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The three systems

Three equivalences:

D ↔ P: easy, uninteresting

D ↔ T: syntactic level on the paper

DC(Γ),DCΓ(ϕ),Γ `T ϕ iff Γ `D ϕ

semantics new

T ↔ FOL: not trivial, not done on the paper
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Derivation Rules for FOL

(assum)
Γ `FOL ϕ

ϕ ∈ Γ (¬¬-E)
Γ `FOL ¬¬ϕ

Γ `FOL ϕ

(→-I)
Γ, ϕ `FOL ψ

Γ `FOL (ϕ→ ψ)
(→-E)

Γ `FOL (ϕ→ ψ) Γ `FOL ϕ

Γ `FOL ψ

(∀-I)
Γ `FOL ϕ

Γ `FOL (∀xi. ϕ)
xi 6∈ FV (Γ) (∀-E)

Γ `FOL (∀xi. ϕ)

Γ `FOL ϕ[xi := t]
∗

(refl)
Γ `FOL t = t

(sym)
Γ `FOL t = t′

Γ `FOL t′ = t
(trans)

Γ `FOL t1 = t2 Γ `FOL t2 = t3

Γ `FOL t1 = t3

(=-fun)
Γ `FOL t1 = t′1 · · · Γ `FOL tai

= t′ai

Γ `FOL fi(t1, . . . , tai
) = fi(t

′
1, . . . , t

′
ai

)

(=-pred)
Γ `FOL t1 = t′1 · · · Γ `FOL tri = t′ri
Γ `FOL Pi(t1, . . . , tri) → Pi(t

′
1, . . . , t

′
ri
)
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Derivation Rules for T – I

(ε-wf )
ε `T wf

(decl-wf )
Γ `T wf

Γ, xi `
T wf

(assum-wf )
Γ `T ϕ wf
Γ, ϕ `T wf

(var-wf )
Γ `T wf

Γ `T xi wf
xi ∈ Γ (const-wf )

Γ `T wf
Γ `T ci wf

(fun-wf )
Γ `T t1 wf · · · Γ `T tai

wf Γ `T wf
Γ `T fi(t1, . . . , tai

) wf

(if-wf )
Γ `T ϑ wf Γ `T t1 wf Γ `T t2 wf

Γ `T (if ϑ then t1 else t2) wf

(⊥-wf )
Γ `T wf

Γ `T ⊥ wf
(→-wf )

Γ `T ϕ wf Γ `T ψ wf
Γ `T (ϕ→ ψ) wf

(∀-wf )
Γ, xi `

T ϕ wf
Γ `T (∀xi. ϕ) wf

(=-wf )
Γ `T t1 wf Γ `T t2 wf

Γ `T t1 = t2 wf
(pred-wf )

Γ `T t1 wf · · · Γ `T tri wf Γ `T wf
Γ `T Pi(t1, . . . , tri) wf
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Derivation Rules for T – II

(assum)
Γ `T wf
Γ `T ϕ

ϕ ∈ Γ (→-I)
Γ, ϕ `T ψ

Γ `T (ϕ→ ψ)
(→-E)

Γ `T (ϕ→ ψ) Γ `T ϕ

Γ `T ψ

(¬¬-E)
Γ `T ¬¬ϕ

Γ `T ϕ
(∀-I)

Γ, xi `
T ϕ

Γ `T (∀xi. ϕ)
(∀-E)

Γ `T (∀xi. ϕ) Γ `T t wf
Γ `T ϕ[xi := t]

(refl)
Γ `T t wf
Γ `T t = t

(sym)
Γ `T t1 = t2

Γ `T t2 = t1
(trans)

Γ `T t1 = t2 Γ `T t2 = t3

Γ `T t1 = t3

(=-fun)
Γ `T t1 = t′1 · · · Γ `T tai

= t′ai
Γ `T wf

Γ `T fi(t1, . . . , tai
) = fi(t

′
1, . . . , t

′
ai

)

(=-pred)
Γ `T t1 = t′1 · · · Γ `T tri = t′ri Γ `T wf

Γ `T Pi(t1, . . . , tri) → Pi(t
′
1, . . . , t

′
ri
)

(=-if-true)
Γ `T ϑ Γ `T t1 wf Γ `T t2 wf
Γ `T (if ϑ then t1 else t2) = t1

(=-if-false)
Γ `T ¬ϑ Γ `T t1 wf Γ `T t2 wf

Γ `T (if ϑ then t1 else t2) = t2
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Derivation Rules for D – I

