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Delayed Column Generation
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Course Overview

v/ Problem Introduction

v/ Scheduling classification
v Scheduling complexity
v’ RCPSP

v/ General Methods

v’ Integer Programming

v Constraint Programming
v/ Heuristics

v/ Dynamic Programming
¢’ Branch and Bound

Outline

1. Crew Scheduling

Crew Scheduling
Avanced Methods for IP

¢/ Scheduling Models
v/ Single Machine
v/ Parallel Machine and Flow
Shop
v Job Shop
v/ Resource-Constrained Project
Scheduling

o Timetabling

v/ Reservations and Education
v/ Course Timetabling

v Workforce Timetabling

o Crew Scheduling

@ Vehicle Routing

o Capacited Models
o Time Windows models
o Rich Models
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Crew Scheduling
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Crew Scheduling

Crew Scheduling

(sec. 12.6)

Input:
o A set of m flight legs (departure, arrival, duration)

@ A set of crews

o A set of n (very large) feasible and permissible combinations of flights
legs that a crew can handle (eg, round trips)

o A flight leg / can be part of more than one round trip
@ Each round trip j has a cost ¢;

Output: A set of round trips of mimimun total cost

Set partitioning problem:

min  ¢1xy + CXo + ...+ ChX,
aiixXy + apXo + ...+ ... 310Xy = 1
ar1X1 + a@»Xo 4+ ...+ ... apXy = 1

amiX1 +amXo+ ...+ ...amnxs = 1
xj € {0,1}, Vi=1,...,n

Marco Chiarandini .:.

Crew Scheduling

Crew Scheduling

(sec. 12.6)

Input:
o A set of m flight legs (departure, arrival, duration)

o A set of crews

o A set of n (very large) feasible and permissible combinations of flights
legs that a crew can handle (eg, round trips)

o A flight leg i can be part of more than one round trip
@ Each round trip j has a cost ¢;

Output: A set of round trips of mimimun total cost
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Crew Scheduling

Truck Routing

(sec. 12.6)

Input:
o Central depot and clients
@ Single delivery to each client.

@ Each truck can visit at most two costumers in each trip.

Output: Determine which truck should go to which client and the routing of

trucks that minimize the total distance travelled.

Marco Chiarandini .::.
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Crew Scheduling

Truck Routing

(sec. 12.6)

Input:
o Central depot and clients
@ Single delivery to each client.
o Each truck can visit at most two costumers in each trip.

Output: Determine which truck should go to which client and the routing of
trucks that minimize the total distance travelled.

min  c1x1 + GXx2 + ...+ CaXn

Routel 2 3 4 5 6 7 8 9101112131415
auxitanxe+...+...amXn =1 ¢ 810 4 4 21410 8 8101112 6 6 5
aziX1 +axxe + ...+ ... amXy =1 1000011 11000000
D01 0001000111000
: 0010001001 001T10
_ D001 00010010101

am1X: am2X: oot o amnxn =1
miXL + 3meXe ... mnZn 000010001 00101°1

x €{0,1}, Vj=1,...,n
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Crew Scheduling

Set partitioning or set covering??

Often treated as set covering because:

@ its linear programming relaxation is numerically more stable and thus
easier to solve

@ it is trivial to construct a feasible integer solution from a solution to the
linear programming relaxation

@ it makes it possible to restrict to only rosters of maximal length
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Crew Scheduling

Set partitioning or set covering??
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Crew Scheduling

Tanker Scheduling
(sec. 11.2)
Input:
@ p ports

limits on the physical characteristics of the ships

@ 1N cargoes:

type, quantity, load port, delivery port, time window constraints on the
load and delivery times

@ ships (tanker): s company-owned plus others chartered
Each ship has a capacity, draught, speed, fuel consumption, starting
location and times

These determine the costs of a shipment: ¢! (company-owned) o
(chartered)

Marco Chiarandini .::.
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Tanker Scheduling

(sec. 11.2)

Input:
@ p ports

limits on the physical characteristics of the ships

@ n cargoes:

type, quantity, load port, delivery port, time window constraints on the

load and delivery times

@ ships (tanker): s company-owned plus others chartered
Each ship has a capacity, draught, speed, fuel consumption, starting
location and times

