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t o= ZT; | C; | fi(tl,...,tai
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Derivations
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(ref) ( )F}—FOLt:t’ ? )FI—FOLtlth TN 4y =ty
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Semantics

A FOL-model 9 is a tuple M = (A, F, P,C) with A a set and:
_F = {[[fl]]FOL .“7[[fn]]FOL} with ﬂfi]]gj?L L A% s A

- P={[A]R", ..., [PnliR"} with [P]ERE € A™;

- O={[alR" - [a]iRt) € A

A FOL-substitution for 9 is a function p that assigns a value in A to each variable z;.

Interpretation and satisfaction

[z, = pla:)
CJ]FOL
JEot

=1
[[fi(t17~~‘7tai)]]f';3?,l;3 = Hfl

(T <

Es Pilty, ..o te,) iff [PIERY ([]5RS. - - [t I5R5)
Ey 1=t i [0]5RY = [t]iny
oy o — ¢ i R o iy ¢
oy Vi iff RS e forallac A



Validity and consequence

(1) |:SJ?L @ iff |:g:,?7';) o for all FOL-substitutions p for 9.

(i) QL T iff E=IQY ¢ for every ¢ € T
(iii) ' POt o iff EEQL ¢ for all FOL-models 90t such that =594 T

(iv) ':FOL ) iff € ’:FOL ©.

System D
Language
t u= x| filty, ..., ta, | if © then ty else to
(p,l/J = J_|Pl(t1,,tm)|t1:t2|g0—>1/)|Vacl<p
r == ¢|p,l|x,T
Derivations

In system D the following kinds of judgements exist.

(i) A context I' is well formed, I F° wf.
(i

) A term t is well formed in a context T', T' FP ¢ wf.
(iii) A formula ¢ is well formed in a context I', T' FP ¢ wf.
)

(iv) A formula ¢ is provable from a context I', T' FP .

P P
COnteXtS: (E—wf) b (decl_wf) 7[:1)]0 (assum—wf) #f‘
eF" wf Tx; B2 wf o2 wf
P I
Terms: (var-wf) Diwf z; €T (const-wf) Diwf
"z wf I'E" ¢ wf
TEP Dy (ty, .. ta,) L9 ¢ wf T,—0FP ty wf
(fun-uf) —5—" — (ifwf) <5
C'E" fi(ty, ... te,) wf T 2 (if ¥ then t; else t2) wf
r+P T, P T,z -P
Formulas: (L-wf) Diwf (—-wf) l,)SO v (V-wf) DSU—SOUJf
" L owf TE° (¢ — ) wf TE® (Va;. @) wf
P ¢4 wf THP ty wf PFP ¢y wf - THPt. wf THP wf
(=-wf) 5 (pred-wf) 5
FE"t =t wf ' Pi(tl,...,t”) wf
rrP T,p P r P r P
Proofs: (assum) 5 wf pel (—-I) # (—-E) (p— ﬁ) ¥
| R l?? LY (p— ) 'y
IHP == L FP o L P (Vo) THPt wf
(B) oyt () g (VB)
| @ I'E" (V. @) I'E° plx; =1



Pt wf TP ¢ =to THP =ty THPty =14

(refl) - (sym m (trans) A E—
(=) PHFP ¢ty =¢ ... TP E =t, TFP Dy (t,...,ta;) TP Dyp(t),....1,)
DEP filty, .. ta,) = filth, ..o 1)
(—pred) DHEP ) =¢] rHPt, =t THP wf
TP Pi(t1,... tn,) — Pi(th, ... 1)
(=ifetrauc) THFP 9 TPt wf T,-0FP ty wf
r+P (if ¥ then t; else to) =ty
(i-false) PP =9 T,0FP ¢, wf T, =09 FP ty wf
r+P (if ¥ then ty else t3) =ty
Semantics

A D-model M is a tuple M = (A, F, P,C) where:

— A, P and C are as in FOL;

- F= {[[flﬂg)nvv[[fn]]i?ﬁ} with [[fl]]f?n DAY A
—ifer,...,eq, €A, then (e1,...,e4) € [Dy,]5; iff fie1,...,eq,) is defined.