(ε-wf )
ε `D wf

(decl-wf )
Γ `D wf

Γ, xi `
D wf

(assum-wf )
Γ `D ϕ wf
Γ, ϕ `D wf

(var-wf )
Γ `D wf

Γ `D xi wf
xi ∈ Γ (const-wf )

Γ `D wf
Γ `D ci wf

(fun-wf )
Γ `D Dfi

(t1, . . . , tai
)

Γ `D fi(t1, . . . , tai
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(if-wf )
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Γ `D (if ϑ then t1 else t2) wf

(⊥-wf )
Γ `D wf
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(→-wf )
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Γ, xi `

D ϕ wf
Γ `D (∀xi. ϕ) wf

(=-wf )
Γ `D t1 wf Γ `D t2 wf

Γ `D t1 = t2 wf
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Γ `D t1 wf · · · Γ `D tri wf Γ `D wf
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Derivation Rules for D – II

(assum)
Γ `D wf
Γ `D ϕ

ϕ ∈ Γ (→-I)
Γ, ϕ `D ψ

Γ `D (ϕ→ ψ)
(→-E)

Γ `D (ϕ→ ψ) Γ `D ϕ

Γ `D ψ

(¬¬-E)
Γ `D ¬¬ϕ

Γ `D ϕ
(∀-I)

Γ, xi `
D ϕ

Γ `D (∀xi. ϕ)
(∀-E)

Γ `D (∀xi. ϕ) Γ `D t wf
Γ `D ϕ[xi := t]

(refl)
Γ `D t wf
Γ `D t = t

(sym)
Γ `D t1 = t2

Γ `D t2 = t1
(trans)

Γ `D t1 = t2 Γ `D t2 = t3

Γ `D t1 = t3

(=-fun)
Γ `D t1 = t′1 · · ·Γ `D tai

= t′ai
Γ `D Dfi

(t1, . . . , tai
) Γ `D Dfi

(t′1, . . . , t
′
ai

)

Γ `D fi(t1, . . . , tai
) = fi(t

′
1, . . . , t

′
ai

)

(=-pred)
Γ `D t1 = t′1 · · · Γ `D tri = t′ri Γ `D wf

Γ `D Pi(t1, . . . , tri) → Pi(t
′
1, . . . , t

′
ri
)

(=-if-true)
Γ `D ϑ Γ, ϑ `D t1 wf Γ,¬ϑ `D t2 wf

Γ `D (if ϑ then t1 else t2) = t1

(=-if-false)
Γ `D ¬ϑ Γ, ϑ `D t1 wf Γ,¬ϑ `D t2 wf

Γ `D (if ϑ then t1 else t2) = t2
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Semantics of T – I

T-models are FOL-models

a T-substitution for M is a partial function that assigns
values in A to some variables xi

[[t]]T ,ρ, |=
T

,ρ t wf, |=T

,ρ ϕ wf and |=T

,ρ ϕ defined
simultaneously

[[xi]]
T

,ρ := ρ(xi)

[[ci]]
T

,ρ := [[ci]]
T

[[fi(t1, . . . , tai
)]]T ,ρ := [[fi]]

T
(

[[t1]]
T

,ρ, . . . , [[tai
]]T ,ρ

)

[[if ϑ then t1 else t2]]
T

,ρ :=

{

[[t1]]
T

,ρ if |=T

,ρ ϑ

[[t2]]
T

,ρ if |=T

,ρ ¬ϑ
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Semantics of T – II

|=T �

,ρ ⊥ wf

|=T �

,ρ Pi(t1, . . . , tri) wf iff |=T �

,ρ t1 wf, . . . , |=T �

,ρ tri wf

|=T �

,ρ t1 = t2 wf iff |=T �

,ρ t1 wf and |=T �

,ρ t2 wf

|=T �

,ρ (ϕ→ ψ) wf iff |=T �
,ρ ϕ wf and |=T �

,ρ ψ wf

|=T �

,ρ (∀xi. ϕ) wf iff |=T �

,ρ[xi:=a]
ϕ wf for all a ∈ A

First-Order Logic with Domain Conditions – p.11/22



Semantics of T – III

6 |=T �

,ρ⊥

|=T �

,ρ Pi(t1, . . . , tri) iff
(

[[t1]]
T �

,ρ, . . . , [[tri ]]
T �

,ρ

)