These determine the costs of a shipment: ¢/ (company-owned) ¢
(chartered)

Output: A schedule for each ship, that is, an itinerary listing the ports
visited and the time of entry in each port within the rolling horizon
such that the total cost of transportation is minimized
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Crew Scheduling

Two phase approach:
1. determine for each ship / the set S; of all possible itineraries

2. select the itineraries for the ships by solving an IP problem

Phase 1 can be solved by some ad-hoc enumeration or heuristic algorithm
that checks the feasibility of the itinerary and its cost.
Phase 2 Set packing problem with additional constraints (next slide)

For each itinerary / of ship i compute the profit with respect to charter:

n
I _ § | _* /
=1

where af-j = 1 if cargo j is shipped by ship i in itinerary / and 0O otherwise.

Marco Chiarandini .:.
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Two phase approach:
1. determine for each ship i the set S; of all possible itineraries

2. select the itineraries for the ships by solving an IP problem
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A set packing model with additional constraints

Variables

xef{0,1} Vi=1,...sl€S

Each cargo is assigned to at most one ship:

S S e <1

i=1 IeS;

Vi=1,...

Each tanker can be assigned at most one itinerary

ZX," <1

IeS;

Vi=1,...,s

Objective: maximize profit

s

z : 11
max T X}

i=1 IeS;
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Daily Aircraft Routing and Sché&uiititig:. -

(Sec. 11.3)

[Desaulniers, Desrosiers, Dumas, Solomon and Soumis, 1997]

Input:

o L set of flight legs with airport of origin and arrival, departure time
windows [e;, [;], i € L, duration, cost/revenue

o Heterogeneous aircraft fleet T, with m; aircrafts of type t € T

Marco Chiarandini .::. 12

Crew Scheduling
Avanced Methods for IP

L; denotes the set of flights that can be flown by aircraft of type t

S; the set of feasible schedules for an aircraft of type t (inclusive of the
empty set)

al, = {0,1} indicates if leg i is covered by / € S,

s profit of covering leg i with aircraft of type /

I _ E Al
T = Tti ¢

icL,

for/ € St

P set of airports, P; set of airports that can accommodate type t

oép and dt’p equal to 1 if schedule /, | € S; starts and ends, resp., at
airport p

Marco Chiarandini .::. 13

[Desaulniers, Desrosiers, Dumas, Solomon and Soumis, 1997]

Input:

Daily Aircraft Routing and Sché&uiititig:. -

(Sec. 11.3)

o L set of flight legs with airport of origin and arrival, departure time

windows [e;, ;], i € L, duration, cost/revenue

o Heterogeneous aircraft fleet T, with m, aircrafts of type t € T

Output: For each aircraft, a sequence of operational flight legs and
departure times such that operational constraints are satisfied:

@ number of planes for each type

@ restrictions on certain aircraft types at certain times and certain airports

@ required connections between flight legs (thrus)
@ limits on daily traffic at certain airports
@ balance of airplane types at each airport

and the total profits are maximized.

A set partitioning model with additional constraints
Variables
X? €N

xt€{0,1} VteT;leS  and

Maximum number of aircraft of each type:

1
E Xp = Mt

1€S:

vVte T

Each flight leg is covered exactly once:

ZZai,-xé =1l

teT I€S:

Viel

Marco Chiarandini .::.

Vte T

Flow conservation at the beginning and end of day for each aircraft type

D (ot —dig)xt =0 VteT;peP

1€S:

Maximize total anticipate profit

I 1
maxg E T e X

teT |€S:

12




Crew Scheduling

Solution Strategy: branch-and-price
o At the high level branch-and-bound similar to the Tanker Scheduling case

@ Upper bounds obtained solving linear relaxations by column generation.

o Decomposition into
o Restricted Master problem, defined over a restricted number of schedules

@ Subproblem, used to test the optimality or to find a new feasible schedule
to add to the master problem (column generation)

o Each restricted master problem solved by LP.
It finds current optimal solution and dual variables

o Subproblem (or pricing problem) corresponds to finding longest path with
time windows in a network defined by using dual variables of the current

optimal solution of the master problem. Solve by dynamic programming.

Marco Chiarandini .:.

