Strassens algoritme
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Matricer (repetition)

Matrix = firkant af tal:

O N =
= o1 O
= N A

Ovenstaende er en 3 X 3 matrix.

| dag: alle matricer er n x n kvadratiske matricer. (Dvs. n angiver
sideleengden af matricerne.)
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Matricer

Plus for matricer:
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Matricer

Plus for matricer:
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Matricer

Plus for matricer:

1 6 4 3 21 777

2 5 7| +14 3 2(=1|? 77

9 1 1 5 4 3 777
1 6 4 3 21 143 6+2 4+1 4 8 5
2 5 7|+1(4 3 2|=1|24+4 54+3 7+2| =6 8 9
9 1 1 5 4 3 9+5 1+4 1+3 14 5 4

Tid? ©(n?).
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Matricer

Plus for matricer:

1 6 4 3 21 T 77
2 5 7/ +(4 3 2|=1|? 177
9 11 5 4 3 [
1 6 4 3 21 1+3 6+2 4+1 4 8 5
2 5 7| +|4 3 2|=|2+4 543 7+2(=]|6 8 9
9 1 1 5 4 3 9+5 1+4 1+3 14 5 4
Tid? ©(n?).

Optimalt, da output er af stgrrelse n?.
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Matricer

Gange for matricer:

1 6 4 3 21 FE
2 57 4 3 2(=1|? 7 7
9 1 1 5 4 3 777
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Matricer

Gange for matricer:

1 6 4 3 21 FE
2 5 7|14 3 2|=|7 17
9 1 1 5 4 3 777
1 6 4 3 2 77
2—5—7F| - |4 3 % = |7 7 33
9 1 1 5 4 777

33=2-1+5-2+7-3
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Matricer

Gange for matricer:

1 6 4 3 21 ?
2 5 7|14 3 2| = 7
9 1 1 5 4 3 777
1 6 4 3 2 7 ?
2—5—7F| - |4 3 % = |7 7 33
9 1 1 5 4 777

33=2-1+5-2+7-3
1 6 4 3 1 777
2 5 7| |4 2l =7 7 33
—i—+ 5 3 702 ?

o1

25=9-2+1-3+1-4
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Matricer

Gange for matricer:

1 6 4 3 21 ?
2 5 7|14 3 2| = 7
9 1 1 5 4 3 777
1 6 4 3 2 7 ?
2—5—7F| - |4 3 % = |7 7 33
9 1 1 5 4 777

33=2-1+5-2+7-3
1 6 4 3 1 777
2 5 7| |4 2l =7 7 33
—i—+ 5 3 702 ?

o1

25=90.24+1-34+1-4
Tid?
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Matricer

Gange for matricer:

Tid? ©(nd).

1 6 4 3 21 FE
2 5 7|14 3 2|=|7 17
9 1 1 5 4 3 777
1 6 4 3 2 77
2—5—7F| - |4 3 % = |7 7 33
9 1 1 5 4 777

33=2-1+5-2+7-3
1 6 4 3 1 777
2 5 7| |4 2l =7 7 33
—i—+ 5 3 702 ?

o1

25=9-2+1-3+1-4
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Matricer

Gange for matricer:

1 6 4 3 21 ?
2 5 7|14 3 2| = 7
9 1 1 5 4 3 777
1 6 4 3 2 7 ?
2—5—7F| - |4 3 % = |7 7 33
9 1 1 5 4 777

33=2-1+5-2+7-3

1 6 4 3 1 777
2 5 7| |4 2l =17 7 33
—i—+ 5 3 725 7

25=90-24+1-3+1-4
Tid? ©(n%). Optimalt?? Andre algoritmer??
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Rekursiv algoritme for multiplikation?

J J
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Rekursiv algoritme for multiplikation?

J J

| - — j n
Al | A2 Bu | B G | G2
A | A By | Bx Cn | G2
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Rekursiv algoritme for multiplikation?

J
[ - ——
A11 A12 Bll BIQ
A21 A22 BZl 822
k* B 12
A | Axn Bx 2

J

n
G | G2
Cn | G2
G | @2
Cr | (2
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Rekursiv algoritme for multiplikation?

Bemaerk:

J J
] s [ ]
Al | A2 Bu | B G | G2
A | A By | Bx Cn | G2
cAn Ay B I12 G | g2
A | Axn Bx I22 Cr | (2
A1+ Bio + A - By = Gip
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Rekursiv algoritme for multiplikation

e

B

I12

A21

A22

BZl

I22

An
An
A
A

 Bi1 + A1z
Bio + Az
- Bi1 + Az
Bia + Az

Cu | G2
C21 C22
<By=Cnin
< By = (2
<By =G
< By =
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Rekursiv algoritme for multiplikation

e

B

I12

A21

A22

BQI

I22

Additionerne: Lokalt arbejde p&d n/2 x n/2 matricer. Tager

0((n/2)?) = ©(n?) tid.