∈ [[Pi]]
T �

,ρ

|=T �

,ρ t1 = t2 iff [[t1]]
T �

,ρ = [[t2]]
T �

,ρ

|=T �

,ρ ϕ→ ψ iff |=T �
,ρ (ϕ→ ψ) wf and

6 |=T �

,ρ ϕ or |=T �

,ρ ψ

|=T �

,ρ ∀xi. ϕ iff |=T �

,ρ[xi:=a]
ϕ for all a ∈ A
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Semantics of T – IV

Well-formation of contexts:

1. ε |=T

,ρ wf

2. ϕ,Γ |=T

,ρ wf iff |=T

,ρ ϕ wf and Γ |=T

,ρ wf

3. xi,Γ |=T

,ρ wf iff Γ |=T

,ρ[xi:=a]
wf for all a ∈ A

Γ |=T

,ρ t wf defined in a similar way with

1′. ε |=T

,ρ t wf iff |=T

,ρ t wf

Γ |=T

,ρ ϕ wf defined by 1′, 2 and 3
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Semantics of T – V

Consequence:

1′. ε |=T

,ρ ψ iff |=T

,ρ ψ

2′. ϕ,Γ |=T

,ρ ψ iff

(a) |=T

,ρ ¬ϕ and Γ |=T

,ρ ψ wf

(b) |=T

,ρ ϕ and Γ |=T

,ρ ψ

3. xi,Γ |=T

,ψ iff Γ |=T

,ρ[xi:=a]
ψ for all a ∈ A

Γ |=T X iff Γ |=T

,∅ X

Γ |=T X iff Γ |=T X for all T-models M.
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Semantics of D

Similar to T, but functions now may be partial:

[[f ]]D : An 6→ A

Dfs become ‘relevant’:

[[f ]]D (a1, . . . , an) ↓ iff (a1, . . . , an) ∈ [[Df ]]
D

(modulo some technical problems. . . )
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Equivalence of T and FOL

·◦ : TT → ℘ (LFOL × TFOL)

fi(t1, . . . , tai
) 7→

{

〈
ai
∧

k=1

ψk, fi(t
′
1, . . . , t

′
ai

)〉

}

(if ϕ then t1 else t2) 7→ {〈ϕ◦ ∧ ψ, t′1〉 | 〈ψ, t
′
1〉 ∈ t1

◦}∪

{〈¬ϕ◦ ∧ ψ, t′2〉 | 〈ψ, t
′
2〉 ∈ t2

◦}

·◦ : LT → LFOL

Pi(t1, . . . , tri) 7→
∧

〈ϕk,t
′

k
〉∈tk◦

(

ri
∧

k=1

ϕi → Pi(t
′
1, . . . , t

′
ri
)

)
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Completeness of T

Let Γ be a context in T and ϕ ∈ LT such that Γ `T ϕ wf.
Then Γ `T ϕ iff Γ |=T ϕ.

Γ `T ϕ iff (1) Γ◦ `FOL ϕ◦ and (2) Γ `T ϕ wf.

(1) is equivalent to Γ◦ |=FOL ϕ◦.

(2) is equivalent to Γ |=T ϕ wf.

The conjunction of these two holds iff Γ |=T ϕ.

First-Order Logic with Domain Conditions – p.17/22



Completeness of T

Let Γ be a context in T and ϕ ∈ LT such that Γ `T ϕ wf.
Then Γ `T ϕ iff Γ |=T ϕ.

Γ `T ϕ iff (1) Γ◦ `FOL ϕ◦ and (2) Γ `T ϕ wf.

(1) is equivalent to Γ◦ |=FOL ϕ◦.

(2) is equivalent to Γ |=T ϕ wf.

The conjunction of these two holds iff Γ |=T ϕ.

First-Order Logic with Domain Conditions – p.17/22



Completeness of T

Let Γ be a context in T and ϕ ∈ LT such that Γ `T ϕ wf.
Then Γ `T ϕ iff Γ |=T ϕ.

Γ `T ϕ iff (1) Γ◦ `FOL ϕ◦ and (2) Γ `T ϕ wf.

(1) is equivalent to Γ◦ |=FOL ϕ◦.

(2) is equivalent to Γ |=T ϕ wf.

The conjunction of these two holds iff Γ |=T ϕ.

