

� Type theory with indu
tive types

� Constru
tive logi


� Proof obje
ts (de Bruijn 
riterion)

� Widely-used system

� Possible appli
ations
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The Constru
tive Coq Repository � Nijmegen

What?A library of 
onstru
tive mathemati
s formalized in Coq

Where?Repository: University of NijmegenUsers: Nijmegen, Fran
e, (some day) all over the world

Why?Formalize mathemati
s in a uniform way



The FTA-proje
t

Obje
tives: Show it is possible to formalize non-trivial pie
e ofmathemati
s.

Goal: Formalize the FTA in a modular and reusable way.

Period: 1999{2001

A
hievements: Algebrai
 Hierar
hy with axiomati
 real num-bers; spe
ialized automation strategies; model of R .

People: H. Barendregt, H. Geuvers, M. Niqui, R. Polla
k, F. Wiedijk,J. Zwanenburg



Real Analysis & C-CoRN

Obje
tives: Reuse, test and extend the FTA-library.

Goal: Formalize 1st year real 
al
ulus and identify where themain problems are.

Period: Sep/2001{De
/2002

A
hievements: Partial fun
tions, di�erential & integral 
al
u-lus, spe
ialized ta
ti
s, library of trans
endental fun
tions

People: L. Cruz-Filipe



C-CoRN & CoRNGoal: Expand in new dire
tions.

� Program extra
tion (L. Cruz-Filipe, B. Spitters, O
t/2002{De
/2003)
� Metri
 spa
es (I. Loeb, Mar{Jun/2003)

� Group theory (H. Barendregt, D. Synek, Jun/2003{)

� Complex exponential (S. Hinderer, Jun{Jul/2003)



� Models and 
ounter-examples (I. Loeb, De
/2003{)

� Automation (L. Cruz-Filipe, D. Hendriks, F. Wiedijk)

� Maintenan
e (L. Cruz-Filipe, L. Mamane)

� Theoreti
al aspe
ts (H. Barendregt, L. Cruz-Filipe,H. Geuvers, B. Spitters, F. Wiedijk)



Examples from the library

algebra : 8f :R[C ℄:(nonConstant f)) 9z:C :f(z) = 0

trigonometry : 8x:R : 
os(x)2+ sin(x)2 = 1


omplex numbers : ei� +1 = 0



Methodology

� Aim at generality� Reusability and extendability� Constru
tive reasoning� Two-sorted logi
� Visibility� Colaboration with other proje
ts (Coq, MoWGLI)� Meta-analysis
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Partial Fun
tions with TCC'sMotivation: any partial fun
tion F : S 6! S is asso
iated with adomain of de�nition DF F (x) is de�ned whenever DF (x)x : S F : S 6! S H : DF (x)Fx : S used in e.g. NuPRL, PVS unde
idable type 
he
king



Treatment of subsetoidsIf P : S ! Prop, then fSjPg is the subsetoid of elements of Ssatisfying P en
oded in type theory:x : fSjPgx : S x : S H : P(x)x : fSjPg se
ond rule again yields unde
idability



Examples of Partial Fun
tions

Expon := �x : R : 1Xn=0 xnn!H : 8x : R :DExpon(x)Exp := �x : R :Expon(x;H(x))

Log := �x : R : Z x1 1t dtDLog(x) ! x > 0 trigonometri
 fun
tions de�ned in a similar way
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Equational Reasoning in the Algebrai
 Hierar
hyMotivation: mathemati
al proofs often require manipulatingequalities involving 
omplex expressions.Three main ta
ti
s:AlgebraContext-sensitive, easy-to-extend sear
h ta
ti
 (\Auto with ...")RationalRe
e
tion-based ta
ti
 for �eldsStepAllows the user to \repla
e equals by equals" on (some) goals



Sear
h ta
ti
s: Algebra

+ Uses hypotheses from the 
ontext

+ Can be extended any time a new lemma is proved

+ Qui
k and eÆ
ient for simple goals, e.g. x= a! x+y = a+y

� Limited usage

� Can take a long time to fail

� Not modular(!)