A D-substitution for 91 is a partial function that assigns values in A to some variables x;.

Interpretation and satisfaction

(i) Rules for interpreting terms.

[, =
[, =

[[fi(tl""’taj)ﬂngt7p =

[if ¥ then t; else tz]]?ﬁ)p =

p(zi)

[ei)om
Hfl]]SDﬁ ([[tl]]i)Dﬂ,m R HtaiHDDﬂ,p)

Htl]]gﬁ,p if ':EI)DJT,/) ¥ and =D, p t2 wuf
[tal, if =y, —9 and ':z?n,p t1 wwf

(ii) Rules for weak well-formation of terms and formulas.

’:s[))n,p z; wwf iff p(x;) is defined

}Z&,p c; wwf
):E?JT,;J fi(tla ce ;tai) wwf
j:gn,p if ¥ then t; else to wwf

|:9Dn7p L wwf

|:9D;mp Pi(t1,...,tr,) wwf
):gt,p t1 =ty wwf

o, (0 = ¥) wuf
o, (Vi) wuf

iff
iff

iff
iff
iff
iff

':5))?7/) t1 wwf, ..., ):gmp ta, wwf

':E?ﬁ,p ¥ wwf, ':zt))n,p t1 wwf and ):gr,p to wwf

|:9Dn’p t1 wuf,. .., ':aDn,p t,, wwf
|=5')Dﬁ7p t1 wwf and ):E?n,p to wwf
8, ¢ wufand =B, ¥ wuf
|:517p[xi:=a] ¢ wwfforalla € A

(iii) For any term ¢, =gy , t wfiff [t]5; , is defined.



(iv) Rules for well formation of formulas.
Fon L wf
Eor, Pilty, .o ty,) wf i =Ryt wf. . ERy, b, wf
e, t1 =ty wf iff =R, 0 wfand Ry, ta wf

D D
P e s

':i%tp (V. ) wf iff #&,p[mi::a] p wfforallac A
(v) Rules for satisfaction of formulas.
o L
’:gﬁ,p Pi(tlv""th‘) iff ([[tl]]i?ﬁ,pa"'a[[tri]]gﬁ,p) € HPZ]]il)Dﬁ,p
':ﬁ?ﬁ,p ty =ty iff [[tl]]f?ﬂ,p = [[tQ]]EI)DJI,p
Fo, 0= v M gy, (0= 0) wfand g, por gy, ¢
):gt,p V.o iff ':g)?,p[xi::a] plorallac A

Validity and consequence

(i) Well-formation of contexts.

(a) € o, wf;

(b) @.T iy, wfiff =gy, ¢ wfand T =gy, wf

(¢) z;,T ):SDﬁ,p wfiff T ':E?ﬁ,p[zi::a] wf for all @ € A.
(ii) Let X stand for ¢ wwf or ¢ wwf.

(@) ¢ FBy, i 1By,

(b) o, T |:5)n7p X iff }:f?ﬁ,p @ wwfand T ':S?an X;

(c) ;[ gy, X iff T \:gﬁ,p[xi::a] X for all a € A.

(iii) Let X stand for ¢ wf or ¢ wf.

(a) € o, X iff Foy, A

(b) o, T ):}n)p X iff (1) ):i%l,p pand I’ ':5?3%0 X or (2) ):f?ﬁ,p - and T’ ):;n)p X’ (where X’
stands for ¢ wwf or ¥ wwf);

(¢) 2,0 g, X T ERy .oy X foralla € A.
(iv) Consequence.
(a) € o, ¥ iff Eoy , ¥
(b) @,T =g, ¥ iff (1) Fin, ¢ and T f=gy , ¥ or (2) Fop, ~p and T =gy, ¥ wuf,
(c¢) x;,T ):i?ﬁ,p Y iff T =, plosima) ¥ for all a € A.

(v) Let X stand for wf, t wwf, ¢ wwf, t wf, ¥ wfor 1. Then T' D, X iff T ':s?n,@ Xand I =P X
iff T' =0, X for all D-models M.

(vi) In particular, a formula ¢ is valid (denoted =P ) iff € =P .