First-Order Logic with Domain Conditions – p.17/22



Completeness of T

Let Γ be a context in T and ϕ ∈ LT such that Γ `T ϕ wf.
Then Γ `T ϕ iff Γ |=T ϕ.

Γ `T ϕ iff (1) Γ◦ `FOL ϕ◦ and (2) Γ `T ϕ wf.

(1) is equivalent to Γ◦ |=FOL ϕ◦.

(2) is equivalent to Γ |=T ϕ wf.

The conjunction of these two holds iff Γ |=T ϕ.

First-Order Logic with Domain Conditions – p.17/22



Completeness of T

Let Γ be a context in T and ϕ ∈ LT such that Γ `T ϕ wf.
Then Γ `T ϕ iff Γ |=T ϕ.

Γ `T ϕ iff (1) Γ◦ `FOL ϕ◦ and (2) Γ `T ϕ wf.

(1) is equivalent to Γ◦ |=FOL ϕ◦.

(2) is equivalent to Γ |=T ϕ wf.

The conjunction of these two holds iff Γ |=T ϕ.

First-Order Logic with Domain Conditions – p.17/22



Completeness of T

Let Γ be a context in T and ϕ ∈ LT such that Γ `T ϕ wf.
Then Γ `T ϕ iff Γ |=T ϕ.

Γ `T ϕ iff (1) Γ◦ `FOL ϕ◦ and (2) Γ `T ϕ wf.

(1) is equivalent to Γ◦ |=FOL ϕ◦.

(2) is equivalent to Γ |=T ϕ wf.

The conjunction of these two holds iff Γ |=T ϕ.

First-Order Logic with Domain Conditions – p.17/22



Equivalence of T and D

·∗ : TT → TD

fi(t1, . . . , tai
) 7→ if Dfi

(t1
∗, . . . , tai

∗)

then fi(t1
∗, . . . , tai

∗) else c1

if ϑ then t1 else t2 7→ if ϑ∗
then t1

∗
else t2

∗

·∗ : LT → LD

⊥ 7→ ⊥

Pi(t1, . . . , tri) 7→ Pi(t1
∗, . . . , tri

∗)

ϕ→ ψ 7→ ϕ∗ → ψ∗

∀xi. ϕ 7→ ∀xi. ϕ
∗
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The domain conditions

DC`
Γ : TT → ℘(JT)

DC`
Γ(fi(t1, . . . , tai

)) = DC`
Γ(t1) ∪ . . . ∪ DC`

Γ(tai
) ∪

∪
{

Γ `T Dfi
(t1, . . . , tai

)
}

DC`
Γ(if ϑ then t1 else t2) = DC`

Γ(ϑ) ∪ DC`
Γ,ϑ(t1) ∪ DC`

Γ,¬ϑ(t2)

DC`
Γ : LT → ℘(JT)

DC`
Γ(Pi(t1, . . . , tri)) = DC`

Γ(t1) ∪ . . . ∪ DC`
Γ(tri)

DC`
Γ(∀xi. ϕ) = DC`

Γ,xi
(ϕ)
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The domain conditions (cont.)

DC`(ε) = ∅

DC`(Γ, xi) = DC`(Γ)

DC`(Γ, ϕ) = DC`(Γ) ∪ DC`
Γ(ϕ)

Theorem [Wiedijk & Zwanenburg 2003]:

Γ `D ϕ iff DC(Γ) and DCΓ(ϕ) hold and Γ `T ϕ.
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Transformation of models

Let M = 〈A,F, P,C〉 be a D-model. Then M∗ is the
T-model defined by M∗ = 〈A,F∗, P, C〉, where

F∗ = {[[f1]]
T

∗
, . . . , [[fn]]

D

∗
}

[[fi]]
T

∗
(e1, . . . , eai

) =

{

[[fi]]
D (e1, . . . , eai

) [[fi]]
D (e1, . . . , eai

) ↓

[[c1]]
D otherwise

For any ρ,

[[t∗]]D ,ρ ' [[t]]T
∗,ρ

|=D

,ρ ϕ
∗ wf iff |=T

∗,ρ
ϕ wf

|=D

,ρ ϕ
∗ iff |=T

∗,ρ
ϕ
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Future work

find ‘right’ definition of Γ |=D

,ρ ϕ

define semantic domain conditions

prove equivalence between T and D semantically

completeness of D
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