»»»9.7. Properties of conditional expectation: a list

These properties are proved in Section 9.8. All X’s satisfy E(|X|) < oo in
this list of properties. Of course, G and H denote sub-o-algebras of F. (The
use of ‘c’ to denote ‘conditional’ in (¢cMON), etc., is obvious.)

(a)
(b)
(<)

(k)

If Y is any version of E(X|G) then E(Y') = E(X). ( Very useful, this.)
If X is G measurable, then E(X|G) = X a.s.

AHLEQW%:%V mADHMr\w + Qm.vrwm Qv = QHmAup\w _Qv + meﬁuﬂw—@v, a.s.
Clarification: if Y is a version of E(X;|G) and Y3 is a version of E(X3|G),
then a,Y) + a2Y3 is a version of E(a1 X + a2 X2|G).

(Positivity) If X > 0, then E(X|G) > 0, a.s.
(cMON) If 0 £ X, T X, then E(X,,|G) T E(X]G), as.
(cFATOU) If X,, > 0, then E[liminf X,,|G] < lim inf E[X,|G], a.s.

(cDOM) If | X, (w)| £ V(w), ¥n, EV < 00, and X, — X, a.s., then

E(Xalg) = E(X|G), as.
(cJENSEN) If ¢ : R — R is convex, and E|c(X)| < oo, then
Ele(X)|G] > ¢(E[X|G]), aus.

Important corollary:

|[E(X
(Tower Property) If H is a sub-o-algebra of G, then

Qv__.a < __.vn__a forp > 1.

E[E(X|0)/H] = E[X|H], as.

Note. We shorthand LHS to E[X|G|H] for tidiness.

(‘Taking out what is known’) If Z s G-measurable and bounded,
then

(*) E[ZX|G] = ZE[X|G], as.

Ifp>1,pt+¢7'=1,X € LP(Q,F,P)and Z € LI(Q,G,P), then (*)
again holds. If X € (mF)*, Z € (mG)*, E(X) < 00 and E(ZX) < oo,
then (*) holds.

(Rdle of independence) If H is independent of o(o(X),G), then
E[X|o(G,H)] = E(X|G), a.s.

In particular, if X is independent of H, then E(X|H) = E(X), as.