System T

Language
t =z | C; | fi(th ey ta, | if o then t; else to
<P»¢ n= J—|R(t177tm)|t1:t2|§0_)’lp|vx1§0
r == ¢|p, |, T
Derivations

The same judgements as above.

LT wf IFT o wf

Contexts: (e-wf) m (assum-uf) m

mf (decl—w_f)

" wf L' wf

Terms: var-wf) ————z; € I'  (const-wf) ———
( f)FFTmiwf ' ( f)I‘FTcl-wf

Tt wf - TFt,, wf TF wf (if f)FI—Tﬁwf L't wf TF ty wf
1-w
TET fi(ty, .. ta,) wf T T (if 9 then ¢, else t2) wf

(fun-wf)

LT wf P o wf TH ¢ wf y Loz F o wf
T Lo ) TF (p— o) uf 0f) T Vo)

DTt wf TF ¢ wf PH ¢ty wf -+ TF#, wf TF wf
T (pred-wf) T
CE"t =ty wf TH Pi(ty,... tr,) wf

Formulas: (L-wf)

(=-uf)

Proofs: (assum) 7wa pel (—-I) # (—-E) (p — i’) 2
IEoe THE (p— ) T o

Tz o ) THT (Vaip) THtwf

(v-1) (V-5 LT oz :=t]

TH ¢ LT (V. )

Fl—Ttwf Fl—Ttlth F}—Th:tg F"Ttgztg
—_— (sym T, . (tmns) T
PHE =1t LH' =t

DTt =¢t) -+ Tkt =t, TH uf
DT filt, ..o te,) = filth, . th)
Tt =t - Tk t, =t TF uf
LT Pi(ty,... t,,) — Pi(th,...,t.)

"9 TH ¢ wf TF ty wf (i fal )rﬁw L't wf TF ty wf
=-1/-jatse
I T (if O then t; else ty) = t; I T (if O then t) else ty) = to

(=pred)

(=-if-true)

Semantics

A T-model M is a FOL-model. A T-substitution for 91 is a function p that assigns a value in A
to each variable x;.



Interpretation and satisfaction

(i) Rules for interpreting terms.

[zdm, = plx:)
leido, = ledm
[[fi(tla"'vtai)]]gﬁ7p = fl]]{)ﬁ ([[tl 7/))"" al]]TﬂjZ p)
. T o [[tlﬂgn,p if |:T 9 and |:T to wf
[if U then t; else ta]gy , := { [[tzﬂgﬁ,p f ):T 0 and =4y b1 wf

(ii) For any term ¢, ':gﬁ,p t wf iff [[t]]Tm,p is defined.
(iii) Rules for well formation of formulas.
o L wf
':zmp (1, .oty wf iff ):—fl)—ﬁ,p ty wf,. .., |:§n7p tr, wf
':an,p t1 =ty wf iff j:gnp t1 wf and |:;ﬂp to wf
Fan, (¢ = ¥) wf iff g, ¢ wfand iy, ¥ f
|:§n7p (Vzi. o) wf iff ’:gﬁ,p[mi::a] p wfforallaec A
(iv) Rules for satisfaction of formulas.
Fm oL
Ea, Pilty, oo te) i ([talon s - -5 [tedon,) € [Pidon,
Em, t1 =tz i [l = [t2lm,
Em, =9 iff Fy, (0 =) wfand gy, por iy, o
|:Tm’p V.o iff ):;)rﬁ,p[a:i::a] pforallaec A
Validity and consequence
(i) Well-formation of contexts.
() €=, wf
(b) @ T FEdp, wfiff gy, wfand T =gy
(¢c) z;,T ):Tgn,p wfiff T |:-'9;I7p[zi::a] wf for all @ € A.
(ii) Let X stand for t wf or ¢ wf.
(a) € oy, X iff Egp , &
(b) o, T |:—9rﬁ7p X iff ):sz,p o wfand T |:—9rﬁ7p X
(¢) ;T ):;)rﬁ,p XiffT ):gﬁ)p[wi::a] X for all a € A.
(iii) Consequence.
(a) € f=in , ¥ iff iy
(b) @.T =in , ¥ iff (1) gy, 9 and T f=gy , ¥ o1 (2) gy, ¢ and T =gy, ¥ wf;
(¢) x;,T ):;:n,p Y iff T |:gﬁ7p[xi::a] ¢ for all a € A.