Multiplikationerne: Rekursive kald til matrixmultiplikation p&d n/2 x n/2
matricer. (Base case: n =1 = multiplikation af tal.)

An
An
A
A

 Bi1 + A1z
Bio + Az
- Bi1 + Az
Bia + Az

Cu | G2
C21 C22
<By=Cnin
< By = (2
<By =G
< By =
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Rekursiv algoritme for multiplikation

e

B

I12

A21

A22

BQI

I22

Additionerne: Lokalt arbejde p&d n/2 x n/2 matricer. Tager

0((n/2)?) = ©(n?) tid.

Multiplikationerne: Rekursive kald til matrixmultiplikation p&d n/2 x n/2
matricer. (Base case: n =1 = multiplikation af tal.)

An
An
A
A

 Bi1 + A1z
Bio + Az
- Bi1 + Az
Bia + Az

Cu | G2
C21 C22
<By=Cnin
< By = (2
<By =G
< By =

T(n) =8T(n/2) + n?
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Rekursiv algoritme for multiplikation

T(n) =8T(n/2) + n?
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Rekursiv algoritme for multiplikation

T(n)=8T(n/2) + n?
Master theorem:

> o =log,(a) = log,(8) =3
» f(n)=n?
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Rekursiv algoritme for multiplikation

T(n)=8T(n/2) + n?
Master theorem:

> o =log,(a) = log,(8) =3
» f(n)=n?

n? = 0(n* %) = Case 1
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Rekursiv algoritme for multiplikation

T(n)=8T(n/2) + n?
Master theorem:

> o =log,(a) = log,(8) =3
» f(n)=n?

n? = 0(n* %) = Case 1

Det samme som den almindelige algoritme. @v.
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Strassen [1969]

Beregn:

S1 =B —Bx»
S» = A+ A
S3 = An + Ax
S4 = Bo1 — By

S5 = A1 + Ax

S6 = Bi1+ Bx
S7=An—Ax
Sg = Bo1+ B
So = A1 — An

S10 = Bi1 + B2
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Strassen [1969]

Beregn:

Tid: ©((n/2)?) = ©(n?), da bide addition og subtraktion tager denne

tid.

S1 =B —Bx»
S» = A+ A
S3 = An + Ax
S4 = Bo1 — By
S5 = A+ Ax

S6 = Bi1+ Bx
S7=An—Ax
Sg = Bo1+ B
So = A1 — An

S10 = Bi1 + B2
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Strassen [1969]

Beregn:

P = A5
P> =53+ B
P3 = 53- By
Py =Ax-5;
Ps = 5556
Ps = 5758

P7 = Sq - S10
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Strassen [1969]

Beregn:

P = A5
P> =53+ B
P3 =53+ B
Py =Ax-5;
Ps = 5556
Ps =55
P7 = Sg - S10

7 rekursive kald til matrixmultiplikation p&d n/2 x n/2 matricer.
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Strassen [1969]

Check nu at der gzlder:

Ps+Pys—P+Ps = An-Bu+ A Bx
Pi+P, = Apn-Bip+Apn-Bx
P3+ Py = Ao-Bu+Axn- B
Ps+P1—Ps—P; = Ay B+ Axn-Bx

Eksempel pa check:

P14+ Py=A11-51+ S5 By =A11- (B2 — Bx) + (A1 + Ar2) - B =
A1 - Bio + Aqz - Boo.
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Strassen [1969]

Check nu at der gelder:

Ps + Py —

Ps+ Py —

Eksempel pa check:

P14+ Py=A11-51+ S5 By =A11- (B2 — Bx) + (A1 + Ar2) - B =

A1 - Bio + Aqz - Boo.

Dvs. output kan beregnes i O(n?) tid ud fra Py, ..

A -
A -
Aoy -
Aoy -

P>+ Ps =
P+ P,
P3+ Py
Ps— P, =

Bi1 + A1z -
Bir + A2 -
Bi1 + Ax -
Bio+ A -

An
Anl
Aoy
A

-Bi1 4+ A - Bx
B+ A - B
- Bi1 4+ Ax - Bn
- Bio + Az - By

., Pz, eftersom
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Strassen [1969]

T(n) =7T(n/2) + n?
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Strassen [1969]

T(n)=7T(n/2) + n?
Master theorem:

> o = log,(a) = log,(7) = 2.80735...
» f(n)=n?
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Strassen [1969]

T(n)=7T(n/2) + n?
Master theorem:

> o = log,(a) = log,(7) = 2.80735...
» f(n)=n?

n? = 0(n* %) = Case 1

Bedre end den almindelige algoritme!
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