Re
e
tion ta
ti
s: Rational

E D
//

� _[[�℄℄
��

bool
��

su
h that (D(e) = >)! P([[e℄℄)A P
//Prop

In our 
ase: E 
onsists of (formal) rational fun
tions, N : E !E rewrites ea
h rational fun
tion to a normal form, and the
orre
tness lemma states that(N (a� b) = 0=e)! [[a℄℄ = [[b℄℄:



Rational: Hierar
hi
al version From the de�nition of N one 
an immediately see that thesame implementation yields ta
ti
s for rings and (abelian) groups. It is also easy to treat arbitrary (partial) fun
tion symbols.but. . . Completeness is lost if the following two axioms are 
oupled:(F)8x:(x 6= 0! x� 1x = 1)(Set4)8f:8x; y:(x = y ! f(x) = f(y))



Properties of Rational

+ Proved 
omplete+ Follows the Algebrai
 Hierar
hy+ Linear length of proof terms+ No bound on the 
omplexity of the proof (. . . )� Too expensive for simple goals� Disregards 
ontext� Not extensible



The Step ta
ti
If a = 
, to go from a < b to 
 < b one needs more than just theability to prove equalities.Step: Colle
ts several lemmas of the formsaRb! a = 
! 
RbaRb! b = 
! aR
and 
hooses the one to use a

ording to the goal.



Examples



Other ta
ti
s in C-CoRN

Contin Proves that a given fun
tion is 
ontinuous on an interval

Deriv Partially solves f 0 = g on a given interval

SetoidRewrite Repla
es a with b everywhere in the goal, as-suming that a = b
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Why?

� Large 
onstru
tive library

� Coq has extra
tion me
hanism

� It doesn't work

(joint work with Bas Spitters and Pierre Letouzey)



Extra
tion

� BHK-interpretation: 
onne
tives

� Kleene's realizability: a more formal approa
h

� Curry{Howard isomorphism: proofs  ! programs

� In pra
ti
e: algorithm vs. properties; types as \markers"



FTA-logi


� No elimination of Prop terms over Set no fun
tion de�nitionby 
ases
� All logi
 in Set

� Extra
ted program too big



A solution?Identify 
omputationally meaningful propositions; put everythingelse in Prop.
 most proof terms 
an be put ba
k in Prop

 signi�
ant amount of \dead 
ode" is eliminated



Conne
tives

: : s! Prop
! : s1 ! s2 ! s2_ : s1 ! s2 ! Set

^ : s1 ! s2 ! ( Prop s1 = s2 = PropSet otherwise8 : �(A : s1):(A! s2)! s29 : �(A : Set):(A! s)! Set



Results

� FTA: extra
ts, 
ompiles, runs. . . but does not terminate

� Rational numbers: everything is (almost) instantaneous

� Somewhere in between: e, � and p2



Computing e
e def= +1Xn=0 1k!

 ea
h term is a rational (
onstant sequen
e)

 but mu
h is going on. . .



Immediate Problems. . .

� Unary natural numbers

� A dire
t proof of k! 6= 0 requires 
omputing k! in unary no-tation
. . . & Solutions

� Dire
tly inje
t Z+ into R

� Prove k! 6= 0 by indu
tion on k



Still betterOptimize performan
e by working dire
tly in the model:

� More eÆ
ient de�nition of fa
torial

� Simpler proofs and smaller proof terms

 100th approximation in 77 se
onds (with 157 
orre
t digits)



The next step: p2Di�erent 
onstru
tive formulations of the IVT. . .

� for total fun
tions

� for partial fun
tions

� for monotone fun
tions

� for lo
ally non-
onstant fun
tions

� for polynomials



. . . and di�erent extra
ted programs:

� new p2 now yields �rst approximation after just 6 se
onds(instead of 52 hours)

� 
omplexity is still exponential

� key lemma (for in
reasing version of IVT)a < b) f(a) < f(b); where f is the fun
tion being iterated



Any future in this?

� The more abstra
t the formalization, the less eÆ
ient theextra
ted program

� Obtaining a working program is far from straightforward

� Small, 
arefully thought, modi�
ations in the formalization
an make huge di�eren
es in the extra
ted program

� Future improvements in Coq may also make huge di�er-en
es. . .
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Con
lusions

� Large and growing library of formalized mathemati
s

� Satisfa
tory (though not ideal) treatment of partiality

� Large variety of domain-spe
i�
 ta
ti
s

� Programs from proofs? Maybe some day. . .



PhD defense

on Tuesday, June 15 at 15.30

in the Aula of the U. Nijmegen