(iv) Let X stand for wf, t wf, ¢ wfor v. Then I 1, X iff T ':Tm,@ Xand TETX T L X
for all T-models M.

(v) In particular, a formula ¢ is valid (denoted =" ) iff e =T



Auxiliary functions

From T to FOL: -°

Ty
c;
fi(tla"'atai) —

(if o then t; else t3)

I

{</\ ,(/}k7f7:(t/1? R 7t:1L)> |Vk <wkat;g> S tko}
k=1

{{e” A, 11) | (4, 17) € 12°} U
{(~e” A 15) | (U, 15) € 12°}

R
p—p = 9 o Y°
Va,.o +— V. p°
t1 =tz = /\ (p1 A2 — t) =1t5)
(pr ty) EL°
Pi(tla"'atm) = /\ (/\ @1HB(t177t;7)>
(g&k,t;€>6tko k=1

From T to D: the *-functions

Ty = Xy
i — ¢
filt, ... ta,) — if Dg(t1™,... ta,™) then fi(ti", ..., ts,") else ¢
if 9 then t; else ta +— if 9" then t;* else ty*

1l - 1
Pity,....t;) — Piti*,... t.%)
th=1 — 4" =1t"
p—oY > Pt ot
Vo, o +— V. oF

This function is extended trivially to contexts: e¢* = ¢, ([, x;)" = '*,z; and (T, )" = T'*, p*.

Let M = (A, F,P,C) be a D-model. Then 9, is the T-model defined by 9. = (A, F,, P,C),
where Fy, = {[fildn., -, [fnl5y.} with

[[fi]]gDﬂ(ehn

[[01]];')331

if [£:]5:(e1, .-

otherwise

- €a;) ,€q,;) is defined

[fidan. (e1s- s €a) _{

From D to T: |

Let M = (A, F, P,C) be a T-model. Then 901, is the D-model defined by 9| = (A, F}, P,C), where
Fy = {[fl%,- -+ [faly, } with

[[fi]]QDﬁ‘(elv"weai) = [[fi]];)rﬁ(elr"veai) if [[fi]]-il)—ﬁ(elv"weaqz) € [[sz]]-il;ﬂ

Notice that, again by definition, a T-substitution for 9 is a D-substitution for 9| and vice-versa.



The domain conditions

The syntactic domain conditions

'DCF(LL'Z‘) = 'DCF(CI)
DCr(fi(t1, ..., ta;))
DCr(if 9 then tq else t2)

DCr(L)
DCr(Pi(t1,-..,tr,))
DC[‘(tl = tg)
DCr(p — )
DCr(Vx;. )

DC(e)
DC(T', )

The semantic domain conditions

e (i) =DC" (i) =
Dicmm(fi(tla--wtai)) =

Wm’p(if 9 then t| else t5) =

e’

(Pi(t, ...
e

L) =
vt?“z:)) =

Pltr=t) =

e’

D (p— ) =

Dicgm’p(in. v) =

M, p

DC. (X)) =
M, p

ZTC%F (x) =
DCL(X) =

WF(X) =

0

= DCr(t1)U...UDCr(ty
DCF(’L9) U DCFﬂg(tl) U 'DCF,ﬂg(tg)
1)

= DCr(t1)U...UDCr(t,)

= DCr(t1)U DCF(tQ)

= DCF(‘P) UDCr sa( )

= DCrq, (©)

= 0

= DC(T') UDCr(p)

= DC)

.

D) AL ADC (ta) A (]9, - - -
2732”’(19) A ﬁcz’p(tl) if =0, 0
DC 7p(19) ADC ’p(tg) if ):gﬁ,p -

.

D) AL ADC ()

DC™ (1) ADC P (L)

{m”%mmmwlwhw
——M,

DC " (p) if =gy, @

/\ Dicfm,p[wi:fa]( )

acA

e (X)

{ Dcz”’(@) ADCE P (X) i, ¢
DC () if =gy,

A Do )

acA

ADC ()

m

JU{TFT Dy, (t1,. ..

[tadlin,) € [Dr]on