Maximize ¥, ¥ cfX} (8)
keK (et
subject to:

Y Y Xi=1 VieN, (9)

kekK jiieak

Y Xt- Y Xi=0 VkeK vseS,
iis)ENSS jspesNE

(10)

Zk Xéws + Xowaw =n* Wk €K, (11)

SE57

S Xj- T Xi=0
i jleAt i(iea
Vk € K, Vj € Vi\{o(k), d(k)), (12)
Y Xraw + Xtpaw =1 VKEK, (13)
sesh

Xy=0 VYkeK Vi j)eA, (14)
af =Ti=b VkeK VieV (15)
XUTE+di —TH =0 VkeK, V(i j) e A, (16)
X! integer Wk € K, V(i, j) € A%, a7

NODE TYPES ARC TYPES

INITIAL STATION

FLIGHT

FINALSTATION [ ]

Crew Scheduling

OR in Air Transport Industry

@ Aircraft and Crew Schedule Planning
o Schedule Design (specifies legs and times)
o Fleet Assignment

o Aircraft Maintenance Routing
o Crew Scheduling

@ crew pairing problem
o crew assignment problem (bidlines)

@ Airline Revenue Management

o number of seats available at fare level
e overbooking
o fare class mix (nested booking limits)

@ Aviation Infrastructure
e airports

o runaways scheduling (queue models, simulation; dispatching, optimization)

@ gate assignments

e air traffic management

Marco Chiarandini .::.
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Outline

2. Avanced Methods for IP
Dantzig-Wolfe Decomposition
Delayed Column Generation
Ryan’s branching rule in Set Partitioning
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Crew Scheduling Dantzig-Wolfe Decompos

Avanced Methods for IP

Dantzig-Wolfe Decomposition

Motivation: Large difficult IP models
®»  split them up into smaller pieces

Marco Chiarandini .::. 21

Outline

2. Avanced Methods for IP
Dantzig-Wolfe Decomposition

Dantzig-Wolfe Decomposition

Motivation: Large difficult IP models
= split them up into smaller pieces

Applications
o Cutting Stock problems

@ Multicommodity Flow problems
o Facility Location problems

Capacitated Multi-item Lot-sizing problem

Air-crew and Manpower Scheduling

Vehicle Routing Problems

Scheduling (current research)

Crew Scheduling
Avanced Methods for IP
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Crew Scheduling
Avanced Methods for IP
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Dantzig-Wolfe Decompos
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Dantzig-Wolfe Decompos
Avanced Methods for IP

Dantzig-Wolfe Decomposition

Motivation: Large difficult IP models
®»  split them up into smaller pieces

Applications
o Cutting Stock problems

o Multicommodity Flow problems

Facility Location problems

(]

Capacitated Multi-item Lot-sizing problem

@ Air-crew and Manpower Scheduling

(]

Vehicle Routing Problems

Scheduling (current research)

Leads to methods also known as:
@ Branch-and-price (column generation + branch and bound)
@ Branch-and-cut-and-price (column generation + branch and bound +
cutting planes)

Marco Chiarandini .::. 21

Motivation: Cutting stock problem

o Infinite number of raw stocks, having length L.

o Cut m piece types i, each having width w; and demand
s

o Satisfy demands using least possible raw stocks.

Example:
ew =5,b=7 —1
ey =3,r=3  —

e Raw length L = 22
|

Some possible cuts

Dantzig-Wolfe Decompos
Avanced Methods for IP

Dantzig-Wolfe Decomposition

The problem is split into a master problem and a subproblem
+ Tighter bounds
+ Better control of subproblem

— Model may become (very) large

Delayed column generation
Write up the decomposed model gradually as needed

o Generate a few solutions to the subproblems

@ Solve the master problem to LP-optimality

Use the dual information to find most promising solutions to the
subproblem

o Extend the master problem with the new subproblem solutions.

Marco Chiarandini .::. 22

Formulation 1

minimize uy + u> + w3 + uy + s

subject to 5xj1 4 3x12 < 22w
ngl =+ 31-_)2 S 221‘12
5}731 + 3132 S 221‘13
Sxq1+ 3xg2 < 22uy
5}751 + 3}?52 ﬁ 221!5
X114 Xo1 + X371 +Xa1 x5 > 7
X2t xntxntxntrn >3
uje{0,1}
Xij € Ly

LP-relaxation gives solution value z = 2 with

Uy == ],x“ :2.6,x13: 3,.}(21 =44

Block structure

min " ity s ity it
s an +xm +au +x41 +x51 =7
Iz iz 3z +igz +1 >3

51y 4 g =2y =]

Szt + vz =22 0

Sy 4 Frss — P 0

Sigy +3x = 2y =0

Srsr 43z =22 <0




Formulation 2

The matrix A contains all different cutting patterns
All (undominated) patterns:

40123
A:(o 754 2)
Problem

minimize Ay + A+ Az + Ay + s

subject to 4h; + 0hy + 1A+ 24y +3hs > 7
Ohi+7ho+ 503+ 4hs+ 245 > 3

A€ L.
LP-relaxation gives solution value z = 2.125 with

A =1.375, 4 =075

Due to integer property a lower bound is [2.125] = 3.
Optimal solution value is z* = 3.

Round up LP-solution getting heuristic solution zy = 3.

Dantzig-Wolfe decomposition

If model has “block™ structure

max clx! + c2x? 4+ 4+ KX

st. AW+ AW 4+ ..+ AKK =
D! —+ < d
+ D%’ < ds
<
DfxE < dg
dezl Pez? ... KeZF

Describe each set X*, k=1,...,K
1.1

max cx + 22 + ...+ K xk
st Al A% o ARE =)
xltex! xrex? ... Kexk

where X* = {x* € Z} : DM < di}

Assuming that X* has finite number of points {x**} r € T}
FeRu: xF= Zre'ﬁ- ?Lk,;xk”,
xt = Zze'l;: 7‘4‘{,! =1,
?‘-k,r € {0: 1 },f € T}l

Decomposition

If model has “block™ structure
max clx! 4+ A 4.4+ fxK

st Al 4 AW 44 AR =
Dlxl + <ﬂ'1
+ D%’ <d»
<
DKXK Sdk
ezt Pemp ... KeZ¥

Lagrangian relaxation

Objective becomes

PRTe Bp- - S ¥

—A (Alxl FAT AR b)
Decomposed into
maxclx! — AL 422 — AAR L KK —dAKx K 1

s.t. Dix! <d,
+ szz S dg
<
DKJCK Sd}(
ez ¥ eZ? . xKez¥

Model is separable

Dantzig-Wolfe decomposition

Substituting X* in original model getting Master Problem

maxc' (Y Aax')+ (Y M)+ A+ K (Y M)

= €T, €Ty

st ANY M) +AY( Y M)+ AR (Y M) =b

teT) 1€t €Ty

Y h=1 k=1,....K
1T}

A € {0,1}, teT k=1,....,K



Strength of linear master model

Solving LP-relaxation of master problem, is equivalent to
(Wolsey Prop 11.1)

max elx! + x? +...+ ek xk
s.t. Alx! + A% 4o+ AR =b
xeconv(X!) 2 econv(X?) ... F € conv(X¥)

Proof: Consider LP-relaxation

maxe! (Y A+ A(Y A ) o+ KUY A ™)

=11 e €Ty
st ANY M) +A2(Y Ao ™)+ AR (Y D) =b
tel) €1, ety
Y =1 k=1, K
=
M 20, ret; k=1, K

Informally speaking we have
e joint constraint is solved to LP-optimality

® block constraints are solved to IP-optimality

Strength of Lagrangian Relaxation (section 10.2)

Integer Programming Problem

maximize cx
subjectto Ax <b
Dx<d
X;€Zy, j=1,...,n

Lagrange Relaxation, multipliers A > 0

maximize z;z(A)=cx—AMDx—d)
subjectto Ax <b
X; €L, j=1,...,n

for best multiplier A > 0

max{cx :Dx<dxeconv(Ax < bx € Z+)}

Strength of Lagrangian relaxation
o 7™M be LP-solution value of master problem
o 712 be solution value of lagrangian dual problem

(Theorem 11.2)
M _ LD

Proof: Lagrangian relaxing joint constraint in

2
max cx! + A 4+ .+ K

st Alx! + A% 4 AR =)
D'y! -+ < di
+ D2x2 S dz
<
DK)CK S d}(
ez} FezZP ... Kezmk
Using result next page
max clxt + 2 +...+ ckxk
s.t. Al AN o+ AR =p
i econv(X') x* cconv(X?) ... x*econv(XF)
. vanced ef I‘IOdS for
Outline Avanced Methods for 1P

2. Avanced Methods for IP

Delayed Column Generation

Delayed Column Generatic

Marco Chiarandini .::. 32



i;z‘::i;hlsli‘:{':zﬁs for IP Delayed Column Generatic

Delayed COI umn Generatlon Delayed column generation, linear master
ew =5b=7 —/
ew,=3,b=3 |
e Raw length L =22

Some possible cuts

Delayed column generation, linear master I O I I — —
T T ]
o Master problem can (and WI“) contain many columns I I S R .
| | | [T ]
@ To find bound, solve LP-relaxation of master In matrix form
a_(40123 ..
. . =lo7s542 ..
@ Delayed column generation gradually writes up master LP-problem
min cx
st. Ax=bh
x>0
where
ob=(7.3),

*x= (x17x27‘x3)x47‘x51"')
. C:(1)111111 7)

Marco Chiarandini .::. 33
Crew Scheduling N Crew Scheduling N
vanced Methods for Delayed Column Generatic vanced Methods for Delayed Column Generatic
Reduced Costs Avanced Methods for 1P Reduced Costs Avanced Methods for IP
Simplex in matrix form Simplex in matrix form
min {cx | Ax = b,x > 0} min {cx | Ax = b,x > 0}
In matrix form: In matrix form:

< S < Sl

e B=1{1,2,...,p} basic variables e B=1{1,2,...,p} basic variables
e L =1{1,2,...,q} non-basis variables (will be set to lower bound = 0) e £L=1{1,2,...,q} non-basis variables (will be set to lower bound = 0)
e (B, L) basis structure e (B, L) basis structure
@ XB,Xr,CR,C @ XB,Xr,CB,C
o B=[A1,As, ..., Asl, L=[Ani1,Api2; -, Apial o B=[AL,As ..., Aol L=1[Api1,Api2, . Apial
B L 0] _[b B L 0] _[b
o e )=l o e S]]l

Marco Chiarandini .::. 35 Marco Chiarandini .::. 35



Avanced Methods for 1P Delayed Column Generatic

Delayed column generation (example)
xec =0 ew =5b=7 | I—
xXg = B~ 'h ey =3,h=3 |
e Raw length L = 22

Bxg+Llxr=b = xz+Bllx,=B7'b =

Simplex algorithm sets x; = 0 and x3 = B~'h

B invertible, hence rows Imearly |ndependent Initially we choose only the trivial cutting patterns

The objective function is obtained by multiplying and subtracting constraints Ao (g 2)
by means of multipliers 7 (the dual variables)
Solve LP-problem
p P p+q P p min cx
Z:Z Cj*ZW;aU Xj + Z Cj*ZT(,‘a,‘j XjJrZTr,'b; st. Ax=h
= i—1 j=pt1 i—1 i—1 x20
ie.
. . . . . . 4 0 XI = 7
Each basic variable has cost null in the objective function 07 J\x )" \3
p with solution x; = % and x» = .—;
¢ — Z miaj = 0 _— T = B_ch The dual variables are y = C‘BAEI ie.
i=1 1o i
ao(it)-(1)
. . 7 7
Reduced costs of non-basic variables:
P
Ci — Y‘ Tidji Marco Chiarandini .::. 36
Small example (continued) Small example (continued)

Find entering variable Add new cutting pattern to A getting

L, (403
A = (l 2 ) e A*(()?z)

5 4 2 ¢
2 30 29 Solve problem to LP-optimality, getting primal solution
en—yAy = (I=5 l—5 -5 ) s R
We could also solve optimization problem =gh=s3
. 1 1 and dual variables
min 1 ——=x;— =x»
) 7 1
st Sx+30m <22 ==y
x >0, integer Note, we do not need to care about “leaving variable”

s . To find entering variable, solve
which is equivalent to knapsack problem

1 1
- I N I max le + gxg
ax —x; +=x
e St 5x 43k <22
st Sx+3x <22 x > 0,integer
x > 0,integer This problem has optimal solution x; = 4, x5 = 0.

This problem has optimal solution x| = 2, x; = 4. Reduced cost of entering variable
Reduced cost of entering variable {—d 1 0l 0
: 2] 4]7] 30 1 0 4 7
) 7 28 14 < Terminate with x; = %, X3 = %, and z;p = % =2.125.



Avanced Methods for 1 Delved column ceneraic - Branch-and-Price Svamced Wieshotls for 1p Delayed Column Generati

Terminology

uestions
Q o Master Problem

@ Will the process terminate? _
@ Restricted Master Problem

Always improving objective value. Only a finite number of basis
solutions.

Subproblem or Pricing Problem
o Can we repeat the same pattern? Branch and cut:
No, since the objective functions is improved. We know the best solution Branch-and-bound algorithm using cuts to strengthen bounds.
among existing columns. If we generate an already existing column, then
we will not improve the objective.

Branch and price:
Branch-and-bound algorithm using column generation to derive bounds.

Marco Chiarandini .::. 40 Marco Chiarandini .::. 42

Avanced Methods for IP Delayed Column Generatic

B ra nCh—a nd— price Branch-and-price, example

The matrix A contains all different cutting patterns

40123
A:(o7542)

LP-solution of master problem may have fractional solutions

ﬂil

(]

Branch-and-bound for getting IP-solution

| | 1
Problem
minimize ?\.1 + 1.2 + 1.3 + ;\.4 + 15
subject to 4k; + 0+ 123 +2hy + 345 > 7

@ In each node solve LP-relaxation of master

@ Subproblem may change when we add constraints to master problem OAy +Tho +5h3 +4hy + 205 >3
?Lj < Z+
o Branching strategy should make subproblem easy to solve LP-solution &, =1.375, A4 =0.75

Branchon A =0, M =1, 4, =2
o Column generation may not generate pattern (4,0)

e Pricing problem is knapsack problem with pattern for-
bidden

Marco Chiarandini .::. 43



Crew Scheduling

Crew Scheduling :
Avanced Methods for IP Delayed Column Generatic

Avanced Methods for IP Delayed Column Generatic

Convergence in CG

40 T T T T T I I I I I I I I I I
T'ime for solving the pricing ]
Upper Bound for MP

35 ceil(UB) ——

Tailing off effect
Column generation may converge slowly in the end

Lower Bound for MP
ceil(LB)

@ We do not need exact solution, just lower bound

@ Solving master problem for subset of columns does not give valid lower
bound (why?)

o Instead we may use Lagrangian relaxation of joint constraint

o “guess’ lagrangian multipliers equal to dual variables from master
problem

LB and UB of the continuous Master Problem
Time in seconds for solving the pricing

0.50 sec,
0.40 sec
0.30 sec.,
0.20 sec.
0.10 sec.

0 50 100 150 200 250 300 350 400 450 500 550 600 650 700 750 B0O B850 900 950

Iterations
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Crew Scheduling Delayed Col G " Crew Scheduling
Avanced Methods for IP claye olumn Leneratic . Avanced Methods for IP g -
O utl I ne Ryan's branching rule
Heuristic solution (eg, in sec. 12.6)
@ Restricted master problem will only contain a subset of the columns
@ We may solve restricted master problem to IP-optimality 2 Avanced Methods for IP
@ Restricted master is a “set-covering-like" problem which is not too
difficult to solve Ryan's branching rule in Set Partitioning
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. Dantzig-Wolfe Decompos
Crew Scheduling Delayed Column Generatic

Ryan’s branching rule in Set Partitiofifif rversbanchingruie

Solving the SCP integer program
Branch and bound

@ Generate routes such that:

o they are good in terms of cost
o they reduce the potential for fractional solutions

@ constraint branching [Ryan, Foster, 1981]

3 constraints r, 1 0 < Z xj <1
Jj€J(r1,r2)

J(r1,r2) all columns covering r1, r» simultaneously. Branch on:

/ \
> x<0 Yo ox>1

Jj€J(r1,r2) Jj€J(r1,r2)
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